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Abstract: This study presents an iterative method suggested by Temimi and Ansari namely (TAM) for solving linear and nonlinear
wave, wave-like, heat and heat-like equations. This method is characterized by applying it without any restrictive assumptions for non-
linear terms and provide the exact solution. The software used for the calculations in this study was Mathematica®9.
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1. Introduction

Many applications in various fields of engineering and
physical can be modeled by partial differential equations,
such as the study of heat transfer in metals, the study of fluid
flow, static electricity and flexibility.

Several efforts have been made to implement either
analytical or approximate methods to solve the linear and
nonlinear equations of wave and heat equations such as
ADM [1], [2], HPM [3], [4], DGJ [5], [6], VIM [7], [8],
these methods have been successfully implemented but
some difficulties have arisen, for instance, in finding
Adomian polynomials to deal with the nonlinear terms in
ADM, construct a homotopy and solve the corresponding
algebraic equations in HPM, evaluating the Lagrange
multiplier in VIM [7,8].

Recently, Temimi and Ansari [9] have suggested a new
iterative method for solving linear and nonlinear functional
equations namely (TAM). The TAM has been successfully
applied by many researchers for solving linear and nonlinear
ordinary and partial differential equations see [10], [11],
[12], [13], [14], [15], [16].

In this study, the TAM will be applied to solve the linear and
nonlinear wave, wave-like, heat and heat-like equations and
the exact solutions will be achieved.

The present study has been arranged as follows: in section
two the description of TAM will be introduced. In section
three solving linear and nonlinear wave, wave-like equations
by TAM will be discussed. In section four the linear and
nonlinear heat and heat-like equations will be solved by
TAM and lastly in section five the conclusion will be been
given.

2. The basic idea of TAM

To explain the basic idea of TAM, let us consider the
general equation

Ly(s, ) + Ny (s,0) + h(s,t) = 0, @)
with boundary conditions B (y, Z—f) =0,
where y is unknown function, L is the linear operator, N is
the nonlinear operator and h is a known function.

Assuming that y, (s, t) is a solution of equation (2.1) of the
initial condition
" a

L(yo(s,)) + h(s,t) = 0, with B (yy,22) = 0. (2)

To find the next iteration we resolve the following equation:
a
L(y1(s5,6)) + N(yo(s,6)) + h(s,6) = 0,B (y1,222) = 0.

Thus, an iterative procedure can be effective solution of the

following problem,
L(yn+1(s,8)) + N(yu (s, at)) +h(s,t) =
0,B (yas1, 22) = 0.(3)

Each of y; are solutions to equation (1) [9].

3. Solving wave and wave-like equations by
TAM

In this section the TAM will be used to solve linear and
nonlinear wave and wave-like equations.

3.1. Wave and wave-like equations

The linear and nonlinear wave and wave-like equations are
given [7], [17]:
Ve =Ves +([¥),0<x<M,t>0,
Yie = Vss T F(y) + h(s,t),0<s<M,t>0.
2

S
Vet :?yss,0<S<M,t>0,
Vit =yss,—°°<S<00,t>0.

The functions f(y), F(y), and h(s, t) are known functions
which are linear, nonlinear and source functions,
respectively. The TAM will be applied to obtain the exact
solutions for these problems.

3.2 Linear Wave Problem

Consider the following linear wave equation [7]

Ve =Vss —3Y,0<s<m,t >0, 4
with initial conditions y(s,0) = 0,y,(s,0) = 2 cos s,
and boundary conditions

y(0,t) = sin2t ,y(m, t) = —sin2t.

The TAM can be applied by choosing the following
L(Y) = Vi 'N(Y) =Y — 3y and h(s,t) = 0,
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Thus, the primary problem is
L(yo) = 0, with y5(x,0) = 0, (¥9):(5,0) = 2coss. (5)

A general iterative problem can be written as
L(¥n41) + N(y») +h(s,t) = 0,¥,,41(5,0) =
0, ( yn+1)t(sﬂ 0) = 2coss. (6)
By solving the primary problem (5), we get
Vo (s, t) = 2t coss.
The first iteration can be done through and given as
e = o)ss — 3yo Withy,(5,0) = 0, (31)(s,0) =
2 cos s.(7)
Then the solution of equation (7) is

yi(s,t) = (Zt - §t3) COS S.
The second iteration is
2)ee = V1)ss — 3y With y,(5,0) = 0, (32),(5,0) =

2coss .(8)

Then the solution of equation (8) is

— _t3 .45
yz(s,t)—(Zt St +15t)coss.
Similarly, we get,

=t -2 s 8 7
y3(s,t) = (2t S+t -t )coss,

(o3 A5 8 47 2 49
Vi(s, t) = (Zt L vt Slevrd 2 vl )cos s.

This has the closed form:
y(s,t) = sin 2t coss. (9)
which is the exact solution of the problem [7].

3.3. The nonlinear wave equation

Consider the nonlinear wave equation
Yee = VVss — ¥ —y,0<s<1,t>0, (10)
with initial conditions y(s,0) = e®,y,(s,0) = 0,
and boundary conditions y(0,t) = cost.
The TAM will be applied as follows
L) = ¥, ,N(¥) = yys —¥* —yand h(s,t) = 0, (11)
Thus, the primary problem is
L(yo) = 0, with yy(s,0) = e°, (39):(s,0) = 0.  (12)
A general iteration problem can be represented as
L(Yn+1) + N(Yn) + h(sl t) = Or Yn+1(5: O) =
esﬂ(y”n+1)t(5' 0) = 0. (13)
By solving the primary problem, we obtain
Vo (s, t) = e®.
The first repetition can be done through the following
O1)ee = YoWo)ss — Yo — Yo With y,(s,0) =
esl(yl)t(s' 0) = 0 (14)
Then the solution of equation (14) is

2

yi(s,6) = es(1-2).
The second iteration is

e = y1(1)ss = Y17 — y1 With ,(s,0) =

e*,(¥2)e(s,0) = 0. (15)

Then the solution of equation (15) is
vy(s,t) =e(1 — ;—2‘ + Z—T).
Similarly, we get,

t2 ¢t b
yi(s,t) =e*(I—o+ -2
_esp it e e
yals, ) = e°(1 2ta et 81)'
This has the closed form:
y(s,t) = e cost. (16)

which is the exact solution of the problem.

3.4 The wave equation in an unlimited field

Consider the wave equation in an unlimited field [7]
Vit = Vss»—0 <5< 00,t>0,(17) (3.15)
with initial conditions y(s,0) = sins ,y,(s,0) = 0.

The TAM will be applied as follows
L(y) = ¥ ,N(y) = yss and h(s,t) = 0, (18)

Thus, the primary problem is
L(yo) = 0, with yo (s, 0) = sins, (¥9)(s5,0) = 0.  (19)

A general relation can be generated
L(Yn+1) + N(Yn) + h(sl t) = Olyn+1(sl 0) =
sins, (¥p+1):(s,0) = 0. (20)

By solving the primary problem (19) we have got
yo(s,t) = s + ts?.

The first repetition can be done through the following
)i = odss With y; (s, 0) = sins , (y1),(s,0) = 0. (21)

Then the solution of equation (21) is
tZ

yi(s,t) = (1 — Z) sins.

The second iteration is
2)ee = (V1)ss With y,(s,0) = sins , (¥2)¢(s,0) = 0. (22)

Then the solution of equation (22) is
t2 oty .
Vy(s,t) = (1 _;+Z) sin s.

Similarly, we get,

¢2 t .
y3(s,t) = (1 _E+Z_E)Sms‘

t2 et 6 8y |
y4(s,t)=(1—z+z—a+g)sms.

This has the closed form:
y(s,t) = sinscost. (23)
which is the exact solution of the problem [7].

3.5. Linear wave-like problem

Consider the following linear wave-like equation [5], [17]
2
yttz%yss,0<s<1,t>0, (24)

with initial conditions y(s,0) = s,y,(s,0) = s?,
and boundary conditions y(0,t) = 0,y(1,t) = 1 + sinht.

The TAM will be applied as follows
SZ
LK) = yue ,N(¥) = 5 yss and h(s,t) = 0, (25)

Thus, the primary problem is

L(yo) = 0, with y(s,0) = s, ()¢ (5,0) = s>.  (26)
Then, the general iterative problem

L(Yn+1) + N(YTL) + h(S, t) = 0,yn+1(s, 0) =
8, (Yn+1)e(s,0) = 5%, @7)

By solving the primary problem we have got
Vo (s,t) = s + ts?.

The first iteration can be done through and given as
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D) = 5 Go)ss With y1(5,0) = 5, (71, (5,0) = 52, (28)

Which has a solution

3
y1(s,t) = s+ (t+ %)sz.
The second iteration is

)i = 5 ()55 With 325, 0) = 5, (35, (5, 0) = 2, (29)

Which has a solution
3 5
y2(s,t) =s+ (t+;—,+ %)sz.

Similarly, we get,
e3> 7] 5
y3(S,t)=S+(t+;+;+;)S,

3 5 7 9
ya(s,t) =s+ (t+5 +5 +- +5)s%

This has the closed form:
y(s,t) = s + s?sinht.
which is the exact solution to the problem [5], [17].

3.6. The nonlinear wave-like problem

Consider the nonlinear wave-like equation

Ve = SYVss, 0<s<1,t>0,
with initial conditions y(s,0) = 0,y,(s,0) = s,
and boundary conditions y(0,t) = 0,y(1,t) = t.

The TAM will be applied as follows
L) = ¥ ,N(y) = ys and h(s,t) = 0,

Thus, the primary problem is
L(yo) = 0, with y4(s,0) = 0, (9):(s,0) = s.

(30)

(31)

(32)

(33)

A general iterative problem can be written in the following

form

L(¥n+1) + N(yn) +h(s,0) = 0,y,,11(5,0) =

0! ( Yn+1)t(sy 0) =S

By solving the primary problem, we get
Yo(s,t) = st.

The first iteration can be done through and given as

e = o)ss With y;(s,0) = 0, (¥1),(s,0) = s.

Then, the solution of equation (35) is
Y1 (Sl t) = st.

The second iteration is

2)ee = (V1)ss With y,(5,0) = 0, (12)¢(5,0) = s.

Then, the solution of equation (36) is

Y2 (S’ t) = st.
Similarly, we get,
y3(s,t) = st,
V4 (s, t) = st.

The solution is
y(s,t) = st. (37)
which is the exact solution to the problem.

using TAM

4. Solving heat and heat-like equations by

In this section, the TAM will be used to solve linear and
nonlinear heat and heat-like equations. The linear and
nonlinear heat and heat-like equations are given [17], [18]

ytzyss:0<S<M:t>0:
yt=y55+h(5,t),0<S<M,t>O‘
2

s
yt=?yss,0<s<M,t>0.

The function h(s, t) is heat source. The TAM will be applied

to obtain the exact solutions for these problems.
4.1. The homogeneous linear heat problem

Consider the following linear heat equation [18]
Ve =Y, 0<s<mt>0,

with initial condition y(s,0) = sins,

and boundary conditions y(0,t) = 0, y(m,t) = 0.

The TAM will be applied as follows
L) = y:,N({y) = yss and h(s,t) = 0,

Thus, the primary problem is
L(yo) = 0, with y,(s, 0) = sins,

A general relation can be given as

L(yn+1) + N(y,) +h(s,t) = 0,y,41(s,0) = sins.

By solving the primary problem, we get
Vo (s, t) = sins.

The first iteration can be done through and given as
)¢ = Vo)ss With ¥, (s, 0) = sins.

Then, the solution of equation (42) is

(34)  n(st)=(1-t)sins.
The second iteration is
(2)e = (¥1)ss With y, (s, 0) = sins.
Then, the solution of equation (43) is
2
(35) V,(s,t) = (1 —t+ tz—l) sinss.
Similarly, we get,
2 3
y3(s,t) = (1 —t +t2—|—t3—') sins,
_ 23 ey
(36) y4(s,t)—(1—t+z—§+z)sms.

This has the closed form:
y(s,t) = e *sins.
which is the exact solution to the problem [18].

4.2 The inhomogeneous linear heat problem

(38)

(39)

(40)

(41)

(42)

(43)

(44)

Consider the following inhomogeneous linear heat equation

[6], [8], [18]
Yy =Y +Coss ,0<s<m,t>0,
with initial condition y(s,0) = 0,

(45)

and boundary conditions y(0,t) =1 — e %, y(m,t) = —1 +

et
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The TAM will be applied as follows
L) =y ,N(y) = yss and h(s, t) = coss, (46)
Thus the primary problem is
L(yo) = coss, with y,(s,0) = 0. 47)
and the general iterative problem
L(Yn+1) + N(Yn) + h(S' t) = 0' Yn+1 (S, O) =0. (48)
By solving the primary problem, we get
Vo (s, t) = tcoss.
The first iteration can be done through and given as
(1)e = o)ss + coss with y; (s,0) = 0. (49)

Thus, the solution of equation (49) is
t2

y1(s,t) = (t - Z) COSSS.

The second iteration is
(72)e = On)ss + coss with y,(s,0) = 0. (50)

Then, the solution of equation (50) is
2 3
Vo (s, t) = (t - :2_'_'_ ;—,) COS S.

Similarly, we get,

t2 t3 t4
y3(s,t) = (t—z+§—z)coss,
L’Z t3 t4 L.S
Vi (s, t) =(t—z+§—z+a)coss.

This has the closed form:
y(s,t) = (1 —e ") coss. (51)
which is the exact solution to the problem [6], [8], [18].

4.3 Nonlinear heat problem

Consider the following nonlinear heat equation

Ve = VVs +5€8,0<s<1,t>0, (52)
with initial condition y(s,0) = 0,
and boundary conditions y(0,t) = 0,y(1,t) = t.

The TAM will be applied as follows
L(y) = y: ,N(y) = yyss and h(s,t) = sef,  (53)

Thus the primary problem is
L(yo) = 0, with y,(s,0) = 0. (54)

A general problem of a relation can generate an iterative
problem

L(Yn+1) + N(Yn) + k(S,t) = 0,yn+1(s, 0) =0. (55)
By solving the primary problem, we obtain
Yo (s, t) = set.

The first iteration can be done through and given as

1) = Yo Wodss + sef with y; (s,0) = 0. (56)
Then, the solution of equation (56) is
y1(s,t) = set.
The second iteration is

(2)e = Y1 (1) + se’ with y,(s,0) = 0. (57)
Then, the solution of equation (57) is
v, (s, t) = set.
Similarly, we get,
y3(s,t) = se’,
ya(s,t) = se,
The solution is

(s, t) = set. (58)

which is the exact solution to the problem.

4.4. Linear heat-like problem

Consider the following linear heat-like equation [5]
2

ytzs?yss,0<s<1,t>0, (59)
with initial condition y(s,0) = s?,
and boundary conditions y(0,t) = 0,y(1,t) = et.
The TAM will be applied as follows

52
L(y) =y ,N@) =Sy, and h(s,) = 0. (60)
Thus, the primary problem is
L(yo) = 0, with y,(s,0) = s2. (61)

A general iterative problem can be given as

L(¥n+1) + Nyn) +k(s,8) = 0,¥,41(5,0) = s*. (62)
By solving the primary problem, we achieve

yo (s, t) = s2.
The first iteration can be done through and given as
S2 .
1)e =5 (o)ss With 31 (s, 0) = s2. (63)

Then, the solution of equation (63) is
yi(s,t) = (1 +t)s?.
The second iteration is
2 -
072)e = 5 1) ss With 5 (5, 0) = 52, (64)
Then, the solution of equation (64) is
2
Y2(s,t) = (1 +t+5)s?.
Similarly, we get,
2 3
y3(s,t) = (1 + t+t2—! + ;—!)52,
t2 3 et
va(s,t) = A+t + 5+ 5 +)s%
This has the closed form:
y(s, t) = s?et. (65)
which is the exact solution to the problem [5].

4.5. Nonlinear heat-like problem

Consider the following nonlinear heat-like equation

Ve =xYYe +5+1,0<s<1,t>0, (66)
with initial condition y(s,0) = 0,
and boundary conditions y(0,t) =t,y(1,t) = 2t.

The TAM will be applied as follows
L) = y,,N(y) = syy,, and h(s,t) = s + 1. (67)

Thus the primary problem is
L(yp) = s + 1, with y,(x, 0) = 0. (68)

A general iterative problem can be written as
L(yn+1) + Nn) + k(5,0 = 0,y,41(5,0) = 0. (69)

By solving the primary problem, we obtain
Yo(s,t) =t(s + 1).

The first iteration can be done through and given as
(1) = syo(Vo)ss + 5+ Lwithy,(s,0) = 0. (70)

Then, the solution of equation (70) is
yi(s,t) =t(1 +s).

The second iteration is
2)e = sy1(¥1)ss +5 + L with y,(s,0) = 0. (71)
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Thus, the solution of equation (71) is
Vo (s,t) = t(1 +5).

Similarly, we get,

v3(s,t) = t(1 +s),

v4(s,t) = t(1 + ).

The solution is

y(s,t) =t(1+5).(72)

which is the exact solution to the problem.

5. Conclusion

In this paper, a semi-analytical iterative method namely
(TAM) has been successfully implemented to obtain the
exact solutions for linear and nonlinear wave, wave-like heat
and heat-like equations. The exact solution obtained from
the application of TAM identical to the results obtained with
these methods available in the literature, such as ADM [1],
[2], DGJ [5], [6], HPM [3], [4], VIM [7], [8]. It is seems that
the TAM appears to be accurate to employ with reliable
results and does not required any restricted assumption to
deal with nonlinear terms.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

A.M. Wazwaz, Exact Solutions to Nonlinear Diffusion
Equations Obtained by the Decomposition Method.
Applied Mathematics and Computation, Vol. 123, pp.
109-122, 2001.

E. U. Agom, F. O. Ogunfiditimi, Numerical
Application of Adomian Decomposition Method to
One Dimensional Wave Equations , International
Journal of Science and Research, Vol. 5,pp. 2306-
2309, 2016.

V.G.Gupta, S.Gupta, Homotopy Perturbation
Transform Method for Solving Nonlinear Wave-Like
Equations of Variable Coefficient, Journal of
Information and Computing Science, Vol. 8, pp. 163-
172 ,2013.

Ji-Huan He, Application of Homotopy Perturbation
Method to Nonlinear Wave Equations, Chaos, Solitons
and Fractals, Vol. 26, pp. 695-700, 2005.

M.A. Al-Jawary, An Efficient Treatments for Linear
and Nonlinear Heat-Like and Wave-Like Equations
with  Variable Coefficients, 10SR Journal of
Mathematics, Vol. 11, pp. 1-13, 2015.

M.A. Al-Jawary, Exact Solutions to Linear and
Nonlinear Wave and  Diffusion  Equations,
International Journal of Applied Mathematical
Research, Vol. 4, pp. 106-118, 2015.

A.M. Wazwaz, The Variational lteration Method: A
Reliable Analytic Tool for Solving Linear and
Nonlinear ~Wave Equations. Computers and
Mathematics with Applications, Vol. 54, pp. 926-932,
2007.

A.M. Wazwaz, The Variational Iteration Method: A
Powerful Scheme for Handling Linear and Nonlinear
Diffusion Equations. Computers and Mathematics with
Applications, Vol.54, pp. 933- 939, 2007.

H. Temimi, A. Ansari, A Semi Analytical Iterative
Technique for Solving Nonlinear Problems, Computers
and Mathematics with Applications,VVol. 61, pp. 203-
210, 2011.

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

M.A. Al-Jawary, S.G. Al-Razaq, A Semi Analytical
Iterative Technique for Solving Duffing Equations,
International  Journal of Pure and Applied
Mathematics, Vol. 108, pp. 871-885, 2016.

Farshad Ehsani, Amin Hadi, Frzad Ehsani, Rohoallah
Mahdavi, An lIterative Method for Solving Partial
Differential Equations and Solution of Korteweg-
Devries Equations for Showing the Capability of The
Iterative Method, World Applied Programming, Vol.
3, pp. 320-327, 2013 .

H. Temimi, A. Ansari, A New lterative Technique for
Solving Nonlinear Second Order Multi-Point
Boundary Value Problems, Applied Mathematics
and Computation Vol. 218, pp. 1457 1466, 2011.
M. A. AL-Jawary, R. K. Raham, A Semi-Analytical
Iterative Technique for Solving Chemistry Problems,
Journal of King Saud University —Science (2016) (in
press).

M. Z. Nejad, A. Rastgoo, A. Hadi, Effect of
Exponentially-Varying Properties on Displacements
and Stresses in Pressurized Functionally Graded Thick
Spherical Shells with Using Iterative Technique,
Journal of Solid Mechanics, Vol. 6, pp. 366-377, 2014.
H. Temimi, A. R. Ansari, A Computational Iterative
Method for Solving Nonlinear Ordinary Differential
Equations, LMS J. Comput. Math. Vol. 18, pp. 730-
753, 2015.

M.A. AL-Jawary, A Semi-Analytical Iterative Method
for Solving Nonlinear Thin Film Flow Problems,
Chaos Solitons and Fractals, Vol. 99, pp. 52-56, 2017 .
A. M. Wazwaz, A. Gorguis, Exact Solutions for Heat-
Like and Wave-Like Equations with Variable
Coefficients, Applied Mathematics and Computation,
Vol. 149, pp. 15-29, 2004.

A. M. Wazwaz, Partial Differential Equations Methods
and Applications, A.A.Balkema Publisher/LISSE/
Abingdon/ Exton(PA)/ Tokyo, 2002.

Volume 6 Issue 5, May 2017

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20173220

DOI: 10.21275/ART20173220

982





