International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

Convergence Theorems for Maximal Monotone
Operators by Family of Non-Spreading Mappings

Salwa Salman Abed®, Zena Hussein Maibed?

Department of Mathematics, College of Education for Pure Science, 1bn Al-Haithem , University of Baghdad

Abstract: In this paper we introduce an iterative schemes of non-spreding and non-expansive mappings in real Hilbert space .Also, we
study the strong convergence of these iterative schemes to a point of the set of zeros of maximal monotone multivalued mapping .

Finally, there are some consequent of these results in convex analysis.

1. Introduction and Preliminaries

Let X be a Hilbert space and A be a multivalued mapping
with domain

D (A) = {x € X;Ax # @}andR(A) = {y € D;Ix €

DA such that y3 Ax.The mapping A is called monotone if:

< X1 —X2,y1 — N1 >=> 0, in € D(A), Vyl € R(A)

Also, any mapping A is called maximal monotone mapping
if the graph of A is not properly contained in the graph of
any other monotone mapping.

The monotone mappings play a crucial role in modern
nonlinear  analysis and  optimization, see  the
books[1,2,3,4,5].Consider ~a  resolvent  mapping], =
(I+r,A"1)(x), where < r, > is a sequence of positive real
numbers.], is single valued non expansive. The metric
projection from X on to C is defined as follows: For any
x € X there exists a unique element P.(x) € C and salisfy
lIx —P.GOIl < llx—yll Vy € C.

Xu[6,7] , studied the convergence of thefollowing iterative
scheme
Xpy1 = 0u + (1 —a,)T,, n=123,.. (1)
[8] Moudafi, studied the convergence of the iterative
schemes and in
X = tfx) + (1-9T,,
Xn+1 = (an(Xn) + (1_ an)Txn asn-— o (2)

where< a, > be a sequence in (0,1).Xu[9]who extended
Moudafiresults.On  other  hand, Kamimura  and
Takahashi[10], studied the convergence strongly of the
iterative scheme

Xp4+1 = U +(1_an)]rnx ,n=1 (3)

Also, in 2016[11], Abed and Maibed studied the strong
convergence  of  the  proximal point  scheme
Xn+1 = anfn(xn) + BnTn(Xn) + (1 - Yn)]rn (Xn)
Throughout this paper will be areal Hilbert space and C be
a nonempty convex closed subset ofX. The resolventidentity

is g =], (%x + (1 —%) ]B(x)).We recall  some

definitions and lemmas which will use in the proofs.
Definition (1.1) [ 12], [ 13] and [14]
Amapping T: C - Xijs called

1) firmly non-expansive mapping if for each x,y in C.Then

the following inequality holds
I Tx = Ty|l” + [I(1 - Dx-(I- Dyl < [Ix-ylI?

2) Strongly non-expensive mapping if it is non-expensive
and for any two sequences in C: <X»>and <y,> such that
<Xp-Vn> is bounded and
HXn= Vo ll- I TX,- Ty, || = O it follows that
(Xn_ Yn ) _(Txn_ TYn) -0.

3) Non-spreading mapping if for each x,yin C.Then the
following inequality holds

2||Tx-Tyl|* < |Ix-ylII* 4 lIx-ylI?

Manaka and Takahashi [15], they proved the classes of non-
expansive mappings does not contain the classes of non-
spreading mappings .Also the classes of non-spreading
mappings does not contain the classes of non-expansive
mappings, consider the following example.LetT : R —
R such that T(x) = —x,it is clear that the mapping is non-
expansive but not non-spreading whenx = —1/2 ,y =1/4

Remark (1.2)[ 16]
Every firmly non-expansive mapping is non-sprading.

Lemma (1.3) [17]
A mapping T is nonspreding mapping, if for each x,y in C,
then the following inequality holds

[ITx-Ty||? < ||x-y||* +2 <x—Tx,y— Ty >

Remark (1.4)

1) If T is firmly non-expansive, then it is strongly non-
expansive.

2) Any firmly non-expansive (and strongly non-expansive)
mapping is non-expansive.

Lemma (1.6) [ 7]

If (a,) be a sequence of nonnegative real number such that:
ap = (1 _Yn)an +V¥uSy , n=20

where(y, ) is a sequence in (0,1) and (S, ) be a sequence in R

such that:

Y o Yn = oeandlim, . supj—" <0 or Yp4IS,| < co. Then
a, > 0asn — oo,

Lemma(1.7) [ 7]

be a sequence of nonnegative real number such that>a,<If
;n=0 Uptap g < (1 ~Yn ) ay + YaSy

Where <S,> bea sequence inR and <y,> be a sequence
in [0,1] such that

lim,_, supS, <0,Y0,u, <ocandy >y, = oo.
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.Thena,— 0.
Lemma(1.8) [18]
Let C be a nonempty convex closed subset of Xand Tbe a

multivalued mapping on C. If{ X,)is convergence weakly

toPand || Xa — Ty, |l -, 0 .Then p € F(T).

Lemma (2.9) : [19]

Let C be a nonempty convex closed subset of Xand T is non-

expansive multivalued mapping such that Fix(T) #

@.ThenT is demi-closed,

i.e.x, = pand lim,_ d(xn,T(xn)) = 0.Then p € T(p)
Now, we define the following two classes on mappings:

F = {£,:C> C such that [If, () — £, ()

<6~ HEOIEn=1,2,..)

F*=4f,:C— C suchthat lefn(x)ll < oo,
n=0

n=1,2,...}

2. Main Results

In this paper we give some types of proximal point schemes
of sequences for non-spreading mappings which are different
from non-expansive mappings. Also, we study the
convergence for this schemes. In the theorems (2.1) and (2.2)
consider < f, > be a sequence of contraction mappingsand
< g, > be a sequence of non — expansive mappings on
C and < e, >is real sequence in (0,o) such that each
sequences belong to F*.Define the following proximal point
scheme as:

Xn+1 = @n8n (X) + bnfn (Xn) + CnTn(Xn) + dn]rn (Xn) + €n
(2.1)

Where,

<a, ><d, > aresequence in[a,b]where 0 <a <
b < 1,

< b, >and < c, >are sequences in
a, +b, +c, +d, = 1and

<r, > is real sequences in (1, o).
Now, we study the strongly convergent of the proximal point
scheme defined in (2.1)

(0,1] such that

Theorem (2.1) :
Let < T, > be a sequence of non — spreading mappings on
C belong to F N F*.Suppose that

1) |1 - ri—zl <kla ;1 —a,|, forsomek > 0and |d,;1 —
dn <cn
2) ¥ ja, = wand lim2t=2nl = i =0

If A72(0) n (N F(T,)) n (NF(f,)) # @.Then the proximal
point  scheme< x, > converges strongly to a point in
A71(0).

Proof :
Letp € A71(0) n (N F(T,)) n (N F(f,))
Ixn+1 =PIl < aqllgn %) = pll + by [If, (xu) = pli
+ Cn”Tn(Xn) - p”
'{_dn”]rn (Xn) - p” + ”en”
< an”X - p” + abnllxn - p” + Cn”Tn(Xn) - p”
+(1 - (an + bn+cn))|lxn - p” + ”en”

Where a = sup{a;,ieN}, 0 < a; < 1
%01 = Pl < ayllx — pll + (aby + (1 = by))lIx, = pll
+ 1Ty %) — pll + lleqll
< ayllx = pll + (1= (1 = by))llx, —pll +
. 1T, (%) — Pl + lleq I
< masc{ g = Pl bty = pIIf+ 1T, G5) = pll + ey |

1
< max fz— Il = pll I = I} + ITuGx) = ol

+ ITa1&n—1) = pll + llen—ql + lley |l

1
1-—

< max{

n
=il lbso = pll} + ) I = ol
k=0

n
) el
k=0

But Yiolleall <o and X[l T, (xp)ll < 00 =< x, >is

bounded sequence. Then there exists a < x,, > subsequence
of < x,, > such that x,; — %.
Now, To prove % € A~1(0)

Let
Xn+1 — An8n (X) - bnfn (Xn) - CnTn (Xn) — €y
V, =
d,
=Jr, Xn)

And w(x,) = w(V,), So <V, > is bounded.
Butv, =J, (x,)=

Xp — Vn
T+r,A7 ' (x,) =V, 2V, +r,AV,) 3%, =
n
€ A(V,)
= Xn — Xp+1 + an8n (X) + bnfn (Xn) + CnTn (Xn) + €n
rndn
€ A(V,) (2.2)
IXn+1—%nll

Now, to prove that —»0asn—o

By using resolventidenti?y ,and since < T, > lies in F we
get,
Xni2 = Xne1 = dn (T g Gaen) = Jr, (50)
+ (bn+1fn+1(xn+1) - bnfn (Xn))
+ (Cn+1Tn+1 (Xn+1) - CnTn (Xn))
+ (an+1 - an)
€n+1
(8060 + =) + 20 (i (0 — 80 (0)
Adnt1

€n+1 €
+a, ( . - _n> + (dn+1 - dn)]rn+1 (Xn+1)
An+1 ap

”Xn+2 - Xn+1” = dn ]rn+1(Xn+1)

v <(rr—“x) +(1-22), (xn)>

+ bn ”fn+1(Xn+1) - I:n (Xn)”
+ Cn”Tn+1 (Xn+1) - Tn (Xn)”

€n+1
+ |an+1 - anl ||gn(x) + 2

Adnt1

+ an+1”gn+1 (X) — 8&n (X)”
€n+1 €n
+a,

An+1 oy
+ |dn+1 - dnl”]rn+1 (Xn+1)||
+ |bn - bn+1|”fn+1(xn+1)”

+ |Cn - Cn+1|”Tn+1(Xn+1)”
By conditions (i)&(ii) we get
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”Xn+2 - Xn+1” = dn

]rnﬂ (Xn+1)

I,
- ]rn+1 ((n—HXn) + < n+1)]rn (Xn)>
Iy
+ bn ||fn+1 (Xn+1) - fn (Xn)”
+ Ty Kny1) = Ty (Xn)ll2
|gn(X) 421
An+1
+ an+1”gn+1 (X) — 8n (X)”
+a €n+1 _ e_n
n a,
dn|||]rn+1 (Xn+1)||
+ |bn - bn+1|”fn+1(xn+1)“
r + |Cn - Cn+1|”Tr;‘+1(Xn+1)”
1 1
r;: (Xn+1 - Xn) + (1 - I;: )(Xn+1 - ]rn (Xn))”

+ bn"fn+1(xn+l) - fn(xn)”
+ Cn”Xn+1 - Xn”2
+ 2Cn<xn+1 - T (Xn+1) Xn

||gn(x) + — a
- gn(x)”
an+1 | + Ca ey 0 Cne)|

+ |bn - bn+1|||fn+1(Xn+1)”
+ |Cn Cn+1|”Tn+1(Xn+l)”

n+1
s =l 1= [

€n+1

+ |an+1 a |

Ant1
+ |dn+1 -

<d,

— Ty (x,))

+1
+ |an+1 - anl S
n+1
+ an+1”gn+1(x)

€n+1 €n
+a,

< (1 _ an) n+1

- ]rn (Xn)”

+ |an+1 | gn(X) +—
n+1

+ an+1”gn+1(X) — 8n (X)”
|en+1 €n

+a, -—
Ant+1 a,

+ byl 1 Kn1) = fu (x|

+ Ch ”Xn+1 - Xn”2

+ 2Cn<xn+1 - Tn (Xn+1)' Xn

+ Cn”]rn+1 (Xn+1)”

+ |bn - bn+1|”fn+1(xn+l)”

+ |Cn - Cn+1|”Tn+1(Xn+l)"

- Tn (Xn)>

pt1

< (1 —ay) —— %41 = Xqll

l(Ian+1 - anl
+a, <— ” Xn+1 — ]rn (Xn)”
an
|bn -b
n
|Cn - Cn+1| ”

a,
€n+1 €n

n

n+1|
l

+ fos1 Kol

+ To1 Kns)|l

Adnt+1 ap
|an+1 —a, |
ap

€n+1

gn(¥) +

Adnt1

”Hmmaw gn |

b
+ a— a1 (Kn+1) = £ o)l

n
C

+ a_n [2<Xn+1 - Tn (Xn+1): Xn — Tn (Xn))

n

s = %l + [y, G

[1%n 12 — Xn 41l 1% 41 — Xl
n+2 n+1 < (1 _ an) n+1 n
Int | n
1 |k An+1 — dp
+a, < [ ”Xn+1 - ]rn (Xn)”
Iyt an
|bn - bn+1|
+ ”fn+1(Xn+1)”
n
|Cn - Cn+1|
+ ”Tn+1 (Xn+1)”
Cnt1_ G
| An+1 anl
An+1 — 3p €n+1
+ gn(X) +—
ap An+1
an+

lIgn+1(x) — gn Xl

n

+ a—n a1 (Kn+1) = fa Gl

n
C

+ a_n{z(XH-H - Tn (Xn+1)'xn - rI‘n (Xn))

n

s =5+ [ o))
By lemma (1.6)we get

||Xn+1_Xn"_)O as n-— oo,

I'n

Therefore the equation (2.2) become 0 € A(V,)
=V, € A71(0).
But A~1(0) is closed =% € A"1(0)
”Xn+l - i” < an”gn (X) - i” + bn”fn (Xn) - i”

+ Cn”Tn(Xn) - i”

+dy [[Jr, a) = &[] + lenl
— Xl +a,llg. ) — x|

+ {lIfy (%) — I+ 1T, (%) — I+ llen I3
By using lemma (1.7) ,we get x, =& as n— c.Then the
proximal point scheme(x,)converge strongly to X and
£€eA(0). m
Now, we study the converge when < T,, >be a sequence of
any mappings

< (1 —ay)llx,

Theorem (2.2):

Let <T, > be a sequence of any mappings on Csuch
that< T, >,

<e, > and < g, >belong to F*. Let the proximal point
scheme defined in (2.1) and <a, ><d, >as in
theorem(2.1) ,< b, > sequence in (0,1] converges to 0,
< ¢, > be asequence in (0,1] and < r, > be a sequences

in (1,) .If |1 — r‘;—“ <k, for some k > 0 such that:

lan+1—anl

1) lim, e
2) Xn=oay =

If A71(0) n (N F(T,)) n (NF(f,)) # @. Then the proximal
point scheme< x, > converges strongly to a point in
A1 (0).

=0 andc, <b,

Proof :
As the same proof of theorem (2.1) we get, <x, > is

bounded sequence
Now, to prove that

lIxn+1—=x%nll 50asn— o

I'n
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”Xn+2 - Xn+1|| = ||(an+1 - an)gn (X)
+ an+1(gn+1(x)
— 8n (X))+bn+1fn+1 (Xn+1) - bnfn (Xn)
+ Cn+1Tn+1(Xn+1) - CnTn (Xn)
- dnﬁl]rm_l (Xn+1) + dn]rn (Xn) +enig
—e,

S [CEESY(MRCREIWER)
+ bn+1 (fn+1 (Xn+1) - ]rnﬂ (Xn+1))
+ by (Jr, o) = £ (x0))
+ap41(8ns1(®) — g (X))
+ (an+1 - an) <gn (X) - ]rn+1 (Xn+1)
Cni1 €h+1 €n
* an+1) T <an+1 - g)
+ Chy1 (Tn+1 (Xn+1) - ]rn+1 (Xn+1))
+ ¢ (Jo, ) = Tax0)
”Xn+2 - Xn+1” < (1 - an)||]rn+1 (Xn+1) - ]rn (Xn)”
+ bn+1 ||fn+1 (Xn+1) - ]rn+1(Xn+l)“

+ bn ”]rn (Xn) - fn (Xn)”
+ ap41l18n+1(X) — gn Xl

+ |an+1 - anl' ||gn(x) - ]rn+1 (Xn+1)

4 St
An+1 An+1 an
+ Cn+1||Tn+1(Xn+1) - ]rn+1 (Xn+1)||

+ ¢y ”Tn (Xn) - ]rn (Xn)”

€n+1 €n
+a, -

Put
M = {[[8n 00 = Jr, 1 o) + 2222

By using resolvent identity and since the resolvent mapping
is non-expansive mapping then we get,

,nE N}we get

en+
an+

IXn+2 = Xngall = (X —ap) |[Jr, ., Kns1)

o () + (12,0

+ bn+1 ||fn+1 (Xn+1) - ]rn+1 (Xn+l)||
+ bn ”]rn (Xn) - fn(xn)”
+ ar1+1||gn+1 (X) — 8n (X)”

€n+1 €n

+ |an+1 - anan + an

An+1 an
+ Cn+1||Tn+1 (Xn+1) - ]rn+1 (Xn+1)||
+ Cn”Tn (Xn) - ]rn (Xn)”

Tnt1 Tnt1
Xn+1 — ( I;+ Xn) + (1 s )]rn (Xn)
n

Iy
+ bn+1||fn+1(xn+1) - ]rn+1 (Xn+l)||
+ bn “]rn (Xn) - I:n (Xn)”
+an41ll8a11(X) — g Xl

€n+1 €n
+ |an+1 - anan + ap -

<({1-a,)

n+1 ay
+ Cn+1||Tn+1(Xn+1) - ]rn+1 (Xn+1)||
+ Cn”Tn(Xn) - ]rn (Xn)”

X —X
” n+1 n"_>0

I'nt1
= (1= ap) [ (41 = Xn)
Iy

T'nt1
+ (1 - l;ﬂ ) (Xn+1 - ]rn (Xn))
+ bn+1”fn+1 (Xn+1) - ]rn+1 (Xn+1)”
+ bn”]rn (Xn) - fn (Xn)”
+ an+1”gn+1 (X) — 8&n (X)e” o
+ —a,|M, +a, || -2

|an+1 anl n ap A1 a,
+ Cn+1||Tn+1 (Xn+1) - ]rnﬂ (Xn+1)||
+ Cn”Tn (Xn) - ]rn (Xn)”
ny1
< (- a) [ i =
Iy

Ty

+ |1 - T;+ -||Xn+1 - ]rn (Xn)”]
n
+ bn+1”fn+1 (Xn+1) - ]rn+1 (Xn+1)”
+ bn”]rn (Xn) - 1:n (Xn)”
+ an+1”gn+1 (X) — 8&n (X)e” e
+ —a,|M, +a, || -2
|an+1 anl n an A1 a,
+ Cn+1||Tn+1 (Xn+1) - ]rnH (Xn+1)||
+ Cn”Tn (Xn) - ]rn (Xn)”
Since Xn+1 = An8n (X) + bnfn (Xn) + CnTn (Xn) +

dn]rn (Xn) +e,
||Xn+1 - ]rn (Xn)” = ”angn (X) + bnfn(xn) + CnTn(Xn)
+ (dn - 1)]1‘,, (Xn) + en”
< aylIgn G I + by lIfy ) Il + cnlI Ty (x|
+ (dn - 1)”]rn (Xn)”
+lleall
Since (g, ),(T,), (e,) are lies in F*and b, — 0,we get
s = Iy Gi)][ 20 a5 n—co

IfKnl = {bn+1||fn+1(xn+l) - ]rn+1 (Xn+1)” + bn“]rn (Xn) -
fnxn,neEN

KnZ = {k||xn+l - ]r" (Xn)” + an+1”gn+1(x) - gn(X)”

lap+1 —apl
+an< Pl =aaly

ayn
eEN

Kn3 = {Cn+1||Tn+1(Xn+1) - ]rn+1 (Xn+1)” + Cn”Tn (Xn) -
Jrnxn,neN.

Put Mn = Knl + an + Kl’l3'
Since||xn+1 =i, (xn)” -0 and b,,c,—0

€n+1 €n

dnt1 ap

=M, -0 asn- o
I'nt1 -
sz = Xasall < (1= 2 7 s = ]l + M,
n

”Xr\+1 - Xn” + a, [ 1

Ih+1dn

Xn — Xp
sz =3l _ g

pt1 Iy
By lemma (1.6) we get ,

Mn]

as n — oo,

I'n
By similar to the theorem (2.1) we get,% € A=1(0)
Ixn4+1 — Il < aplign (x) — Xl + by IIf, (x,) — Xl
+ Cn”Tn(Xn) - )‘Z”
+dy [[Jr, a) = &[] + llenl
< dullxn = Xl + a,lIgn (x) — K| + by [If, (x0) — Xl
b, 1T, (x,) — I + eyl
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<A -ayllx, — x|l +
( ||fn(xn) RU+IT, (o) xn)

) +118a ) = &lI + [[en |l Put
(nf n (xn)— x||+||T (xn) =<
l’l

an

W, = llgn GO = 5l + lleyll = ) W, < oo

IXnp1 = %I < (1= ap)llx, — Il +a,W, + W,
By using lemma (1.7) ,we get x,—>X as n— o.Then the
proximal point scheme converge strongly toXx and X€
A71(0).m
Theorem (2.3) :
Let < T, > be a sequence of non — spreading mappings
on C belong toF* but <f, >and <], > be asequence of
non — expansive mapping on C belong to F*.If <a, >, <
b, > and < ¢, > are sequences in (0,1] such thata, + b, —
¢, = 1 .Define the proximal point scheme < x, > as:

)=>Wn—>0a5n—>00 and

Xn+1 = (1 - an)TnYn + (1 - bn)]rHYrL + Cnfn (YII)
Yn = (1 - bn)Xn + (1 - an)fn(xn) + CnTn(Xn)
If the conditions are satisfied
1. Yo o(@a, —c,) = and lim,_,,|b, —b,_1| =0

2. A1 (0) n (N F(T)) n (NF(f,)) # 0.
Then the proximal point  scheme< x, >is converges
strongly to common fixed point of T, and f,, , ¥n € N.

Proof :

Letp € A71(0) n (N F(T,)) n (N F(f)).

Since < f, >and<], >are sequences of nonexpansive
mappings and< T, >be a sequence of non-spreading
mappings, we have

llyn —plI* < (1 = by)lIx, = plI* + (1 — a) I, (xa) — plI®

+ Cn”Tn(Xn) - p”Z

< (1 =by)lIx, = pll* + (1 —ap)llx, — pll®
+ Cn[”Xn - p”z
+ Z(Xn - Tn(Xn)!p - Tn(p))

< ((1 - bn) + (1 - an)+cn)|lxn - p”Z
= [Ix, = plI?
lIxy = plI> < (1 —a)IT,y - pll® ,
+ (1 - bn)”]rn (Yn) - p”
+ Cn”fn(Yn) - p”Z
< (1 =a)(llys = plI* + 2y, = T, (7n), p — Ta (P)))
+ (1 - bn)”Yn - p”Z + Cn”Yn - pHZ
= [Ix, — plI?
< x, >is bounded sequence
So <y, ><T,(x,)>and <f,(x,)> also bounded
sequence. By add and subtract the amount
(1 — by_1)x,,we get
||Yn - Yn—lll = ”(1 - bn)xn + (1 - an)fn(xn) + CnTn(Xn)
- (1 - bn—l)xn—l - (1 - an—l)fn—l (Xn—l)
- Cn—lTn—l(Xn—l)”
< (1 =by_ %y = %1l + [(X = bp) = (1 = by_)|lIx, I
+ ”(1 - an)fn(xn)
- (1 - an—l)fn—l(xn—l)”
+ ”CnTn (Xn) - Cn—lTn—l (Xn—l)”
< (1 - bn—l)”Xn - Xn—l” + |bn - bn—l”lxn"
+ ”(1 - an)fn(xn)
- (1 - an—l)fn—l (Xn—l)”
+ Cn—lllTn (Xn) - Tn—l(xn—l)”
+ |Cn—1 - CnHlTn(Xn)”

”Xn - Xn+1” < bn—lllTnYn - Tn—lYn—l”
+ ”an]rn (Yn) - an—l]rn_l (Yn—l)”
+ ”Cnfn (yn) - Cn—lfn—l (Yn—l)”
+ |bn—1 - bn“lTn(Yn)”
< bn—lllTnYH - n—Ile—lll + an—l”]rn,l (Yn—l)”
+ an”]rn (Yn)” + Ch—1 ”fn—l (Yn—l)”

+ Cllfa Il + [bn—g = by [T, (v
But<T, > <f, >and <], > belongto F*

lIxn —Xp-1ll20 as n—oo
And hence ,since|b,_; —b,| 2 0asn — o

||Yn _Yn—lll -0 as n-o»

Since, [Ixy+1 — pll < lIx, — pll =
”Xn+1 - p” < ”Xn - p” + ”Xn - Tan”
_”Xn - Tan” < ”Xn - p” - ”Xn+1 - p”
< llIxn = pll = IXn41 — Pl < [[Xn41 — X4 [l 20
asn— oo
b

—TaXa|| =0 as (2.3)
But < x, > is bounded then there exists x,, subsequence of
< x, > such that x — %.
By (2.3) and since< T,, >be a sequence of non-spreading
mappings then by using lemma(1.8) we get
% €n F(T,).
As the same way and by using lemma(2.9) we get ,
F(f,)
llyn — %II* < (1 = bp)llx, — &II> + (1 — ay)lIf, (x,) — XII?
+ Cn”Tn (Xn) - )'2”2
< (1 =by)lix, = %I + (1 —ay)lx, = KII* + ¢y llx, — &II?
+2 < Xp — Tn(Xn)t)N( - Tn()N() >= ”Xn - )~(”2
%01 = %I* < (1 = a) 1T, () — %I ,
+ (1 - bn)”]rn (Yn) - )’Z”
+ Cn”fn (Yn) - )~(”2
< (1 - an)”Yn - )~(”2 +2< yzn - Tn(y'n)vsi - Tn(i) >
+(1 - bn)”]rn (Yn) - )’Z” + Cn”Yn - 5&”2

< (1 —apllx, — &2 + (1 = b)), &) — 7
+ ¢y llx, — %II?
2
< ((1 - an) + Cn)“Xn - )~(”2 + (1 - bn)”]rn (YI'I) - )N(”
2
< bn“Xn - )~(”2 + (1 - bn)”]rn (YI'I) - )N(”
2
< (1 - (an - Cn))(”Xn - 5{”2 + (an - Cn)l ]rn (YH) - 5{”
By lemma (1.6),|x, —%||—=0 as n—co.Then the

proximal point scheme converge to X and common fixed
point of T, and f, ,vn € N. m

n—»>oo

X EN

Theorem (2.4) :

Let < T, > be a sequence of non — spreading mappings on
C and < f;, > be a sequence of non — expansive mapping
on Csuch that < J. > and < T, > belong to F*. Define the
proximal point scheme as :

Yn = (1 - bn)xn + bnfn(xn)
Xn+1 = (1 - an)Tn (Yn) + an]rn (Yn)
Let < a, > and < b, > are sequences in (0,1]satisfies:
1.< b, >convergesto0,a, +b, =1
2.3 b, = wand(N F(T,)) n (N F(f,)) N A71(0) # 0.
Then the proximal point scheme< x, > converges strongly
to common fixed point of T,, ¥n € N.
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Proof:
Let  pe (nF(T,))n(NF(,))NnA(0)
||Yn - p”Z < (1 - bn)”Xn - p”2 + bn”fn(xn) - p”2
< (1 =by)llx, = pll* + by lIx, — plI?
= %y — plI?
%ps1 =PI < (1 = a)ITayn =PI + ay|[Js, o) = p||”
llyn = plI*> < (1 = ay)llys — plI* + a,lly, — pll?
= llyn — plI* < llx, — pll?
< x, >is bounded sequence , so <f, >, <], > and <
y, > also bounded sequence .
||Yn+1 - Yn” < "(1 - bn)Xn - (1 - bn—l)xn—l
+ (1 - bn)xn—l - (1 - bn)xn—lll
+ ”bnfn(xn) - bn—lfn—l(xn—l)”
< (1 - bn)”Xn - Xn—l”
+ |bn—1 - bn”lxn—lll + bn”fn(xn)”
+ bn—lllfn—l(xn—l)”
”Xn+1 - Xn” < ”(1 - an)Tn(Yn) + an]rn (Yn)
- (1 - an—l)Tn—l(YH—l)
- an—l]rn_1 (Yn—l)”
< (1 - an)”Tn(YrL)”
+ (1 —a DT eI
-l'an”Jrn (Yn)” + an—l”]rn,l (YH—l)”
But <], >and <T, > belong to F*then we get
= [Ixp — X110 as

Since v”Xn - Tn(xn)” < ”Xn - Xn+1” + ”Xn+1 - Tn(xn)”

n— oo

Therefore,
lIxn = To )l < 1%y = X1 ll
+ ”(1 - an)Tn(YH) - Tn(xn)”
+ g |1, )|
< lxn = Xppall + (1 = a) 1Ty () I + 11T, )
+ ay [[J, Gra) |
As n — oo, we get
lIx, — Ty XDl = 0 (24)
Since < x, > is bounded sequence then there exists a
subsequence < x,, > of < x, > suchthat x, — X
By (2.4) and since< T, >be a sequence of non-spreading
mappings then by using (2.4) and lemma(1.8) we get
% €N F(T,)
llyn = &II* = [I(1 = by)x, + byf, (x,) — X|I?
< (1 =bp)llx, = ZII? + by lIf, (x,) — %II?
Xns1 = I < (1= a)lITy () = RIZ + 2y [[Jr, Gn) = >~<||2
< (1—ay)lly, — %II?
+2(1 —a)(yn — Ta(yn), 8 — T, (X))
+ an”]rn (Yn) - )’2”2
%041 = %II* < (1 = a,)(A = by)lIx, — KII?
+ by (b I Ca) = ZIZ) + 1, (va) = |
%041 = %I < (1 =by)lIxy = XI* + by (bylIf, (%) — II?)
+ ”]rn (Yn) - )~(||2
By lemma (1.7)we get ,
IXp41 — Xl >0 as n-co.

i.e., the proximal point scheme(x,) converges strongly to
common fixed pointof T,, vn € N. m

Theorem (2.5):

Let < T, > and < f, > are two sequences of non-spreading
mapping on Cbelong to F*. and also < J, (x,) >. Define
the proximal point scheme as the following
Xn+1 = anfn (Xn) + bnTn (Xn) + Cn]rn (Xn)

Where (a,), (b, ) and (c,) are sequences in [0,1] such that
la,+b,+c, =1
2.¥ a, = andA~*(0) N (N F(T,)) n (N F(£,)) # .
Then the proximal point scheme(x,) converges strongly to a
common fixed point of T, ¥n € N.
Proof :
Let pe A™1(0)n(NF(f,))Nn(nF(T,))
%041 = PII* < anllfy (%0) = pII® + by I T, () = plI?

+ Cn”]rn (Xn) - p”Z

< ap[lix, — pll?

+ 2<Xn - 1:n (Xn)! p— fn (p))]

+ by [lIx, — pll*
+ 2<Xn - Tn(Xn)'p - Tnp)] + Cn”Xn - p”2
= Ix, — pll?

(x,,)is bounded sequence , so (f,) and (J,, ) also bounded.
Since,
”Xn - Tn(Xn)” < an—lllfn—l(xn—l)” + Cn—1||]rn_1 (Xn)” +
bn—lllTn—l(Xn—l) - Tn (Xn)”
< an—lllfn—l(xn—l)” + Cn—l”]rn,l (Xn—l)”
+ by 1 T g Ko=)+ 1T, )
As n— oo, we get
”Xn _Tn(xn)” -0 (25)
But (x,) is bounded then there exists a (x, ) subsequence of
(x,) such that x;,, — .
By (2.5) and since< T, >be a sequence of non-spreading
mappings then by using lemma(1.8)
=% enF(T,)
%041 = %II? < ay lIf, () — X1 + bZnIITn () — XII?

+ Cn”]rn (Xn) - )N(”

< an”fn(xn) - )?”2

+ bn[”Xn - )?”2

+ Z(Xn - Tn (Xn)z!f( - Tn ()N())]

+ Callr, %0 — ]

< (1 - an)”an - )?”2 + an”fn (Xn) - )?”2

+ 32, %0 |
By lemma (1.7), we get ||x, — X|| = 0.

Then the proximal point scheme converge to X such that
X €N Fix(T,). m

As future work we may use the idea of this paper in iteration
in [20] and [21].
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