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Abstract: In this paper we introduce an iterative schemes of non-spreding and non-expansive mappings in real Hilbert space .Also, we 

study the strong convergence of these iterative schemes to a point of the set of zeros of maximal monotone multivalued mapping . 

Finally, there are some consequent of these results in convex analysis. 
 

1. Introduction and Preliminaries 
 

Let X be a Hilbert space and  A be a multivalued mapping 

with domain 

D  A =  𝐱 ∈ X; Ax ≠ ∅ andR A =  y ∈ D; ∃𝐱 ∈

DA such that y∈ Ax.The mapping  A  is called monotone if:  

< x1 − x2 , y1 − y1 >≥ 0, ∀xi ∈  D  A ,    ∀yi ∈ R A .  
 

Also, any mapping A  is called maximal monotone mapping 

if the graph of A  is not properly contained in the graph of 

any other monotone mapping. 

 

The monotone mappings play a crucial role in modern 

nonlinear analysis and optimization, see the 

books 1,2,3,4,5 .Consider a resolvent mappingJrn
=

 I + rnA−1  x , where < rn > is a sequence of positive real 

numbers.Jrn
is single valued non expansive. The metric 

projection from X on to C is defined as follows: For any 

x ∈ X there exists a unique element Pc x ∈ C and salisfy 

 x − Pc x  ≤  x − y   ∀y ∈ C.  

 

Xu 6,7  , studied the convergence of thefollowing iterative 

scheme 

                xn+1 = αnu +   1 − αn Txn
,      n = 1,2,3, …        1  

  8  Moudafi, studied the convergence of the iterative 

schemes   and in 

xt  =  tf xt +  1– t Txt
 

               xn+1  = αn f xn +  1–αn Txn
   as  n →   ∞     (2) 

 

where< αn >   be a sequence in (0,1).Xu 9 who extended 

Moudafiresults.On other hand, Kamimura and 

Takahashi 10 , studied the convergence strongly of the 

iterative scheme                                                                                                                 

      xn+1 = αnu +   1 − αn Jrn xn
 , n ≥ 1           (3) 

  

Also, in 2016 11 , Abed and Maibed studied the strong 

convergence of the proximal point scheme  
xn+1 = αn fn xn + βn Tn xn + (1 − γn)Jrn

 xn  

  Throughout this paper  will be areal Hilbert space and C  be 

a nonempty convex closed subset of𝑋. The resolventidentity 

is :  Jβ x = Jγ  
γ

β
x +  1 −

γ

β
 Jβ x  .We recall some 

definitions and lemmas which will use in the proofs.  

Definition (1.1) [ 12], [ 13] and [14] 

A mapping T ∶  C →   Xis called   

1) firmly non-expansive mapping if for each x, y in C.Then 

the following inequality holds 

||  Tx − Ty||2 + ||( I  –  T)x– ( I –  T) y||2
≤ ||x– y||2

 
2) Strongly non-expensive mapping if  it is  non-expensive  

and for any two sequences in C, >xn<and >yn>  such that  

>xn– yn<  is bounded  and 

||xn– yn  || – || T xn–  T yn   ||  →    0    it follows that      

(xn– yn  ) – ( Txn–  Tyn)  → 0  . 
3) Non-spreading mapping if for each x, y in C.Then the 

following inequality holds 

2||Tx–Ty||2 ≤  ||x– y||2
+ ||x– y||2 

 

  Manaka and Takahashi [15], they proved the classes of non-

expansive mappings does not contain the classes of non-

spreading mappings .Also the classes of non-spreading 

mappings does not contain the classes of non-expansive 

mappings, consider the following example.LetT ∶ R →
R    such that T x = −x,it is clear that the mapping is non-

expansive but not non-spreading when x = −1/2 , y = 1/4 

 

Remark (1.2)[ 16] 

Every firmly non-expansive mapping is non-sprading. 

 

Lemma (1.3) [17] 

A mapping  T is nonspreding mapping, if for each x, y in C, 

then the following inequality holds 

||Tx– Ty||2 ≤ ||x– y||2  + 2 < x − Tx, y − Ty >  

 

Remark (1.4) 

1) If T is firmly non-expansive, then it is strongly non-

expansive. 

2) Any firmly non-expansive (and strongly non-expansive) 

mapping is non-expansive. 

 

Lemma (1.6)  [ 7] 

If  an  be a sequence of nonnegative real number such that: 

an+1 ≤  1 − γn an + γnSn    ,   n ≥ 0 

where γn  is a sequence in (0,1) and  Sn  be a sequence in ℛ 

such that: 

 γn
∞
n=0 = ∞andlimn→∞ sup

Sn

γn
≤ 0 or   Sn 

∞
n=1 < ∞. Then 

an → 0 as n → ∞. 

Lemma(1.7)  [ 7] 

be a sequence of nonnegative real number  such that<an>If 

;  n ≥ 0               un+an+1 ≤ (1 − γn  ) an  +  γnSn  

Where   <Sn>   be a   sequence  inℛ and <γn> be a sequence 

in [0,1]  such that 

limn→∞   sup Sn ≤ 0, un < ∞∞
n=o and γn = ∞.∞

n=o  
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    .Thenan→  0.  

Lemma(1.8) [18] 

Let C  be a nonempty convex closed subset of 𝑋and  Tbe a 

multivalued   mapping on C . If   xn is convergence weakly 

to p and || xn − T xn
|| → 0 .Then p ∈ F T .  

Lemma (2.9) : [19] 

Let C be a nonempty convex closed subset of  Xand T is non-

expansive multivalued mapping such that Fix T ≠
∅.Then T is demi-closed,  

i.e.,xn ⇀ p  and   limn→∞ d xn , T xn  = 0.Then p ∈ T p  
    Now,  we define the following two classes on mappings: 

ℱ =  fn : C →  C  such that  fn x − fn+1 y  

≤  fn x − fn y  
2, 𝑛 = 1, 2, …   

ℱ∗ =  fn : C →  C    such that    fn x  < ∞,

∞

n=0

𝑛 = 1, 2, …   

 

2. Main Results 
 

In this paper we give some types of proximal point schemes 

of sequences for non-spreading mappings which are different 

from non-expansive mappings. Also, we study the 

convergence for this schemes. In the theorems (2.1) and (2.2) 

consider  < fn > be a sequence of contraction mappingsand  

< gn > 𝑏𝑒 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓  𝑛𝑜𝑛 − 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑣𝑒 mappings on 

C and  < en >is real sequence in  0,∞  such that each 

sequences belong to ℱ∗.Define the following proximal point 

scheme as: 

xn+1 = angn x + bn fn xn + cn Tn xn +  dn Jrn
 xn + en         

(2.1) 

Where, 

< an >, < dn >  𝑎𝑟𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒   𝑖𝑛  a, b  where  0 < 𝑎 <
 𝑏 <  1, 

< bn > 𝑎𝑛𝑑 < cn >are sequences in (0,1] such that 

an + bn + cn + dn = 1and 

< rn > 𝑖𝑠 𝑟𝑒𝑎𝑙 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒𝑠 𝑖𝑛  1,∞ . 
Now, we study the strongly convergent of the proximal point 

scheme defined in (2.1) 

 

Theorem (2.1) : 

Let < Tn > be a sequence of non − spreading mappings on 

C  belong to ℱ ∩ ℱ∗.Suppose  that 

1)  1 −
rn +1

rn
 ≤ k an+1 − an , for some k > 0 𝑎𝑛𝑑  dn+1 −

dn ≤ cn 

2)  an = ∞∞
n=0  and   lim

n→∞

 an +1−an  

an
=   lim⁡ 

n→∞
cn = 0 

If A−1 0 ∩  ∩ F Tn  ∩  ∩ F fn  ≠ ∅.Then the proximal 

point  scheme< xn > converges strongly to a point in 

A−1 0 . 
 

Proof : 

Let p ∈ A−1 0 ∩  ∩ F Tn  ∩  ∩ F fn   
 xn+1 − p ≤ an gn (x) − p + bn fn xn − p 

+ cn Tn xn − p  

                               +dn Jrn
 xn − p +  en  

                      ≤ an x − p + αbn xn − p + cn Tn xn − p  

                               + 1 −  an + bn +cn   xn − p +  en  

Where  α = sup αi , iϵN , 0 < 𝛼i < 1 

 xn+1 − p ≤ an x − p +  αbn +  1 − bn   xn − p 

+  Tn xn − p +  en  

≤ an x − p +   1 −  1 − α)bn   xn − p +      
 Tn xn − p +  en  

≤ max  
1

 1 − α 
 x − p ,  xn − p  +  Tn xn − p +  en  

≤ max  
1

1 − α
 x − p ,  xn−1 − p  +  Tn xn − p 

+  Tn−1 xn−1 − p +  en−1 +  en  

⋮ 

≤ max  
1

1 − α
 x − p ,  x0 − p  +   Tk xk − p 

n

k=0

+   ek 

n

k=0

 

But   en < ∞∞
n=0  and    Tn xn  < ∞∞

n=0  < xn >is  

bounded sequence. Then there exists a < xnk > subsequence 

of < xn > such that xnk ⇀ x . 
 Now, To prove  x ∈ A−1 0  
Let 

Vn =
xn+1 − angn (x) − bn fn xn − cnTn xn − en

dn

= Jrn
 xn  

And ω xn = ω Vn , So < Vn > is bounded. 

But Vn = Jrn
 xn   

 I + rnA −1 xn = Vn  Vn + rn A Vn ∈ xn  
xn − Vn

rn

∈ A Vn 

 
xn − xn+1 + angn x + bn fn xn + cnTn xn + en

rn dn

   

∈ A Vn                                                                                    (2.2) 

Now, to prove that    
 xn +1−xn 

rn
→0 as n→∞ 

 By using resolventidentity ,and since < Tn > lies in ℱ we 

get, 

xn+2 − xn+1 = dn  Jrn +1
 xn+1 − Jrn

 xn  

+  bn+1fn+1 xn+1 − bn fn xn  

+  cn+1Tn+1 xn+1 − cnTn xn  

+  an+1 − an  

 gn x +
en+1

an+1

 + an+1 gn+1 x − gn x   

+an  
en+1

an+1

−
en

an

 +  dn+1 − dn Jrn +1
 xn+1  

 xn+2 − xn+1 = dn  Jrn +1
 xn+1 

− Jrn +1
  

rn+1

rn

xn +  1 −
rn+1

rn

 Jrn
 xn   

+ bn fn+1 xn+1 − fn xn  
+ cn Tn+1 xn+1 − Tn xn  

+  an+1 − an  gn x +
en+1

an+1

 

+ an+1 gn+1 x − gn x  

+ an  
en+1

αn+1

−
en

αn

 

+  dn+1 − dn  Jrn +1
 xn+1  

+  bn − bn+1  fn+1 xn+1  
+  cn − cn+1  Tn+1 xn+1   

By conditions (i)&(ii) we get  
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 xn+2 − xn+1 = dn  Jrn +1
 xn+1 

− Jrn +1
  

rn+1

rn

xn +  1 −
rn+1

rn

 Jrn
 xn   

+ bn fn+1 xn+1 − fn xn  
+ cn Tn xn+1 − Tn xn  

2

+  an+1 − an  gn x +
en+1

an+1

 

+ an+1 gn+1 x − gn x  

+ an  
en+1

an+1

−
en

an

 

+  dn+1 − dn  Jrn +1
 xn+1  

+  bn − bn+1  fn+1 xn+1  
+  cn − cn+1  Tn+1 xn+1   

≤ dn  
rn+1

rn

 xn+1 − xn +  1 −
rn+1

rn

  xn+1 − Jrn
 xn   

+ bn fn+1 xn+1 − fn xn  
+ cn xn+1 − xn 

2

+ 2cn xn+1 − Tn xn+1 , xn − Tn xn  

+  an+1 − an .  gn x +
en+1

an+1

 

+ an+1 gn+1 x − gn x  

+ an  
en+1

an+1

−
en

an

 + cn Jrn +1
 xn+1  

+  bn − bn+1  fn+1 xn+1  
+  cn − cn+1  Tn+1 xn+1   

≤  1 − an 
rn+1

rn

 xn+1 − xn +  1 −
rn+1

rn

  xn+1 − Jrn
 xn  

+  an+1 − an .  gn x +
en+1

an+1

 

+ an+1 gn+1 x − gn x  

+ an  
en+1

an+1

−
en

an

 

+ bn fn+1 xn+1 − fn xn  
+ cn xn+1 − xn 

2

+ 2cn xn+1 − Tn xn+1 , xn − Tn xn  

+ cn Jrn +1
 xn+1  

+  bn − bn+1  fn+1 xn+1  
+  cn − cn+1  Tn+1 xn+1   

≤  1 − an 
rn+1

rn

 xn+1 − xn 

+ an  
k an+1 − an 

an

 xn+1 − Jrn
 xn  

+
 bn − bn+1 

an

 fn+1 xn+1  

+
 cn − cn+1 

an

 Tn+1 xn+1  

+  
en+1

an+1

−
en

an

 

+
 an+1 − an 

an

.  gn x +
en+1

an+1

 

+
an+1

an

 gn+1 x − gn x  

+
bn

an

 fn+1 xn+1 − fn xn  

+
cn

an

 2 xn+1 − Tn xn+1 , xn − Tn xn  

+  xn+1 − xn 
2 +  Jrn +1

 xn+1     

 xn+2 − xn+1 

rn+1

≤  1 − an 
 xn+1 − xn 

rn

+ an  
1

rn+1

 
k an+1 − an 

an

 xn+1 − Jrn
 xn  

+
 bn − bn+1 

an

 fn+1 xn+1  

+
 cn − cn+1 

an

 Tn+1 xn+1  

+  
en+1

an+1

−
en

an

 

+
 an+1 − an 

an

.  gn x +
en+1

an+1

 

+
an+1

an

 gn+1 x − gn x  

+
bn

an

 fn+1 xn+1 − fn xn  

+
cn

an

 2 xn+1 − Tn xn+1 , xn − Tn xn  

+  xn+1 − xn 
2 +  Jrn +1

 xn+1      

By lemma (1.6)we get  
 xn +1−xn 

rn
→0    as   n→∞. 

Therefore the equation (2.2) become 0 ∈ A Vn  
 Vn ∈ A−1 0 .  

But A−1(0) is closed  x ∈ A−1 0  

 xn+1 − x  ≤ an gn x − x  + bn fn xn − x  
+ cn Tn xn − x   

+dn Jrn
 xn − x  +  en  

≤  1 − an  xn − x  + an gn x − x  
+   fn xn − x  +  Tn xn − x  +  en   

By using lemma (1.7) ,we get  xn →x  as n→∞.Then the 

proximal point  scheme xn converge strongly to x  and 

x ∈ A−1 0 . ∎ 

Now, we study the converge when < Tn >be a sequence of 

any mappings 

 

Theorem (2.2): 

Let < Tn > be a sequence of  any mappings on Csuch  

that< Tn > , 
< en >  and < gn >belong to ℱ∗. Let the proximal point 

scheme defined in (2.1) and < an >, < dn >as in 

theorem(2.1) ,< bn > sequence in (0,1] converges to 0, 

< cn > 𝑏𝑒 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 in (0,1] and < rn > be  a  sequences 

in (1,∞) .If  1 −
rn +1

rn
 ≤ k, for some k > 0 such that: 

1) limn→∞
 an +1−an  

an
= 0  and cn ≤ bn  

2)  an
∞
n=0 = ∞ 

If A−1 0 ∩  ∩ F Tn  ∩  ∩ F fn  ≠ ∅. Then the proximal 

point  scheme< xn > converges strongly to a point in 

A−1  0 . 
 

Proof : 

 As the same proof of theorem (2.1) we get, < xn > is 

bounded sequence   

  Now, to prove that    
 xn +1−xn 

rn
→0 as n →∞ 
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 xn+2 − xn+1 =   an+1 − an gn x 

+ an+1 gn+1 x 

− gn x  +bn+1fn+1 xn+1 − bn fn xn 

+ cn+1Tn+1 xn+1 − cnTn xn 
− dn+1Jrn +1

 xn+1 + dn Jrn
(xn) + en+1

− en  

=   1 − an  Jrn +1
 xn+1 − Jrn

 xn  

+ bn+1  fn+1 xn+1 − Jrn +1
 xn+1  

+ bn  Jrn
 xn − fn xn  

+ an+1 gn+1 x − gn (x) 

+  an+1 − an  gn (x) − Jrn +1
 xn+1 

+
en+1

an+1
 + an  

en+1

an+1

−
en

an

 

+ cn+1  Tn+1 xn+1 − Jrn +1
 xn+1  

+ cn  Jrn
 xn − Tn xn    

 xn+2 − xn+1 ≤  1 − an  Jrn +1
 xn+1 − Jrn

 xn  

+ bn+1 fn+1 xn+1 − Jrn +1
 xn+1  

+ bn Jrn
 xn − fn xn  

+ an+1 gn+1 x − gn (x) 

+  an+1 − an .  gn(x) − Jrn +1
 xn+1 

+
en+1

an+1
 + an  

en+1

an+1

−
en

an

 

+ cn+1 Tn+1 xn+1 − Jrn +1
 xn+1  

+ cn Tn xn − Jrn
 xn   

Put   

Mn =   gn (x) − Jrn +1
 xn+1 +

en +1

an +1
 , n ∈ N we get 

By using resolvent identity and since the resolvent mapping 

is non-expansive mapping then we get,  

 xn+2 − xn+1 ≤  1 − an  Jrn +1
 xn+1 

− Jrn +1
  

rn+1

rn

xn +  1 −
rn+1

rn

 Jrn
 xn   

+ bn+1 fn+1 xn+1 − Jrn +1
 xn+1  

+ bn Jrn
 xn − fn xn  

+ an+1 gn+1 x − gn (x) 

+  an+1 − an Mn + an  
en+1

an+1

−
en

an

 

+ cn+1 Tn+1 xn+1 − Jrn +1
 xn+1  

+ cn Tn xn − Jrn
 xn   

≤  1 − an  xn+1 −  
rn+1

rn

xn +  1 −
rn+1

rn

 Jrn
 xn  

+ bn+1 fn+1 xn+1 − Jrn +1
 xn+1  

+ bn Jrn
 xn − fn xn  

+ an+1 gn+1 x − gn (x) 

+  an+1 − an Mn + an  
en+1

an+1

−
en

an

 

+ cn+1 Tn+1 xn+1 − Jrn +1
 xn+1  

+ cn Tn xn − Jrn
 xn   

=  1 − an  
rn+1

rn

 xn+1 − xn 

+  1 −
rn+1

rn

  xn+1 − Jrn
 xn   

+ bn+1 fn+1 xn+1 − Jrn +1
 xn+1  

+ bn Jrn
 xn − fn xn  

+ an+1 gn+1 x − gn (x) 

+  an+1 − an Mn + an  
en+1

an+1

−
en

an

 

+ cn+1 Tn+1 xn+1 − Jrn +1
 xn+1  

+ cn Tn xn − Jrn
 xn  

≤  1 − an  
rn+1

rn

 xn+1 − xn 

+  1 −
rn+1

rn

 .  xn+1 − Jrn
 xn   

+ bn+1 fn+1 xn+1 − Jrn +1
 xn+1  

+ bn Jrn
 xn − fn xn  

+ an+1 gn+1 x − gn (x) 

+  an+1 − an Mn + an  
en+1

an+1

−
en

an

 

+ cn+1 Tn+1 xn+1 − Jrn +1
 xn+1  

+ cn Tn xn − Jrn
 xn   

Since xn+1 = angn x + bn fn xn + cnTn xn +
 dn Jrn

 xn + en  

 xn+1 − Jrn
 xn  =  angn x + bn fn xn + cnTn xn 

+  dn − 1 Jrn
 xn + en  

≤ an gn x  + bn fn xn  + cn Tn xn  

+  dn − 1  Jrn
 xn   

+ en  

Since  gn ,  Tn ,  en  are lies in  ℱ∗and bn →0,we get  

 xn+1 − Jrn
 xn  → 0    as   n → ∞ 

IfKn1 =  bn+1 fn+1 xn+1 − Jrn +1
 xn+1  + bn Jrn

 xn −

fnxn,n∈Ν 

      Kn2 =  k xn+1 − Jrn
 xn  + an+1 gn+1 x − gn(x) 

+ an   
en+1

an+1

−
en

an

 +
 an+1 − an 

an

Mn , n

∈ Ν  

Kn3 =  cn+1 Tn+1 xn+1 − Jrn +1
 xn+1  + cn Tn xn −

Jrnxn,n∈Ν. 

Put M n = Kn1 + Kn2 + Kn3. 

Since xn+1 − Jrn
 xn  →0  and   bn , cn →0   

⟹M n →0              as n→∞ 

 xn+2 − xn+1 ≤   1 − an 
rn+1

rn

  xn+1 − xn + M n  

 xn+2 − xn+1 

rn+1

≤  1 − an 
 xn+1 − xn 

rn

+ an  
1

rn+1an

M n  

By lemma (1.6) we get , 
 xn +1−xn 

rn
→0     as    n→∞. 

By  similar to the theorem (2.1) we get,x ∈ A−1 0  
 xn+1 − x  ≤ an gn (x) − x  + bn fn xn − x  

+ cn Tn xn − x   

+dn Jrn
 xn − x  +  en  

≤ dn xn − x  + an gn (x) − x  + bn fn xn − x   

bn Tn xn − x  +  en  
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≤ (1 − an) xn − x  + 

an  bn  
 fn  xn  −x  + Tn  xn  −x  

an
  +  gn (x) − x  +  en . Put 

Wn = bn  
 fn  xn  −x  + Tn  xn  −x  

an
 ⟹ Wn →0asn→∞ and 

Wn
 =  gn(x) − x  +  en   Wn

 < ∞ 

 xn+1 − x  ≤  1 − an  xn − x  + anWn + Wn
  

By using lemma (1.7) ,we get  xn →x  as n→∞.Then the 

proximal point scheme converge strongly tox   and  x ∈
A−1 0  . ∎ 

Theorem (2.3) : 

Let  < Tn > be a sequence of non − spreading  mappings 

on C belong toℱ∗  but  < fn >and < Jrn
>  be a sequence of 

non − expansive mapping on C belong to ℱ∗. If < an >, <
bn > and < cn > are sequences in  0,1  such that an + bn −
cn = 1 .Define the proximal point  scheme < xn > as: 

xn+1 =  1 − an Tn yn +  1 − bn Jrn
yn + cn fn(yn) 

yn =  1 − bn xn +  1 − an fn xn + cnTn (xn) 

If the conditions are satisfied 

1.   an − cn 
∞
n=0 = ∞ and limn→∞ bn − bn−1 = 0 

2. A−1 0 ∩  ∩ F Tn  ∩  ∩ F fn  ≠ ∅.  

Then the proximal point  scheme< xn >is converges 

strongly to common fixed point of Tn  and fn  , ∀n ∈ N. 

Proof : 

Let p ∈ A−1 0 ∩  ∩ F Tn  ∩  ∩ F fn  . 

Since < fn >and< Jrn
>are sequences of nonexpansive 

mappings and< Tn >be a sequence of non-spreading 

mappings, we have 

 yn − p 2 ≤  1 − bn  xn − p 2 +  1 − an  fn xn − p 2

+ cn Tn xn − p 2 

                       ≤  1 − bn  xn − p 2 +  1 − an  xn − p 2

+ cn[ xn − p 2

+ 2 xn − Tn xn , p − Tn p   
                         ≤ ( 1 − bn +  1 − an +cn) xn − p 2

=  xn − p 2 

 xn − p 2 ≤  1 − an  Tn y − p 2

+  1 − bn  Jrn
 yn − p 

2

+ cn fn yn − p 2 

         ≤  1 − an ( yn − p 2 + 2 yn − Tn yn , p − Tn p  )
+  1 − bn  yn − p 2 + cn yn − p 2 

=  xn − p 2 

< xn >is bounded sequence 

So < yn >, < Tn xn > 𝑎𝑛𝑑 < fn(xn) > also bounded 

sequence. By add and subtract the amount 

 1 − bn−1 xn ,we get 

 yn − yn−1 =   1 − bn xn +  1 − an fn xn + cnTn xn 
−  1 − bn−1 xn−1 −  1 − an−1 fn−1 xn−1 
− cn−1Tn−1 xn−1   

≤  1 − bn−1  xn − xn−1 +   1 − bn − (1 − bn−1)  xn 
+   1 − an fn xn 
−  1 − an−1 fn−1 xn−1  
+  cnTn xn − cn−1Tn−1 xn−1   

≤  1 − bn−1  xn − xn−1 +  bn − bn−1  xn 
+   1 − an fn xn 
−  1 − an−1 fn−1 xn−1  
+ cn−1 Tn xn − Tn−1 xn−1  
+  cn−1 − cn  Tn xn   

 xn − xn+1 ≤ bn−1 Tnyn − Tn−1yn−1 

+  an Jrn
 yn − an−1Jrn−1

 yn−1  

+  cn fn yn − cn−1fn−1 yn−1  
+  bn−1 − bn  Tn yn   

≤ bn−1 Tn yn − Tn−1yn−1 + an−1 Jrn−1
 yn−1  

+ an Jrn
 yn  + cn−1 fn−1 yn−1  

+ cn fn yn  +  bn−1 − bn   Tn yn   

But < Tn >, < fn >and < Jrn
> belong to ℱ∗ 

 xn − xn−1 →0    as    n→∞ 

And hence ,since bn−1 − bn  → 0 as n →  ∞ 

 yn − yn−1 → 0    as    n → ∞      
Since, xn+1 − p ≤  xn − p   

 xn+1 − p ≤  xn − p +  xn − Tnxn  

− xn − Tn xn ≤  xn − p −  xn+1 − p  

≤   xn − p −  xn+1 − p  ≤  xn+1 − xn →0  

as n→∞                    

 xn

− Tnxn →0     as     n→∞                                                       (2.3) 

But < xn > is bounded then there exists xnk  subsequence of 

< xn > such that xnk ⇀ x .  
By (2.3) and since< Tn >be a sequence of non-spreading 

mappings then by using lemma(1.8) we get 

x ∈∩ F Tn . 
As the same way  and by using lemma(2.9) we get , x ∈∩
F fn  
 yn − x  2 ≤  1 − bn  xn − x  2 +  1 − an  fn xn − x  2

+ cn Tn xn − x  2 

≤  1 − bn  xn − x  2 +  1 − an  xn − x  2 + cn xn − x  2 

+2 < xn − Tn xn , x − Tn x  >=  xn − x  2 

 xn+1 − x  2 ≤  1 − an  Tn yn − x  2

+  1 − bn  Jrn
 yn − x  

2

+ cn fn yn − x  2 

      ≤  1 − an  yn − x  2 + 2 < yn − Tn yn , x − Tn x  > 

+ 1 − bn  Jrn
 yn − x  

2
+ cn yn − x  2 

 ≤  1 − an  xn − x  2 +  1 − bn  Jrn
 yn − x  

2

+ cn xn − x  2 

≤ ( 1 − an + cn) xn − x  2 + (1 − bn ) Jrn
 yn − x  

2
 

≤ bn xn − x  2 + (1 − bn ) Jrn
 yn − x  

2
 

≤  1 −  an − cn  ( xn − x  2 + (an − cn) Jrn
 yn − x  

2
 

By lemma (1.6),  xn − x  →0    as    n→∞.Then the 

proximal point  scheme converge to x  and common fixed 

point of Tn  and fn  , ∀n ∈ N. ∎ 

 

Theorem (2.4) : 

Let  < Tn > be a sequence of non − spreading mappings on 

C   and < fn > be a sequence of non − expansive mapping 

on Csuch that < Jrn
> and < Tn >  belong to ℱ∗. Define the  

proximal point  scheme as : 

 

yn =  1 − bn xn + bn fn xn  
xn+1 =  1 − an Tn yn + anJrn

 yn  

Let < an > 𝑎𝑛𝑑 < bn > are sequences in (0,1]satisfies: 
1. < bn > converges to 0 , an + bn = 1 

2.  bn = ∞and ∩ F Tn  ∩  ∩ F fn  ∩ A−1 0 ≠ ∅. 

Then the proximal point  scheme< xn > converges strongly 

to common fixed point of Tn , ∀n ∈ N. 
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Proof: 

Let         p ∈  ∩ F Tn  ∩  ∩ F fn  ∩ A−1(0) 

 yn − p 2    ≤  1 − bn  xn − p 2 + bn fn xn − p 2  
≤  1 − bn  xn − p 2 + bn xn − p 2

=  xn − p 2 

 xn+1 − p 2 ≤  1 − an  Tn yn − p 2 + an Jrn
 yn − p 

2
 

 yn − p 2 ≤  1 − an  yn − p 2 + an yn − p 2 

=  yn − p 2 ≤  xn − p 2 

< xn >is bounded sequence , so < fn >, < Jrn
>   𝑎𝑛𝑑 <

yn > also bounded sequence . 

 yn+1 − yn ≤   1 − bn xn −  1 − bn−1 xn−1

+  1 − bn xn−1 −  1 − bn xn−1 
+  bn fn xn − bn−1fn−1 xn−1        
≤  1 − bn  xn − xn−1 
+  bn−1 − bn  xn−1 + bn fn xn  
+ bn−1 fn−1 xn−1   

 xn+1 − xn ≤   1 − an Tn yn + anJrn
 yn 

−  1 − an−1 Tn−1 yn−1 
− an−1Jrn−1

 yn−1  

≤  1 − an  Tn yn  
+  1 − an−1  Tn−1 yn−1   

+an Jrn
 yn  + an−1 Jrn−1

 yn−1   

But  < Jrn
> and < Tn >  belong to ℱ∗then we get  

  xn − xn−1 →0  as     n→∞  

Since  , xn − Tn xn  ≤  xn − xn+1 +  xn+1 − Tn xn   

 

Therefore, 

 xn − Tn xn   ≤  xn − xn+1 
+   1 − an Tn yn − Tn xn  

+ an Jrn
 yn   

≤  xn − xn+1 +  1 − an  Tn yn  +  Tn xn  

+  an Jrn
 yn   

As    n → ∞, we get 

 xn − Tn xn  →0                                        (2.4)  

Since < xn > is bounded sequence  then there exists a 

subsequence < xnk > of < xn > such that   xnk ⇀ x .  
By (2.4) and since< Tn >be a sequence of non-spreading 

mappings then by using (2.4) and lemma(1.8) we get 

x ∈∩ F Tn  
 yn − x  2 =   1 − bn xn + bn fn xn − x  2 

≤  1 − bn  xn − x  2 + bn fn xn − x  2 

 xn+1 − x  2 ≤  1 − an  Tn yn − x  2 + an Jrn
 yn − x  

2
 

≤  1 − an  yn − x  2

+ 2 1 − an  yn − Tn yn , x − Tn x   

+ an Jrn
 yn − x  

2
. 

 xn+1 − x  2 ≤  1 − an  1 − bn  xn − x  2

+ bn bn fn xn − x  2 +  Jrn
 yn − x  

2
 

 xn+1 − x  2 ≤  1 − bn  xn − x  2 + bn bn fn xn − x  2 

+  Jrn
 yn − x  

2
 

By lemma (1.7)we get , 

 xn+1 − x  →0    as    n→∞. 

 i.e., the proximal point  scheme xn  converges strongly to 

common fixed point of Tn , ∀n ∈ N. ∎ 

 

 

 

 

 

Theorem (2.5): 

 

Let < Tn > and < fn > are two sequences of non-spreading 

mapping on C belong to ℱ∗.  and also < 𝐽rn
 xn >. Define 

the proximal point  scheme as the following  

xn+1 = anfn xn + bn Tn xn + cnJrn
 xn  

Where  an ,  bn  and  cn  are sequences in [0,1] such that  

1.an + bn + cn = 1  

2.  an = ∞andA−1 0 ∩  ∩ F Tn  ∩  ∩ F fn  ≠ φ. 

Then the proximal point  scheme xn  converges strongly to a 

common fixed point of Tn , ∀n ∈ N. 

Proof : 

 Let       p ∈  A−1 0 ∩  ∩ F fn  ∩  ∩ F Tn   

 xn+1 − p 2 ≤ an fn xn − p 2 + bn Tn xn − p 2

+ cn Jrn
 xn − p 

2

≤ an  xn − p 2

+ 2 xn − fn xn , p − fn p   
+ bn  xn − p 2

+ 2 xn − Tn xn , p − Tnp  + cn xn − p 2

=  xn − p 2 
 xn is bounded sequence  , so  fn  and  Jrn   also bounded. 

Since, 

 xn − Tn xn  ≤ an−1 fn−1 xn−1  + cn−1 Jrn−1
 xn  + 

bn−1 Tn−1 xn−1 − Tn xn   

≤ an−1 fn−1 xn−1  + cn−1 Jrn−1
 xn−1  

+  bn−1Tn−1 xn−1  +  Tn xn   

As n→∞, we get 

 xn − Tn xn  →0                                           (2.5) 

But  xn  is bounded then there exists a  xnk   subsequence of 

 xn  such that xnk ⇀ x . 
By (2.5) and since< Tn >be a sequence of non-spreading 

mappings then by using lemma(1.8) 

 x ∈∩ F Tn  

 xn+1 − x  2 ≤ an fn xn − x  2 + bn Tn xn − x  2

+ cn Jrn
 xn − x  

2

≤ an fn xn − x  2

+ bn  xn − x  2

+ 2 xn − Tn xn , x − Tn x    

+ cn Jrn
xn − x  

2

≤  1 − an  xn − x  2 + an fn xn − x  2

+  Jrn
xn − x  

2
 

By lemma (1.7), we get  xn − x  →0. 

Then the proximal point  scheme converge to x  such that 

x ∈∩ Fix Tn . ∎ 

 

As future work we may use the idea of this paper in iteration 

in [20] and [21]. 
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