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Abstract: Five different methods of the non-zero integral solutions of the  Non homogeneous  Quintic Diophantine equation with five 

unknowns 3222116292922 zYXxyyxyx 






















   are determined. Some interesting relations among the special 
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Notations 
 

 Tm,n - Polygonal number of rank n with size m 

 

m

nP
 -  Pyramidal number of rank n with size m 

 gn    - Gnomonic number of rank n 

 Prn    -    Pronic number of rank n 

 Ct16,n-  Centered  hexadecagonal pyramidal number of rank n 

 OHn  -  Octahedral number of rank n 

 SOn  -   Stella octangular number of rank n   

 RDn  -   Rhombic dodecagonal number of rank n 

 Hon  -  Hauy  Octahedral  number of rank n 

 

1. Introduction 
 

The number theory is the Queen of Mathematics. In 

particular, the Diophantine equations have a blend of 

attracted interesting problems. For an extensive review of 

variety of problems, one may refer to [1,9]  the problem of 

finding all integer solutions of a  Diophantine equation  with 

three or more Variables and degree at least three, in general 

presents a good deal of difficulties. There is vast general 

theory of homogeneous quadratic equations with three 

variables [1-4,9]. Cubic equations in two variables fall in to 

the theory of elliptic curves which is a very developed theory 

but still an important topic of current research [5-7]. A lot is 

known about equations in two variables in higher degrees. 

For equations with more than three variables and degree at 

least three very little is known. It is worth to note that 

undesirability appears in equations, even perhaps at degree 

four with fairly small coefficients. In [1.8 and 9] a few higher 

order equations are considered for integral solutions .In this 

communication a seventh degree non-homogeneous equation 

with five variables represented by 

3222116292922 zYXxyyxyx
















































 is considered and 

in particular a few interesting relations among the solutions 

are presented.  

 

 

 

2. Description of Method  
 

Consider the Quintic Diophantine equation 

3222116292922 zYXxyyxyx









































     (1) 

Introduce of the linear transformation  

 
vuYvuXvuyvux  2,2,,

 (2) 

In (1) leads to 

   
322 2117 zvu                             (3)  

Now we solve (3) through various choices and the different 

methods of solutions of (1) 

are obtained as follows. 

 

2.1 Method: I 

 

Assume  
22 17),( babazz 

       (4) 

Where a & b are non zero distinct integers 

Write 13 as 

   17217221 ii 
            (5)  

Using, (4)   and (5) in (3) and applying the method of 

factorization.  Define   

   217172)17( biaiviu       

Equating real and imaginary parts, we get 

3223

3223

34651),(

289511022),(

bbaababavv

bbaababauu




 

Hence in view of (2) the corresponding solutions of (1) are 

given by  

 

22

3223

3223

3223

3223

17),(

6121081533),(

544962555),(

3235751),( 

255451533b,ax x

babazz

bbaababaYY

bbaababaXX

bbaababayy

bbaaba
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Observations:-  
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2mod084)1,1()1,1(.4

)3,3(3.3

2mod0126)1,(3)1,(..2

204mod7252)1,(5)1,(3.1

76,4

2

200,4

,4

,4
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aaa

a

a

GTHOayax

PaaYaaX

GTRDayax

numberNastyaaaz

Tayax

TaYaX

 

 

2.2 Method: II 

 

Instead of (5) Write 21 as  

  1751017510
25

1
21 ii                 (6) 

Following the procedure similar to Method-I, the 

corresponding non-zero distinct integral solutions of (1) are 

found to be 

22

3223

3223

3223

3223

42525),(

23375412531875625),(

1041251837544625875),(

4037571256375125),(

31875562519125375),(

babazz

bbaababaYY

bbaababaXX

bbaababayy

bbaababaxx











 

Observations:- 

     
 

     

    )2(mod0)(157501),12(31),12(.6

)408(mod71),1(8751),1(625.5

)41(mod114501,1.4

)2(mod078750001),12((8751),12((625.3

)2(mod015750)1,(3)1,(.2

.)2,2(
10

1
.1

2

2

45,4

222

,4
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PaaYaaX

GTaaz

SOaaYaaX

Tayax

numberNastyaisaaz

 

2.3 Method: III 

Rewrite (3) as         12117 322  zvu   

Write 1 as  

  178178
81

1
1 ii      

Following the procedure similar to Method-I, the 

corresponding non-zero distinct integral solutions of (1) are 

found to be  

22

3223

3223

3223

3223

137781),(

1214514214326130126525515),(

751842132678147476728917),(

72292512757560725711907),(

2602534592778075915309),(

babazz

bbaababaYY

bbaababaXX

bbaababayy

bbaababaxx











 

 

Observations:-  

  egerCubicaisyx

egerCubicaisZ

SquarePerfectaisaaZ

int)1,1()1,1(
183709

1
.3

int)1,1(
18

1
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1
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2.4 Method: IV 

 

Instead of (5) Write 21 as 

  1771417714
49

1
21 ii      

Following the procedure similar to Method-I, the 

corresponding non-zero distinct integral solutions of (1) are 

found to be  

22

3223

3223

3223

3223

42525),(

20991637044524791029),(

1865932928874651715),(

1107891955117493343),(

8746515435524791029),(

babazz

bbaababaYY

bbaababaXX

bbaababayy

bbaababaxx











 

 

Observations: 

 

 
 

2.5 Method: V 

 

Instead of (5) Write 21 as  

   1781617816
64

1
21 ii      

 

Following the procedure similar to Method-I, the 

corresponding non-zero distinct integral solutions of (1) are 

found to be  

3223

3223

3223

3223

31334455296783361536),(

278528491521305602560),(

1653762918426112512),(

13056023040783361536),(

bbaababaYY

bbaababaXX

bbaababayy

bbaababaxx









 

Observations: 

 
 

3. Conclusion 
 

In linear transformation (2), the variables X and Y may also 

be represented by X=2uv+1, Y=2uv-1.Applying the 

procedure similar to that of Method I-V choices of integral 

solutions to (1) are obtained. To conclude, one may search 
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for other method of solutions and their corresponding 

properties.   
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