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Abstract: The main aim of this paper is to extend and study the notion of (ordinary) T-pure submodule into T-pure fuzzy submodule
and T-pure ideal into T-pure fuzzy ideal. This lead us to introduced and study other notions such as T-pure fuzzy submodule and T-pure

fuzzy ideal
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1. Introduction

Let X be a fuzzy module of an R-module M, we denoted
by X-F(M), it is well known that A is fuzzy submodules of
X denoted by F-S(X) is called T-pure fuzzy submodule of
X. if for each fuzzy ideal I of R such that I’XNA =
I?A. And an fuzzy ideal | of aring R denoted by F- I(R) is
called T-pure fuzzy ideal of R if for each fuzzy ideal J?of R
JAnI=]%1

In this paper, we fuzzify these concepts T-pure fuzzy
submodule and T-pure fuzzy ideal , moreover we generalize
many properties of T-pure fuzzy submodule and T-pure
fuzzy ideal

This paper consists of two part. In part one, various basis
properties about T-pure fuzzy submodule are discussed . part
two included T-pure fuzzy ideal and basic properties about
this concept

1.1 T-pure Fuzzy submodule

In this section we inerdue the concept of T-pure fuzzy
submodule by of provided some properties of this concepts.

Definition (1.1): Let X-F(M) .let A be a F-S(X). A is
called a T-pure fuzzy submodule if for each fuzzy
ideal K of R, KXN A = KA. [4]

Proposition (1.2):

Let X-F(M) ,and let A be fuzzy sub modules of X. Then
A is aT-pure F-S(X) < A, is a T-pure submodules of
X;. vV te(0,1]

Definition (1.3):

Let X-F(M) and let A bea F-S(X). A is called T-pure

F-S(X) . if for each fuzzy ideal I of R such that
I’XnA=Tr%A.

Proposition (1.4):

Let X-F(M) and let A be fuzzy sub modules of X. Then
A is T-pure fuzzy submodule of X if and only if A4, is
T-pure submodules of X;.V te (0,1]

Proof:
Let J be anideal of ring R

Define I?: R - [0,1] by I*(x) = {ot
te(0,1]

ifxej
A v
otherwise

And let N M
. t ifxeN
Define A: M—[0,1] by A4 =
—0.1] by 4(x) {0 otherwise
t€(0,1]

It is clear that I?is F-I(R) and A is F-S(X).
Now, 4, =N,I2=] ,X,=M

(=) Let Ais T-pure fuzzy submodule of X .To prove 4,
is T-pure submodules of X,.

v te(0,1].

To show that 12X, N A, = A,I?

I2X, N A= (I2X), N 4, by[6]
=(I’X n 4), by[1]
=(I%4), since A is T-pure
=A,I?

Thus A, is T-pure submodules of X,. v te(0,1].
Conversely Let 12 be F-I(R) and A be a F-S(X).

T.p Ais T-pure fuzzy submodule of X
(I’X N A)=(I*X), N A, v te(0,1].

=I?X, n A,
but A4, is T-pure submodules of X,.
Then I?X, n A,=I?A,

= (IZA)t

Hence(I?’X n A),=(I*A),
I’XnA=I*A
Therefore A is T-pure fuzzy submodule of X .
Remarks and Examples (1.5):
1- Let X-F(M) and let A be a pure F-S(X) , Then A is T-pure
F-S(X).

Proof:
It is clear
The converse not true by
Example: Let M=Z, as Z-module and N=2Z,
o _(1lifxeM
Define X: M—[0,1] by X(x) = {0 A
tifxeN

Define A: M—[0,1] by A(x) = {0 e V1EQ]
It is clear that X is F(M) , A is F-S(X) and X,=M ,4,=N
A, is T-pure submodules of X,. by[7]
Thus A is T-pure fuzzy submodule of X by (Proposition1.4)
But A is not pure fuzzy submodule of X since if I,=2Z
where I'R—[0,1]
Such that I(x)=t if x€2Z and I(x)=0 if x¢2Z
Now 2Z.4Zn 2Z,={0,2} but 22.2Z,=2{0,2}={0}
Thus A4, is not pure submodules of X,
Therefore A is not pure fuzzy submodule of X. [4]
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2- Let X-F(M) . It is clear that the fuzzy singleton {o,} and
X are always T-pure fuzzy submodule of X. v t€(0,1]

3-In the fuzzy module Z as Z-module. The only T-pure
fuzzy submodule are fuzzy singleton {o,} and X

Proof:
lifxeZ

Let X: Z 1] by X(x) =

et X: Z—[01] by X(x) = { otherise

. ) _( tifx=
Define 0,: X—[0,1] by 0,(x) = {0 A
X,=Zand 0,=0
By(2) clear that X and O,are T-pure fuzzy submodule
If there exists a fuzzy submodule
tifxenZz

A:nZ 1] by A(x) =

nZ—=10,1] by A(x) {0 otherwise
A:=nZ

: 2

Let I(x):(n)? —[0,1] by I(x) = {t i x €M e
o otherwise

It is clear that I,=(n)? and | is a fuzzy ideal

n?=n?.1e(n)*ZnnZ= (n)?.nZ=n3z

But n? ¢ n3Z Thus A4, is not T- pure by [7]

X.=Z ,0,=0 only two T-pure submodule of Z-module Vv
te(0,1] by (Propositionl.4)

v te(0,1]

v te(0,1]

4-Let X be a fuzzy module of an Z-module Q. and let A be a
non-empty FC-S(X) . then A is not T-pure F-S(X).

Proof:

. 1i €
Define X: Q—[0,1] by X(x) = {0 ogzexrwgee
. 1ifxeN
Define A: 0,11 by A(x) =
efine A: Q—10,1] by A(x) {o otherwise
where N is submodule of Q, X,=Q and 4,=N
N is not T- pure fuzzy submodule of Q by [7]

Then A is not T-pure F-S(X) by (Proposition(1.4))

v t€(0,1]

5- Let X-F(M) . let A be a T-pure F-S(X) such that A=B
where B is F-S(X) , then B is not T- pure F-S(X) for
example.
Example: Let M=Z
1 ifxeM
Let X: M—[0,1] by X(x) =
—[0.11by X(x) {o otherwise

t if xeZ
Let A Z—[0.1] by A(x) = {o ot;lj;:wise v
te(0,1]

t if x € 2Z
Let B: Z—[0,1] by B(x) = {0 otllllrerwise v
te(0,1]

It is clear that A and B are F-S(X), Now 4,=Z and B,=2Z
and Z=27 but 2Z is not T- pure submodules [7]
B is not T-pure fuzzy submodule by (Proposition(1.4))

Proposition (1.6):

Let X-F(M), and let A and B are two F-S(X) . if Ais T-pure
F-S(X), B € A. and B is T-pure F-S(A) , then B is T-pure
fuzzy submodule of X.

Proof:

Since A be a T-pure F-S(X) then I’X N A = I?A....(1)
where I? is F-1(R) and since B be a T-pure F-S(A) then
I’ANB=1I°B...(2)

Now, we get I?’B = I’ANB....(2)

=(I?X N A)NB.....(1)

=I’XN (ANB)since BC A
Therefore B is T-pure fuzzy submodule of X .

Proposition(1.7):
Let X-F(M) . and let C be a T-pure F-S(X). If B is a F-S(X)
contating A, then A is T-pure F-S(B)

Proof :

Let I? be a F-I(R) and let C be a T-pure F-S(X)

Hence I*’X n € = I*C

Now, I?’BNn C = (I?B N I?X ) N C since € SBEX

=I’Bn (I?’X n C)

=I’Bn I*C

=I*C

Thus C is T-pure fuzzy submodule of a fuzzy submodule B .

“Definition (1.8):

Let X ,Y -F(My, M, )respectively. Define XY: M; &M, —
[0,1] by (X®Y)(a, b) = minifX(a), Y(b) for all (a,b) €
M;®M,} XPY is called a fuzzy external direct sum of X
and Y. [9]”

Lemma(1.9):

Let N, and N, be two S(M,) and S (M,) if Ny @N, is T-
pure submodule of M, &M, then N, and N, are T-pure
submodule in M, and M,.

Proof:

Tp I*?M;nNy=1I*N, and I? M, N N, = I>N, for each
ideal I? of R.

Since Ny ®N, is T-pure in M, &M, we get:

I*(My ®M;) N (N; ®N;) = I*(N1 © N3)

(I M, ®I*M,) n (N, ®N,) = I’N, ®I*N,

Hence I* M, N N, = I*’N, and I?’M, n N,=I*N,

Thus N, and N, are T-pure.

Proposition(1.10):

Let X;-F(M; ) and X,-F(M, ), If A, B be are two F-S(X;)
and F-S(X;). respectiveely then A and B are T-pure fuzzy
submodule of X; andX, if and only if A@B is T-pure fuzzy
submodule of X; @ X,.

Proof:
(=)A,®6B,=(A®B), and
vt € (0,1] by [4]

Therefore (A@B), is T-pure of ( X; @ X;), by [7]

Thus A@®B is T-pure fuzzy submodule of X; @ X,.
(Proposition(1.4))

(X1t®X2t):( Xl @ XZ)t

« let A®B is T-pure fuzzy submodule of X; @ X,.

To show that A and B are T-pure fuzzy submodule of
X4, X, respectively.

By [4, lemma (2.2.4)] and (Proposition1.4) we get :-
(A®B)=A,®B, is T-pure in module (X1)D(X,),

Thus A, and B.are T-pure submodule of (X;), and (X3),
by (lemma (1.9))

Therefore A and B are two T-pure fuzzy submodules of a
fuzzy modules X; and X, by (Proposition(1.4)).

Proposition(1.11):
Let H be a direct summand of a fuzzy module X. then H is
T-pure fuzzy submodule of X.
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Proof:

Let X =H @ C, where C is a F-S(X) and H is a direct
summand of X.

Such that X=H+C and Hn € = 0 by[def of fuzzy direct
summand]

To prove H is T-pure (i.e I*X n H=I*H for each I? is F-I(R)
)

PXNH=IH®C)nH

=(IPH® I?C) n (H D 0)

=(I*H n H) @ (I*C n 0) by[4]

=(I’HNH)® 0

=I’HnH

=I?Hsince I’'H € H

Therefore H is T-pure fuzzy submodule of X.

Proposition(1.12):

let f :X — Y be epimorphism of X;-F(M; ) and X,-F(M,)
respectively, let B be a fuzzy submodule of X and X is f-
invariant , if B is a T-pure F-S(X) ,then f(B) is T-pure F-
S(Y).

Proof:

To prove I?Y n f(B) = I*f(B) for each fuzzy ideal I of R.
I%Y n £(B)=I*f(X) n f(B) since f is epimorphism
=f(I*X) n f(B) by[4]

= f(IZX N B) by[3]

= f(I*B) since B is T-pure

=I*f(B) by[4]

Thus f(B) is T-pure fuzzy submodule of Y.

Proposition(1.13):

let f :X — Y be epimorphism of X;-F(M; )and X,-F(M,)
respectively, such that every submodule of X is f-invariant ,
if C is T-pure F-S(Y), then f~1 (C) is T-pure fuzzy
submodule of X.

Proof:

To prove f~1 (C) is T-pure (i.e I’X n f~1(C) =I? f~1(C)
for each I? is F-I(R) ).

f X fHE) = fFUPX) n fFHO) by[3]

=I*f(X) N C by[4]

=I?Y n C since f is epimorphism

= I*C since A is T-pure

Therefore f (I’Xnf71(C) -I?’C so fYfI*X n
F1C0)= f1( 2C)

But f I f(I?X nf~1(A)] = I’X nf1(C) since by
hyposse and

fH(IPC)=1 f71(C) by[4]

Thus I2X n £~1(C) =I% f~1(C)

Lemma(1.14):

Let{I;,i € N} be an ascending chain of T-pure fuzzy
submodules of a F(X ) and let A be a F-I(R), then
AZ[UiENIi] = UiEC[AZIi] .

Proof:

Since A%I; € A?[U;jenI;,ViEN

implies that U;ec[ A%I;] € A%[Usen Ii]......(1)

and by A%[Usen I;] € A% and A?[U;en I;] € Usen I;
since U;ey I; is fuzzy submodule of X

then A%[U;en I;] € A%X N [Usen 1]

=Uiec [A%X 0 1] by[4]

=Ujec [ A%1] since I; T-pure fuzzy submodule
Thus A%[Usen I;] € Ujee [A21]

Therefore A%[Uen ;] = Uiec[A%1]

Proposition(1.15):

If {I;;ie N} be an ascending chain of T-pure fuzzy
submodule of fuzzy module X , then U;ey I; is T-pure fuzzy
submodule of X .

Proof:

We must prove that Uy I; is T-pure i.e C2X N [Uien ki] =
C?[U;en 1;] for each fuzzy ideal €% of R

C?X N [Uien Ii] =Usec [ C2X 0 1;] by [4]

=Ujec [ C*I;] since I; T-pure F-1(R)

= C?[U;epn I;] by( lemmal.14)

Thus U;en I; is T-pure submodule of X .

2. T-pure fuzzy ideal

Definition (2.1):
An fuzzy ideal | of a ring R is called T-pure F-I(R) if for
each fuzzy ideal J2of R J% nI=J?I

Definition (2.2):
If every F-I(R) is T-pure fuzzy ideal then we say R is
T-regular fuzzy ring.

Proposition (2.3):
Let I be a fuzzy ideal of R then 1is T-pure if and only if
I, isa T-pure ideal of R. vV te(0,1]

Proof:

(=) Let | is T-pure F-I(R) T.p l;isa T-pure ideal of RV
te(0,1]

Let J? be an ideal of R

: 2
Define K2 J2 —[0,1] by Kz(x)={t ifxej” y
0 otherwise
te(0,1]

Itis clear that K% is F-I(R) and K = J?
TP J2n1,=JI,
J*nI=K?*nl,
=(K*n1I),
=( K?I), since | is T-pure ideal
=K?I,
=J%1, Vte(0,1]
& lyisa T-pure ideal T.p | is T-pure fuzzy ideal
Let K? is fuzzy ideal of R T.p K? n I=K?1
(K*nD,:=K?*n1,
=K?1,
=( K?I), sincel, is T-pure ideal
Thus (K*nI), = (K?D),
Hence K% n I=K?1
I is T-pure fuzzy ideal of R.

Remarks and Examples(2.4):
1-Let X-F(M), . R is regular fuzzy ring then R is T-regular
fuzzy ring.

Proof:
Itis clear that
The converse not true by
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Example: Let M=Z, as Z-module and N={0, 2}

] lifxeM
Define X: M—[0,1] by X(x) = {o ot)i:erwise

Define I: R—[0.1] by A(x) = { f);{l:ri,’l‘i , VtEQ.1]

Itis clear that | is fuzzy ideal of R and X,=M ,I,=N

Then X, is T-regular ring by [7]

Hence X is T- regular fuzzy ring since every ideal of Z, is
T-pure by (Propositionl.4) every ideal is fuzzy T-pure.

But X, is not regular ring since ideal {0, 2} is not pure [7]
Thus I not pure fuzzy ideal by [4]
Then X is not regular fuzzy ring .

2- Let X-F(M), if R is a ring then the fuzzy singleton {o,}
and a ring R are always T-pure F-I(R)

3- Let X-F(M) . if Ris afield , then X is T- regular ring.

Proof:

Since every field has only one submodule 0 then by(2), X is
T- regular ring.

The converse of (3) is true if we gives the condition, R is a
fuzzy integral domain

Proposition (2.5):

Let Ry , R, be two rings and Let g any epimorphism
function from Ry to R,. If C be a T-pure F-I(R,) , then g(C)
is a T-pure F-1(R3).

Proof:

Let I be a F-I(R;). To prove g(C) n I*=I*g(C).

9(C) N I*=g(C) ng™'(g (I*)). [5]

=9(Cngr*)[3]

But g~1(I?) is F-I(R,) by [5]

And C is T-pure F-I(R4) so that

9(C ng™'(I*)=g(A. g~'(1*))

=9(C). g (g1 (1) by [2]

=9(C). I? by[5]

Proposition (2.6):

Let R, , R, be two rings and Let f any epimorphism function
from Ry to R, and every fuzzy ideal of R, is f-invariant ,then
if C is T-pure fuzzy ideal of R,. Then f~1(C) is T-pure F-
I(Ry) -

Proof:

Let C be a F-I(R,). then £f~1(C) is F- I(R,) .see [5]
Let J? be a F-I(R;). To. Prove f~1(C) n J?= f~1(C)J?
And by f(f71(C) nJ*)=f(f~1(C) n f(J?) see[3]
=C n f(J?) see[5]

=C. f(J?) since C is T-pure

=fFHOf(J*) by [5]

=ff(©)J*)by[2]

Hence

AU OIN =T L0 N

and by hyposse. We get

fron? =010 J?

Therefore £~1(C) is T-pure F-1(R,).

Proposition (2.7):

Let K bea is F-I(R;) and let J be a F-I(R;), then K&J
is T-pure fuzzy ideal of R; @ R, if and only if Kand J
are T-pure fuzzy ideal in R; and R, respectively.

Proof:

(=) LetK @&]J is T-pure fuzzy ideal To. Prove Kand J
are T-pure fuzzy ideal

Let A2 and B? be two fuzzy ideal of R, andR,
respectively. Then A% B? is T-pure fuzzy ideal of
R, DR, see[d]

Hence (K @)) n(A*® B?*)= (K ®]) (A*® B?) since
(K @]J)is T-pure fuzzy ideal

And by (K@®J) n(A%® B?%= (KnA?) @&( n B?)
see[4]

(K ©)) (A’® B*)= (KA*) ®(J B*) see[4]
There for (Kn A?) = KA? and Jn B?=] B?

see[4]
Thus Kand Jare T-pure fuzzy ideals of R, and R,.
(&) letKand Jare T-pure fuzzy ideal of R, and R,.
Let A% and B? be two fuzzy ideal of R, and R,
Hence A%*@® B? is fuzzy ideal in R; @ R,
Tp (K @J) n(4*°® B*)=(K ®J) (A*® B?)
(K ®J) n(A%2® B?)= (KN A% ®(J n B?) see [4]
=(KA?) &(J B?) since K and J are T-pure
=(K ®])) (A’® B?) see[4]
Hence (K @J) n (A2® B%)= (K @)) (A%® B?)
ThusK @] is T-pure fuzzy ideal in Ry @ R,

see[8]

Proposition2.8:
Let Iand Jare T-pure F-I(R) ,then I nJ is T-pure F-1(R).

Proof:
Tp InJis T-pure F-I(R).
To show that for each fuzzy ideal K% of R (1 nJ)n K?=
(1nJ)K?
Now, Vt€ (0,1] (I n DK?*) , = I n)) K? by[10]
=(I, nJ)K? by[1]
=(I, J)K? since J, is T-pure (by level)
=1, (J K?)
=I,(JK?*), by [10]
=I,(J n K?), since J is T-pure
=1, n (J n K?), since I, is T-pure
=I, 0 (J, N KF) by[1]
=(I,nJ) N K}
=(NnDeNKF) by [1]
=[(X n J) nK?*], by [1]
Therefore (I N J) N K*=1 N J)K?
Thus 1nJis T-pure fuzzy ideal of R
Lemma2.9:

let{J;, i € N} be an ascending chain of T-pure F-I(R)
.let C be afuzzy ideal of R,
then C?[UenJi] = Usec[C?J4] -
proof:

C*J; € C*lUienJiLViIiEN
implies that U;e.[ €%J;] € C*[UienJil...... )
but C?[UsenJ;] € €? and C*[Usen ;] € UsenJ:
since U;en J; is fuzzy ideal
on other side C?[U;enJil € €% N [Ujen ]
=Uiec [€*NJ;] by [4]
=Ujec [C?J;]  since J; T-pure

fuzzy ideal of R
Thus €*[Ujen]i] € Uiee [ €34
Therefore C?[UenJi] = UieclC?;]
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Proposition2.10:
If {J;;i € N} be an ascending chain of T-pure F-I(R) ,
then UjenJ; is T-pure F-1(R).

Proof:

We must show that for each fuzzy ideal C%of R
C% N [Uien il = C*[Uien il

C? N [UienJi] =Uiec [€*NJi] by [4]

=Ujec [C?*J;] sinceJ; T-pure F-I(R).
= C*[UjenJil by lemma(2.9)

Hence U;en J; is T-pure F-I(R).
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