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Abstract: Let R be a commutative ring with identity and M be a unitary R-module. Let5(M) be the set of all submodules of M, and -
(M) —>6(M) U {¢} be a function. We say that a proper submoduleP of M is y-primary if foreachr € Randx € M, if rx€ P,
then either x € P + y(P) orr® M cP + w(P) for some neZ.. Some of the properties of this concept will be investigated. Some
characterizations of y~primesubmodules will be given, and we show that under some assumptions primesubmodules and y-

primarysubmodules are coincide.
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1. Introduction

Throughout this paper, Ris a commutative ring with identity
and M isan unitary R-module. Aproper ideal Pof aring R is
primary if for all element a,b € R, ab € P implies either
a € Porb™ € P forsomen eZ,, [1].In the theory of rings,
primary ideals play important roles. One of the natural
generalizations of primary ideals which have attracted the
interest of several authors in the last two decades is the
notion of primarysubmodule. These have led to more
information on the structure of the R-module M. For an ideal

I of R and a submodule N of M, letv/I denote the radical of
I, and [Né M] = {r e R: M < N} which is clearly anideal

of R.A proper submodule P ofM is called a
primarysubmodule if » € R and x € M with rx € P
implies that ™ € [P: M]for some n €Z, or x € P, [2].A
proper ideall of R is said to be primeideal if a.b €1
implies that either a € 1 or b € I, [1].A proper submodule
N of M is said to be prime submodule of M ifr € R and
x € Mwithrx € N gives that r e[ N:M] or x € N,
[3].Khaksari and Jafariextended the notion of prime
submodule to ¢-prime. Let M be an R-module and3(M) be
the set of all submodules of M and ¢: 6(M) —>6(M) v {¢}
be a function. A proper submodule P of M is said to be ¢-
primeifr € Randx € M, rx € P\¢(P) implies thatr
[P:M] or x € P [4]. In this paper, we define and study the
notion of y-primarysubmodules.Let 5(M) be the set of all
submodules of M and vy: (M) —>o6(M) v{g} be a
function. A proper submodule P of M is said to be y-prime
if for eachr € Rand x € M, if rx € P, then either
x €P 4+ yP)orr™M cP + y(P)forsomen € Z..

2. Basic Properties of y-PrimarySubmodules
First we give the following definition.

Definition (2.1):

LetMbe an R-module and &(M) be the set of all
submodulesofM.Lety: S(M) —>8(M) v {#} be a function.
A proper submodule N of M is said to be y-primary if for
each r € Rand x € M, ifrx € N, then x € N + y(N)
orr"M <N + y(N) forsomen e Z..

Remarks and Examples (2.2)

(1) Itis clear that every primary submodule of an R-module
M is y-primarysubmodule of M, but the convers is not
true in general for example:Let M = Z,~» as aZ-

module, N=<i+ Z >where p is a prime

number.Then N is not primary submodule of M,
sincepk. (1/p'™* + Z) = 1/pi + Z e N for some
k €Z+But(1/p"** + Z) e N and pkeg[N:Z,=] =
0. But N is y-primary submodule of M.
Proof:Lety: 6(Z,») —>d(Z,») U {4}, where
y(N) = Z,», YN c M, then for each re Z, x € Z,,
if rx€ N, thenx € N + w(N) = Z,».Therefore N
is a y-primary submodule ofZ,,«.
2 If wy(N)c Nor wy(N) =0, then every -
primarysubmodule of M is a primarysubmodule.
(3)Let N, W be two submodules of an R- module Mand
NcW. If N is w-primarysubmodule of M
andy(N) cy' (N),  wherey': (W) —>8(W) U{g}
and y: (M) —>6(M) U{g}, then N is -
primarysubmodule of W.
Proof:Letr € R,m € Wsuch that rm € N. Since N is
y-primarysubmodule of M, so eitherm € N + y(N)
or r* McN + y(N)for some n e Z,. But
y(N) cy (N) ,
, S0 either me N + y/(N) orr™ M <N + vy (N)for
some n € Z.Hence either meN + y (N)or
™ W <N + y (N) for some n € Z,.Therefore N is y'-
primary submodule of .
(4) Given two function
Uy s (M) —>8(M) U{g}.We  define ys<y if
y(N) oy (N)for each N € (M).If N is a y-
primarysubmodule of M  impliess N sy -
primarysubmodule of.
Proof: Let r € R,meM such that rm eN. Since N is y-
primarysubmodule of, so either me€ N 4+ wy(N) or
™M cN +y(N)for some n e Z,.But y(N) cy (N).so
either me N +vy (N)orr™ M <N + vy (N) for some n
e Z.. Therefore Nis ' -primarysubmodule of M.

(5) Let N and W be two submodules of an R —module M
such thatN =W .IfNisy-primarysubmodule of; it is not
necessary that W is wy-primarysubmodule of M as the
following example explains:
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Consider the Z - module Z, thesubmodule2Z is wy-
primarysubmodule of Z (since it is primary) but
2Z =30Zand 30Z is not y-primarysubmodule of Z.Since if
y(N) = N, YNcM and 6.5 =30 € 30Z but 5£30Z +
30Z =30Zand 6Z & 30Z +30Z = 30Z.

(6) Iis a y-primary ideal of R if and only if I is a y-primary
submodule of R.

(7)Let M = Z;, as a Z — module andN = <6>. Nis noty-
primarysubmodule of M.

Proof:Let w: 6(Z12) —>06(Z12) v {¢}, where y (N)
N+ <6> VN cZ;,. Now, 2.3 =6 €N, but 3¢ N
v (N) = Nand 2"g[N + w(N):Z13] = [N:Zy5]
[<6>:; Z1,] = 6Z;,foreachn e Z,.

=+ 1

(8)The only wy-primarysubmodule of a simple module is
{0}.Therefore (0) of a simple Z-module Zp (p is prime) is
y-primarysubmodule.

(9) Let M = Z@Z as a Z-module, N = 2Z&(0),N is
not y-primarysubmodule of M.

Proof: Let y: (M) —>d0(M) v{¢#} such that v (N) =
N, VN cM. Now, 2(1,0) € N, but (1,0) ¢ N +
vy (N)and 2" ¢ [ 2Z®(0): (Z®@Z)] = (0) for each n €
Z..

Now, if N is a primarysubmodule, then sometimes Niscalled
P — primarysubmodule, where P = ,/[N: M], [5].

For a y-primary, we called P- y-primarysubmodule, where

P = JIN + y(M): M]

The following theorem gives some characterizations for -
primarysubmodules.

Theorem (2.3):
Let Nbe a propersubmodule of an R- moduleM andP =

[N + w(M): M]

Then, the following statement are equivalent:

1. N isy-primarysubmoduleof M.

2. For every submoduleK of M and for every an ideal I of
R such that IKcN, implies that either KN +

y(N)orIcP = /[N +wy(M): M]

Proof:(1) —(2):LetIK< N, wherelis an ideal of R and K
is a submodule of M. SupposeK € N + wy (N), then there
exists ke K such that keN + y(N). It is clear that for each
y € I, thusyk € N.But Nis wy-primarysubmodule of
MandkzN + y(N), hence yeP =[N +yM): M].
Therefore IcP.

(2) —>(1): Letr eR,m € M suchthat rm eN.Then<
r >< m>cN. So either< m > <N + y(N) or

<r>cP = ./[N +y(M): Mby (2); i.e,, eithermeN +
y(N) or r € P =,/[N +wy(M): M]Therefore Nis -

primarysubmodule of .

We can give the following result.

Proposition (2.4):

Let N be a propersubmodule of an R-
M.If/[N + y(M): M]

=,/[N + w(M): K]for each submodule K of M such
thatK 2 N + w(N), then N is y-primarysubmodule of M.

module

Proof: submodule of M. Let r € R,m € M such that
rm € N and suppose m N + w(N). Let K=N +
y(N)+ < m >.Thus K2 N + y(N),meK

andsore [N:K]c [N + y(N):K]< /[N + w(N):K] =
JIN +wy(M): M]. It follows thatre,/[N + y(M): M]and

hence N is y-primary.

However, we can give another corollary of proposition
(2.4).But first we state and prove the following lemma
which is needed.

Lemma (2.5)
Let N be a proper submodule of an R- module M.

If/[N +yM): M] = /[N +y(M):c] for each ce€
M\ N + y(N),

then,/[N + y(M): M]=,/[N + y(M): K]for each
submoduleK of M suchthatKk 2 N + w(N).

Proof: Since
K cMso\/[N +y(M): M]/[N + y(M): K].Let T E

JIN +y(M):K], hence r" K< N + wy(N)for some n
eZ,.But N + y(N) € K, implies that there exists x € K
andx #N + y(N).Hence r* x € N+ y(N) for some n

eZ,and then r € \/[N +y(M):x] = \/[N + y(M): M],
which impliesthat,/[N + w(M): K& /[N + y(M): M].
Therefore,/[N +y(M): M] =./[N +y(M):K] for each
submodule Kof M such that K2 N + y(N).

Corollary (2.6):

Let N bea proper submodule of an R- module M.
If/[N +y(M): M] = /[N +y(M):c] for each ceM\
N + y(N), then N is y-primary submodule of M.

Now, the following proposition shows that under the
condition w(N) < N for all submoduleN of M.the convers of
proposition (2.4) is true.

Proposition(2.7):

If N is ay-primarysubmodule of an R— module Mand
y(N) N,  then/[N +y(M): M] = /[N + y(M):K]for
each submoduleK of M such thatK 2 N + wy(N).

Proof:
Since N is a y-primarysubmodule of M andy(N) <N, so
by (remark 2.2, (5)N is a primary submodule.

Hence,/[N : M] = ,/[N: K] , for each submodule K of M
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It is well Know if N is a primarysubmodule of an R —
module, then[N: M] is a primary ideal of R, see [6].But for a
y-primary we have:

Remark(2.8):
If N is y-primarysubmodule of M, then it is not necessarily
that[N: M] is ay- primary ideal of R.

Now, the following proposition shows that under the
condition w(N) <N for all submodule Nof M.the above
statement is true.

Proposition(2.9):
If N is a y-primarysubmodule of an R— module Mand
y(N) <N, then [N: M] is a y- primary ideal of R.

Proof:

Since N is a y-primarysubmodule of an R— module Mand
y(N)c N, so N is a primarysubmodule by (2.2, 2),
then [N: M] is a primary ideal of R and hence is a y- primary
ideal of R.

Remark (2.10):

If [N:M] is y- primary ideal of R, then it is not necessarily
that N is wy-primarysubmodule of M, for example: Let
M = Z®Z as aZ-module, N = 2Z&(0), N is not y-
primarysubmodule of M, by (2.2, 8).But [N:M] =
[2Z®(0): Z&Z] = 0isaprimary ideal of Z and hence
is y- primary ideal of Z.

Now, we shall give characterization of y-primarysubmoules,
but first recall the following: Let R be any ring.A subset S of
R is called multiplicatively closed if 1S and ab S for
every a,beS. We Know that every proper idealP inRis
prime if and only if R-P is multiplicatively closed sub set of
R, [1]. And if Nis a submodule of an R-module M and S is
multiplicatively closed sub set of R, then N(S) ={x €
M:3t € S,suchthattx € N}be a submodule of Mand
Nc N(S).

Proposition (2.11):
Let N be a proper submodule of an R- module

M.If/[N + y(M): M] is a prime ideal of R and

N(S) c N + wy(N) for each multiplicatively closed sub set

of R such that S 7/[N + y(M): M] = ¢, then N is y-

primarysubmodule of M.

Proof: Let r € R,m € M such that rm € N and suppose

m gN + y(N), r /[N +y(M): M].Claim  the  set
S ={1,r,7?%, .........}, this is multiplicatively closed sub set
of R and it is clear that S /[N +y(M): M] = ¢,
since,/[N + y(M): M] is a prime ideal of R. Butm g N +
w(N) implies that m £ N(S) and so rm £ N which is a
contradiction.Therefore  either me N + y(N) or
re[N + y(M): M]and hence N is y-primary submoduleo
f.

Conversely, if N is y-primarysubmodule of M, to prove
N(S) c N + y(N). Let € N(S), so there exists t € S such
that tx € N. But N is y-primarysubmodule of M, so

either x € N + y(N) or t €,/[N +y(M): M].But

t €[N + y(M): M]implies that S 7/[N + w(M): M] =
gwhich is a contradiction.Thus, x € N + y(N) and hence
N(S)cN + y(N).

Proposition (2.12):

Ify/[N + y(M): M] is maximal ideal of R, then N is y-

primarysubmodule of M.

Proof: Let r € Rm € M such that rm € N.If
r /[N + y(M): M], then
R=< 1> +./[N +y(M): M].Therefore  there exist
s€Rand k € \/[[N + y(M): M]such that 1 = s + k and

so m=srm+kmeN + y(N)for some n eZ.
Therefore N is y-primarysubmodule of M.

Proposition (2.13):

Let N be a proper submodule of an R- module M such that
[K:M] & [N + y(N): M] for eachsubmoduleK of M and
containing N + w(N) properlyIf [N + w(N):M] is a
primaryideal of R, then N is y-primarysubmodule of M.

Proof: Suppose[N + wy(N): M] is a primary ideal of R, to
prove N is y-primarysubmodule of M. Letr € R,m € M
such that rm € Nand supposem ¢ N + y(N).LetK =
N + y(N) + <m >, itisclearthat N + y(N) & K, and
So [K:M] € [N + y(N): M].Then there exists s € [K: M]
and s g [N + y(N):M].Thus, sM cKand sM &€ N +
y(N).ButsM <K implies, rsM crK = r(N +
y(N)+<m>) c N + y(N)and rs € [N + y(N): M].
Since [N + w(N): M] is a primary ideal of Rand s [N +
y(N):M], so e [N + y(N):M] for some n € Z.
Therefore N is y-primarysubmodule of M.

Recall that an R- module M is called mulitplication module
if for every submoduleN of M, there exists an ideal I of R
such that IM = N, equivalently; for every submodule N of
M, N =[N:M]M, see[7].

Corollary (2.14):

Let N be a proper submodule of a mulitplication R- module
M. Then N is w-primarysubmodule of M if [N +
w(N): M] is a primary ideal of R.

Proof: Suppose [N + w(N): M] is a primary ideal of R, to
prove N is y-primarysubmodule of M. Letr € RRm € M
such that rm € N and suppose m N + w(N). Let
K =N+ y(N)+< m>,itisclearthat N + y(N) &
K. Since M is multiplication, so [K:M] & [N+
y(N): M]by[9, remark (2-15), chapter one ].Then there
exists se[K:M] ands & [N + y(N): M].Thus,
sM c Kand sM & N+ y(N).But, sM < Kimplies,
rsMcrK = r(N + y(N)+<m>)cN + y(N)
and rs € [N + y(N):M]. Since [N + y(N):M] is a
primary ideal of Rand s g [N + w(N):M], so r" e [N +
y(N):M]for some n e Z, Therefore N is wy-
primarysubmodule of .

As anther consequence of (2.13), we have the following
result:

Corollary (2.15):
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Let N be a proper submodule of a cyclic R- module M. Then
N is y-primarysubmodule of M if [N + y(N):M]is a
primary ideal of R.

Proof:
SinceM is cyclic, then M is a multiplication. Hence the result
follows immediately from corollary (2.14).

Recall that an R — module M is said to be a bounded module
if there exists an element x € M such that annyM =
anng(x), where arrgkM = {r eR:rm = 0, Vm eM },
[8].And an R — module is said to fully stable if each
submodule is stable, where a submodule N of an R — module
M is said to be stable if f(N)cN for each
f e Hom(N, M), [9].

Corollary (2.16):

Let N be a proper submodule of a bounded fully stable R-
module M. Then N is y-primary submodule of M  if
[N + y(N): M] is aprimary ideal of R.

Proof:

Since M is a bounded fully stable R- module M, soM is a
cyclic by [10]. Hence the result follows immediately from
corollary (2.14).

proposition (2.17):

Let P be an ideal of a ring R and let M be an R — module.
Then a proper submodule N of M isa P - y - Primary if and
only if

1. o /[N +wy(M): M], and

2. N, forallc eR\P,m e M\ N + vy (N).

Proof:
Suppose N isa P - y - Primary. To prove that (1) and (2) are

hold. It is clear that P = /[N + w(M): M].Therefore
/[N +y(M): M].

Now if ¢ € R\Pand m € M\ N + vy (N), then
czJ[N +y(M): M] andm gN + w(N), hence cm ¢ N.
Conversely, let ¢ € R and m € M such that m ¢ N +

y(N) and c [N + w(M): M].Since
&f[N +y(M):M], then m € M\N +y (N) and

¢ # P.Therefore, c € R\ P. Hence cm £ N, which implies
that N isa P - y - Primary.

proposition (2.18):
Let M be an R-module and N, L be two submodulesof M.If
K be a P- y-primarysubmodule of M such that N N L <K,

thenL cK + y(K)or[N:M]cP =[K +y(M): M]

Proof:

Suppose [N:M] € /[K + y(M): M] = P, so there exists
s € [N:M]and sgP =,/[K +wy(M): M]. Let teL, then
st € LNNandso st € K. But K is y-primarysubmodule

of M and sg/[K + y(M): M]. Therefore te K + y(K),
thus L cK + w(K).

Corollary (2.19):

Let A an ideal of R and N be a submodule of ..If K be a P-
y-primarysubmodule of M such that AM N N < K, then
either AMc K + y(K)orN cK + y(K).

proposition (2.20):
Let M be an R-module and N be a submoduleof M.If
P =[N+ yWN):M] is a primary ideal of R,

then,/[N + y(M): M] =
VIN +y(M):rM],Vr /[N + y(M): M].

Proof: SincerMc M,

s0y/[N + y(M): M]cy/[N + y(M): rM].Let

ae./[N +wy(M):rM]. Hencea” €[N + y(N): M] for some
neZ,, and soa"rMc N+ y(N) which means that

a"r €[N + y(N): M]. But[N + y(N): M]is a primary of
Rand r ¢[N + y(N):M], so (a™)e[N + y(N): M]for
some. Thus, a /[N + y(M): M]. Therefore,

JIN +y(M): rM]cy/[N + y(M): M]and

hence,/[N + y(M): M] = /[N + y(M):rM].

Now, we can give the following proposition:

Proposition (2.21):

Let N be a submodule of an R — module Mand P =
JIN + y(M): M]. If the ideal \/[N + y(N):<e>] = P, for
each e eM,e g N + y(N), then N is a wy- primary
submodule of M.

Proof: Let r € R, x € M such that rx € N and suppose
x & N + y(N). Thus,
r €

[N +

yNe<a>cN+yN:< x> But [N+yNi<x>] =24, 50 7 € 2.
Therefore N is a y - primary submodule of M.

Note that, the intersection of two -primarysubmodules of
an R — module M need not be ay-primary submodule of M,
for examples:

(1) The Z-module Z; has two w-primarysubmodules,
N, = <2>and N, = <3>but N;n N, = <0>is not
a y-primarysubmodule of Ny Since ifr =3,x =
2andy(N) = N YN cM,then rx =3.2 =0 €
0>+ y<0> = <0>But 2g<0>+ y<0> = <0>and
3g[<0>+ y<0>Zs] = <0>.

(2) The Z-module Z;, has two w-primarysubmodules,
N, =<2>and N, = <3>But N; N, = <6 >isnota
y-primarysubmodule of Z;, as we have seen in (2.2, (7)).

However, we have the following proposition:

Proposition (2.22):

Let Kis a y-primary of an R-module M and let N < Msuch
that w(K) < K. Then either N <K or K NN is ay'-primary
inN, where y't O(N) —>8(N) v{¢} and
y: O(M) —>(M) {4}

Proof: Suppose that N € K, thenK NN is a proper
submodule in N. Letr € R, m € Nsuch that
rm €K nN.Suppose m ¢ (K "N) + y'(K nN), where
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Y O(N) —>(N) A ¢} be a function, then m £ K. We must
showthat r* N < (K WN) + y'(K N N) for some € Z,.

Since K is ay-primarysubmodule of M and m ¢ K + y(K),
this implies that " M cK + y(K) = K for some n €
Z,and sor"NcKcKNDNcKANN + y'(KNN) for
somen € Z,.Therefore K NN isa y'-primary in N.
proposition (2.23):

Let ¢ M—>M" be anhomomorphism. If Nis y'*-
primarysubmodule of an R-module M’, such that ¢ (M) &
N andy(¢ (V) = ¢ (¥ (N), theng"(N) is -
primarysubmodule of M, where y': 6§ (M") —>8(M") U{¢}
and y: (M) —>8(M) v {g}.

Proof:First, we must show that ¢ *(N) is a proper
submodule of M. Suppose that FHN) = M,
then ¢ (M) < N, which a contradiction to the assumption.
Letr € R,m € M such that rm € ¢ '(N).Then
r¢g(m) € Nand as N is y' - primarysubmodule of an R-
module M', then either ¢(m) € N+ y'(N)or
"M’ <N + y'(N)for some € Z_If $(m) € N+ y'(N),

then me g '(N) + ¢ (¢ (N))and hence m €
F N +y (671N IF T M SN + ' (N), then
¢ (M) c N+ y'(N) sinceg(M) cM'. This implies

MM (N) + W) = ¢ + v (V)
for some n EZJF.Thereforegzﬁ_1 (N) is Y-
primarysubmodule of M.

Theorem (2.24):

Let f: M —— M’ be an epimorphism and let N < M such
that ker f <N. If N is ay-primarysubmodule of a module
Mand '(f (N)) = f (w(N)), then f(N) is ay-
primarysubmodule of a module of M', where
y'i (M) —>8(M") v{g} and y: (M) —>(M) {4}

Proof: First, we must show that f (N) is a proper
submodule of a module M’. Supposef (N) = M'. But f is
an epimorphism, thus f (N) = f (M) and hence M =
N + ker f. Thisimpliesthat M = N. A contradiction.
Now, let rm’ € f (N), where r € R andm' € M',m' =
f (m) for some m eMsince f is anepimorphism. Then
rf(@m) € f(N),sof (rm)= f (n) for some ne N and
hence f (rm) — f (n) =0.Thus we get thatrm —n €
ker f <N which implies that rm € N.But N is a wy-
primary, so either me N + y(N) or r"McN +
w(N) for somen € Z,.If me N + y(N), then f (m) €
fN) + f(pN))ithat is m' € £(N) + f (y(N)) =
fN) + y'(fN). If m™McN+ yN), then
rf (M) c f(N) + f (W) = f(N) + '(f (V)
implies that ¥ M' < f (N) + v'(f (N) forsomen € Z,.

Corollary (2.25)

Let M be an R-module, let K < N < M and N isay-
primary of M. Then N/K is ay'-primarysubmodule of M /
Kwhere y': (M | K) —>8(M /K) {4}

Proof:Let: M —— M /Kbe the natural mapping, then the
result follows by proposition(2.25).

Proposition (2.26):

Let M be an R-module and let K < N < M.IfNis ay-
primarysubmodule of M, thenN/K is ay'-
primarysubmodule of M /Kandy'(N / K) = w(N) /K.

Proof: Let reRand m € N/K with rm € N /K,
wherem = m + K, for some me M. So we have rm € N,
which gives that either me N + y(N)or rM cN +
y(N).Therefor either m+Ke(N + yiN)) /K =
N/K+vy(N)/K=N/K+ y(N/K) o 1"M/
KcN +yN)/K cN/K + y(N)/K =N/K +

y'(N / K) for some neZ,.Hence either m € N/K +
y'(N/K) or "M /Kc N/K + y'(N/K) for some
€Z . Therefore N / K is a y'-primarysubmodule ofM /K.

Let S be a multiplicatively close subset of R and let R, be
the set of all fractional » /s where re R and s € S and M,
be the set of all fractional x /s where x € Mand seS.
Forx,x € M and s, s€ S,x /s = x/s if and only if
there exists t € S such that t(sx - sx) = 0. So, we can
make M, in to R, — module by setting x /s + y/t =
(tx + sy)/st and r/t.x/s = rx/tsfor every
x,y € M and s,te S,r € R. AndM, is the module of
fractions. If N be a submodule of an R — module M and S be
a multiplicatively close subsetof Rso Ny, = {n/s:n eN,
r € S }be asubmodule of the R, — module M, [1, p.69].

Now, we state and prove the following proposition:

Proposition (2.27):

Let M be an R-module and N is a y-primary of M. Then N,
is a ys—primarysubmodule of M,
wherey : 8(M;) —>d(My)) v{grand[N + y(N)]s =

[N + w (N Jand [w(N)]s =y (Ny).

Proof: Let a/s € R, and x/t € My with ax/
st eNy.Thenax /st =n /u for some ne N,u € Sand so
axu = nst there exists u € S such that uax e N. Since N
is y-primary of M. Then either x € N+ y(N)
or(ua)" € [N + w(N): M]for some n e Z.. Therefore either
x/tEIN+yMN =[N +y (V)] or  @/ge
NHAYN:MsN+ yNs:Ms=[Ns+ysVs:Ms] Therefore Vs is
a y_-- prime submodule of M.
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