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Abstract: In this paper we seek the number of irreducible polynomials of x™ — 1 over GF(19). First, we factorize x™ — 1 into irreducible
polynomials over GF(19) using cyclotomic cosets of 19 modulo n. The number of irreducible polynomial factors of x™ — 1 over GF(19) is
equal to the number of cyclotomic cosets of 19 modulo n and each monic divisor of x™ — 1 is a generator polynomial of a cyclic code in
GF(19). Next, we show that the number of cyclic codes of length n over a finite field GF(19) is equal to the number of polynomials that
divide x™ — 1. Lastly, we enumerate the number of cyclic codes of lengthn, for 1 < n < 20 and whenn = 19k, n = 19% for1 < k < 20
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1. Introduction

Most research carried out in Coding Theory is motivated
mainly by the problem of finding codes which are optimal in
some sense, and the problem of decoding such codes
efficiently. The theory of error-correcting codes deals with the
general problem of transmitting messages reliably.
Information is sent via a channel which is prone to errors. The
channel may be a telephone line, a high frequency radio link
or a satellite communication link. The noise may be human
error, lightning, thermal noise, imperfections in equipments,
etc. The objective of an error correcting code is to encode the
data by adding a certain amount of redundancy to the
message, so that the original message can be recovered.
Researchers therefore seek for an (n, k, d)-code that transmits
a wide variety of messages fast and corrects many errors; i.e.
small n, large k, and large d. These are conflicting aims and
this is often referred to as the main Coding Theory problem.

1.1 Definitions

i) Code: A block code of length n is a set of n-tuples
(a1, ay,as, ..., a,) where the a;'s belong to a finite set F with
q symbols or digits known as alphabets. Thus a code of length
n from F is an element of F™ (the set of all n-tuples from F).
ii) Cyclic Code: A linear block code is said to be a cyclic code
if it is invariant under all cyclic shifts i.e. if ay, aq, ay, ..., a, is
a codeword, so are a,,, a;, ay, ..., a,_1 and a,, as, ..., a,, a;
iii) Cyclotomic cosets: Let n be co-prime to q. The
cyclotomic coset of g mod n containing i is defined by
C;={i.¢/modn € Z,,j =0,1,2,3,...}
A subset {iy,i,..,i,} of Z, is called a complete set of
representatives of cyclotomic cosets of gmodn if
C,» Ciy, -, C;, are distinctand Uf_; G, =1Zy.
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2. Preliminary Results

A cyclic code is a linear code which is invariant under any

2.1 Factorization of x™ — 1into irreducible polynomials
over Zqq

Let n be a positive integer with (q,n) = 1. Then the number
of monic irreducible polynomial factors of x™ — 1 over F; is
equal to the number of cyclotomic cosets of ¢ modulo n. Now:
(@Whenn =1,x —1 = x + 18 is a linear factor.
(b)When n =2, the cyclotomic cosets of 19 mod 2 are:
C;={i.19mod 2 j =0,1.2,..}
Co=1{0}, ¢, ={1} = x?—1 is a quadratic expression and
so factorizes into two irreducible linear factors;
x>=1=x+1D(x—-1)
=(x+1D(x+18)
(c)When n =3, the cyclotomic cosets of 19 mod 3 are:
C;={i.19mod3 j=0,12,..}
C,={0}, c,={1}, C, ={2}, > x3—1.
factorizes into three irreducible monic polynomials, all linear
factors. We find an m, such that 3|(19™ — 1). Let m = 1s0
that we have 3|18
gm-1  19'-1 18
R
Next, we list all cyclotomic cosets of 19 mod 18 containing
multiples of 6. These are: C, = {0}, C; = {6}, C;, = {12}.
Let a be a primitive element in Zjq then, the minimal
polynomials of a' are:
MO(x) = (x —a®) = (x - 1)
MO =@x—a®)=x-7)
MU (x) = (x — a'?) = (x — 11)
Now,
x3—=1=MO%).M® ). MU (x)
=x—-D-7x—-11)=(x+18)(x +
12x+8
When n =4, the cyclotomic cosets of 19 mod 4 are:
C; ={i.19mod 4 j=012,..}
Co = {0}, ¢, ={1,3}, C, = {2}, = x* — 1 factorizes into
three irreducible monic polynomials, one of degree two and
other two linear factors. We shall use the Mobius and Euler
functions to factorize this.

cyclic shift. In order to find the number of cyclic codes over ~ x" —1=[lg, Pa(x)  where  &,;(x) are  cyclotomic
GF (q), we factorize x™ — 1 into irreducible polynomials and polynomials of divisors of n.
obtain all monic polynomials that divide x™ — 1. Each monic
polynomial is then a generator for a cyclic code
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The formula @, (x) = Hd|n(x“ - D @) gives the cyclotomic
polynomials of n. The factors of 4 are 1,2 and 4.®;(x) =

(x! — 1)”(%) =(x-1)
D, (x) = Hd|2(xd — 1)“(%) = (xl — 1)#(%)(362 _ 1);1(%)
G-DTEP-1)=(x+1)

4 4

04(0) = Mo — D@ = @' = D2 - 1)@t -
1ud4

=x-D°? -1 -1 =@x%+1)

" =1 =Tlaa @) = 2, (NP, ()P4 (x) = (x — D(x +
DEZ+1D)=(x+18)(x +1)(x%+1)

The following factorization of x™ — 1 were obtained by
applying the procedures as in the cases when n = 3and n = 4
above.

When n =15, the cyclotomic cosets of 19mod5 are:
C; ={i.19mod 5 j=0,1,2,..}

Co = {0}, ¢, = {1,4}, C, = {2,3}, = x° — 1 factorizes into
three irreducible monic polynomials, one linear factor and two
of degree two; i.e.
X-1=x-DE*+x3+x>+x+1)=(x-1Dx*+
Sx+1(x2+15x+1)=x+18x2+5x+1x2+15x+1.

When n =6, the cyclotomic cosets of 19 mod 6 are:
C; ={i.19mod 6 j =0,1,2,..}
Co={0}, C;={1} ; ={2}, G:={3},C, ={4}, G5 =
(5} >x°—1
factorizes into six irreducible monic polynomials, all linear
factors; i.e.
X -1=03+DE3-1=03+ D +8)(x +12)(x +
18=x—8x—12x—18x+8x+12x+18=x+11x+7x+1x+8x+
12x+18
When n =7, the cyclotomic cosets of 19mod 7 are:
C; ={i.19mod7 j=01,2,..}
C, ={0}, ¢, ={1,5,4,6,2,3} = x” — 1 factorizes into two
irreducible monic polynomials, one of degree six and the other
a linear factor; i.e.
X —1=Cx-DE*+x°+x*+x3+x2+x+1)=
(x+18)x +x°+x* +x3+x2+x+1)
When n =8, the cyclotomic cosets of 19 mod 8 are:
C; ={i.19mod 8 j =0,1,2,..}

CO = {0}' Cl = {1' 3}' CZ = {2' 6}1 C4 = {4}' CS = {5' 7}

=>x%-1

Factorizes into five irreducible monic polynomials, two of
which are linear factors and three of degree two; i.e.
1=+ D - D ="+ D%+ D% -1)
=@+ DEEP+DE+DE-1)
=(x?+13x-D%+6x— D2+ D+ 1D -1
= (x? 4+ 13x + 18)(x? + 6x + 18)(x% + 1)(x + 18)(x +
1
When n =9, the cyclotomic cosets of 19mod9 are:
C;=1{i.19mod9 j=0,1,2,..}
CO = {0}’ Cl = {1}’ CZ = {2}1 C3 = {3}1 C4 = {4}1 CS =
{5}, C, = {6}, C;, = {7},Cq = {8} = x? — 1 factorizes into
eight irreducible monic polynomials, all linear factors; i.e.
X0 =1=(x-1DE+x" +x+ x> +x* +x3 +x%2 +x +
D=@x-1Dx-4H)x-5x—-6)(x—7)(x—9)(x —

1D —16)(x —17) = (x+18)(x + 15)(x + 14)(x +
13)(x +12)(x + 10)(x + 8)(x + 3)(x + 2)
When n =10, the cyclotomic cosets of 19 mod 10 are:
C; ={i.19mod 10 j = 0,1,2,..}
CO = {0}1 Cl = {11 9}1 CZ = {21 8}! C3 = {3; 7}! C4 =
{4! 6}! CS = {5}
= x10 — 1 factorizes into six irreducible monic polynomials,
two of which are linear factors and four of degree two; i.e.
xX0—1=E+DE - ="+ D -2+
Sx+1(x2+15x+1)
=x+DO*—x3+x2—x+1D(x+18)(x% +
Sx+1x2+15x+1
=(x+ D%+ 4x + 1) (x% + 14x + D(x +
18x2+5x+1(x2+15x+1)
=(x+1)(x+18)(x? + 4x + 1)(x? + 14x +
Ix2+5x+1x2+154+1
When n =11, the cyclotomic cosets of 19 mod 11 are:
C; ={i.19mod 11 j =0,1,2,..}
C, = {0}, ¢; ={1,8,9,6,4,10,3,2,5,7} = x!! —
1 factorizes into two irreducible monic polynomials, one of
degree ten and the other a linear factor; i.e.
M —1= D0 +x° +x® +x7 +x° + x> +x* +
B +x?+x+1) = +18)(0 +x% +x8 +x7 +x +
X5 +xd+x34x2+x+1
When n =12, the cyclotomic cosets of 19 mod 12 are:
C; ={i.19mod 12 j =0,1,2,..}
CO = {0}' Cl = {1' 7}' CZ = {2}' C3 = {3! 9}! C4- = {4}! CS =
{5' 11}' C6 = {6}' C8 = {8}' ClO = {10}
= x'2 — 1 factorizes into nine irreducible monic polynomials,
six of which are linear factors and three of degree two; i.e.
2 —1=E*+ D -1 =+ D+ 1D +
Tx+1x+8x+12x+18=(x2+1)(x4—x2+Dx+11x+7x+1x
+8x+12x+18=(x2+1)(x2+7)(x2+11D)x+11x+7x+1x+8
x+12x+18

When n =13, the cyclotomic cosets of 19 mod 13 are:
C;={i.19mod 13 j =0,1,2,..}
c, =1{0}, ¢, ={1,,6,10,8,9,2,12,7,3,5,4,11} = x'3 —
1 factorizes into two irreducible monic polynomials, one of
degree twelve and the other a linear factor; i.e.
aB—1=(—-1DE? + 2" + 210 +x% + 28 + x7 +x° +
raxt+ad+x+x+1)
=(x+18)(x"* + x1 + x10 + x°% + x8 + x7
+ x4+ x5 + x* 4+ x3 + x?
+x+1)

When n = 14, the cyclotomic cosets of 19 mod 14 are:
C; ={i.19mod 14 j =0,1,2,...}
¢, =1{0}, ¢, ={1,5,11,13,9,3},C, =
{2,10,8,12,4,6}, C, = {7}
= x1* — 1 factorizes into four irreducible monic polynomials,
two of degree six and the other two linear factors; i.e.
M —-1=E"+DE"-1)

=(x+ D —x>+x* —x3+x% —x+1D)(x +18)(x°

+x5+xt+x3+x2+x+1)

When n =15, the cyclotomic cosets of 19 mod 15 are:
C; ={i.19mod 15 j = 0,1,2,...}
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CO = {0}, Cl = {1; 4‘}! CZ = {21 8}' C3
= {3: 12}: CS = {5}1 C6
= {6v 9}v C7 = {7v 13}! ClO
= {10}, Cy; = {11,143}
= x5 — 1 factorizes into nine irreducible monic polynomials,
three of which are linear factors and six of degree two; i.e.
x =1 = (=DM + 2B +x12 + M +x10 + 4%+
X+ +x+ e+ xt i+l x+ 1) =(x—1D(x —
7x—11x44+13 412+ x+1x8+x7+x5414+x3—x+1

=(x—-1Dx—-7)(—11)(x* 4+ 5x + 1)(x? + 15x + 1)(x?
+16x +11)(x? + 13x + 7)(x% + 17x
+7)(x? + 10x + 11)
= (x+18)(x + 12)(x + 8)(x? + 5x + 1)(x? + 15x
+ 1 (x? + 16x + 11) (x? + 13x + 7)(x?
+17x + 7)(x? + 10x + 11)
When n =16, the cyclotomic cosets of 19 mod 16 are:
C; = {i.19mod 16 j = 0,1,2,...}
C, =1{0}, ¢, ={1,3,9,11}, C, = {2,6}, C, = {4,12} C;
={5,15,13,7}, C5 = {8}, C;p = {10, 14}
= x'6 — 1 factorizes into  seven irreducible  monic
polynomials, three of degree two, two of degree four and the
other two linear factors; i.e.
x—-1=03+ 1D -1)
= (x* + 13x2 — 1) (x* + 6x?
—1)(x% + 13x + 18)(x? + 6x + 18)(x?
+DEx+Dx-1)
= (x* + 13x% + 18)(x* + 6x?
+ 18)(x? + 13x + 18)(x? + 6x + 18)(x?
+1D(x+1)(x +18)
When n =17, the cyclotomic cosets of 19 mod 17 are:
C; ={i.19mod 17 j = 0,1,2, ...}
Co = {0}, C; ={1,2,4,8,16,15,13,9}, C3 =
{3,6,12,7,14,11, 5,10},
= x'7 — 1 factorizes into  three irreducible  monic
polynomials, one linear factor and two of degree eight; i.e.
xV7 —1=(x— D0 + x5 +xM + 213 + 212 + x4+
X0+ + 28+ +xb+x +xt+ 3+ +x+ 1) =
(x + 18)(x® + 13x7 + 15x° + 16x> + 8x* + 16x3 +
1522+ 13x+1x8+7x7+9x6+10x5+1544+10x3+9x2+7x
+1
When n =18, the cyclotomic cosets of 19 mod 18 are:
C; ={i.19mod 18 j = 0,1,2, ...}
CO = {0}' Cl = {1}1 C2 = {2}' C3 = {3}, C4- = {4}, CS =
{5}' C6 = {6}' C7 = {7}' C8 = {8}1 C9 = {9}1 ClO =
{10}, €y = {11}, Gy, ={12},C3 = {13}, C1y = {14}, (15 =
{15}, Ci¢ = {16}, C;; = {17} = x° — 1 factorizes into
eighteen irreducible monic polynomials, all linear factors; i.e.
xB—-1=x’+1D°-1)
=’ =D +18)(x + 15)(x + 14)(x + 13)(x +
12x+10x+8x+3(x+2)
=x+18)(x+17)(x +16)(x + 15)(x + 14)(x + 13)(x +
12x+11x+10x+ 94+ 8x+7x+6x+5x+4x+3x+2x+1

When n =19, the cyclotomic cosets of 19 mod 19 are:
C;={i.19mod 19 j =0,1,2,...}

CO = {0}, Cl = {11 0}, CZ = {21 0}1 C3 = {31 0}! C4- =
{41 0}, CS = {51 0}' C6 = {61 0}' C7 = {71 0}! CB = {85 0}' C9 =
{9’ 0}’ ClO = {10! 0}’ Cll = {11!0}! C12 = {12! 0}! C13 =
{13,0},Cy, = {14,0},C;5s = {15,0}, C; = {16,0}, C\7 =
{17,0}
Ci3 = {18,0}
= x1% — 1 factorizes into
polynomials; i.e.
P —1=x-DY=x+18)" .
When n = 20, the cyclotomic cosets of 19 mod 20 are:
C; ={i.19mod 20 j =0,1,2,..}
Co =1{0}, ¢; ={1,19}, ¢, = {2,18},C; = {3,17},C,
= {4,16},Cs = {5,15},
Cs =1{6,14},C, = {7,13},Cg = {8,12},C,
={9,11},C,, = {10}
= x?0 — 1 factorizes into eleven irreducible = monic
polynomials, two of which arelinear factors and nine of degree
two; i.e.
0 —-1=E"+ D -1)
=(x+1(x+18)(x? + D(x? +8x + 1)(x? + 13x +
1x2+11x+1x2+6x+1x 244+ 12+ 140+ Ix2+5x+1x2+1
Sx+1.

nineteen irreducible  monic

The number of cyclic codes is summarized in the table below

N | Number of | Number of n | Number of | Number of
irreducible | cyclic codes irreducible | Cyclic
factors of factors of codes

x"—1 x"—1

1 1 2 11 2 4

2 2 4 12 9 512

3 3 8 13 2 4

4 3 8 14 4 16

5 3 8 15 9 512

6 6 64 16 7 128

7 2 4 17 3 8

8 5 32 18 18 262,144

9 8 256 19 1 20

10 6 64 20 11 2048

2.2 Factorization of x™—1into irreducible monic

polynomials over Z;o whenn = 19k for 1 < k < 20

a) Whenk =1, wehave n = 19;
P —1=@x-1DY =(x+18)".
b) Whenk =2,wehaven =19 x 2 = 38;
x3B—1=EPY+1D)EY-1)=
(G + D —1)".
¢) Whenk =3, wehaven =19 x3 =57;
x57 1= x3><19 —1= (X3 _ 1)19
= ((x+18)(x + 12)(x
+ 8))19
d) When k = 4, we have n = 19 x 4;
P — 1=t - DY = (2 + D+ D (x + 18)Y
e) Whenk =5, we haven = 19 x 5;
x99 — 1= (x° = 1) = ((x + 18)(x? + 5x + D(x? +
15x4+1)19
f) Whenk =6, we have n = 19 X 6;
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x6><19 —1= (x6 _ 1)19
=((x+ 1D+ 7)(x+ D(x +8)(x
+12)(x + 18)*°
g) Whenk =7, wehaven =19 x 7;
x> —1=" -1 = ((x +18)(x® + x° + x* +x3 +
x2+x+1))19
h) When k = 8, we haven = 19 X 8;
X819 — 1 = (x8 — )1°
= ((x* +13x + 18)(x? + 6x
+18)(x? + 1)(x + 18)(x + 1))*°
i) Whenk =9,wehaven =19 x9;
x99 —1 =% - 1) = ((x +18)(x + 15)(x + 14) (x +
13x+12x+10x+8x+3(x+2))19
j)  When k =10, we have n = 19 x 10;
x10X19 _ 1 = (10 — )19
= ((x + D (x +18)(x? + 4x + 1) (x? + 14x + 1)(x?
+5x + 1 (x% + 15x + 1))*°
k) Whenk =11, we haven =19 x 11;
X11X19 _ 1 = (11 — )19
=((x+18)(x +x% +x8 + x7 + x° + x> + x* + x3
+x2+x+ )Y
) Whenk =12,wehaven =19 x 12;
x12X19 _ 1 = (512 — )19
=((2+DE2+ D+ 1D+ 1D)(x + D) (x + D(x +
Bx+12x+18)19.
m) When k = 13, we have n = 19 x 13;
x13%19 _ 1 = (13 — )19
=((x+18)(x2 +x1t + 21 + x° + x8 + x7 + x6 + x°
+xt+x3+x2+x+1)Y
n) When k = 14, we have n = 19 x 14;
X919 _ 1 = (x14 = )19
=((x+ D —x° +x* —x3 +x% —x
+ 1D(x +18)(x® + x5 + x* + x3 + x?

= ((x + 18)!)Y
t)  When k = 20, we have n = 19 x 20;
x20x19 _ { = (xzo _ 1)19
=((x+ D +18)(x? + 1)(x? + 8x + 1)(x? + 13x +
1x2411x+1x2+6x+1x244x+1x2+14x+1x2+5x+1x
2+15x+1)19.

2.2Factorization of x™—1into irreducible monic

polynomials over Z,q whenn = 19* for 1 < k < 20

1) When k=1, we have n=19;x%" —1=(x -1 =
(x +18)19".

2) When k = 2, we have n = 19%x1%° —1 = (x — 1)1%° =
(x + 18)19",

3) When k =3, we have n = 193; x19° —1 = (x — 1)!%" =
(x +18)1%°.

4) When k = 4, we have n = 19% x19" —1 = (x — 1)!°" =
(x + 18)19",

5) When k = 5, we have n = 195; x19° —1 = (x — 1)!°° =
(x + 18)1°,

Clearly, we can infer that x1°“ — 1 = (x — 1)1%".

Lemma:

Let x"—1=
k k k km .

(1)) (200) 7 (£:00) 7 . (fu ()™ where  fi(x),i =

1,2,3,...,m are irreducible polynomials over F,, then the

number of factors for x™ — 1 is given by:

The number of cyclic codes is summarized in the table below:

+x +1)Y k|{n=19 No of codes n = 19¥[ No of codes
0) When k = 15, we have n = 19 x 15; 1| 19 20=19+1 19 [20=19'+1
\ x;s"” ~1= (xls2 - 1P 2] 38 | 400=(19+1)?% | 192 192 + 1
= ((x" +13x" + 18)(x ;r 6x , 3 57 [8000=(19+1)3%| 193 193 +1
st SIS SC S s A
X X X _ 3 5 5
p) When k = 16, we have n = 19 X 16; > % 8000 = (19+1) 19 19°+1
X319 — 1= (63 = DI 6| 114 206 = (19 + 1)° 196 196 +1
— ((x4 +13x2 + 18)(x4 + 6x2 7 133 400 = (19 + 1)? 197 197 +1
+ 18)(3(2 +13x + 18)(x2 + 6x 8 152 20° = (19 + 1)5 198 198 +1
+18)(x% + D(x + 1) (x + 18))1° 9| 171 208 =(19+1)8 199 199+ 1
q) Whenk =17, we haven =19 x 17, 10| 190 200 = (19 + 1) 1910 1910 +1
x1719 — 1 = (x17 - 1)P? 1] 209 | 400=(19+1)% | 19" 1911 +1
= ((x + 18)(x® + 13x7 + 15x° + 16x° + 8x* + 16x> 12| 228 200=(19+1)° | 192 1912 11
+ 15x§ + 13x4+ 1)(36'83+ 7x72+ 9x6 13 247 400 = (19 + 1)2 1913 1913 +1
+ 1;);9 + 15x + 10x° + 9x° + 7x 14 266 204— — (19 + 1)4— 1914 1914 +1
+ 9 _ 9 15 15
r) Whenk = 18, we have n = 19 x 18; 15 285 200=09+1) 19 19°+1
X 18%19 _ 1 — (x18 _ 1)19 16| 304 207 = (19 + 1) 1916 1916 +1
17| 323 | 8000=(19+1)3 | 19V 197 +1
=((x+18)(x+17)(x +16)(x + 15)(x + 14)(x + = - - =
13x+12x+11x+10x+9x+8x+7x+6x+51+4x+3x+2 18] 342 | 207 =(19+1) 19 197 +1
x+1)19. 19| 361 362=192+1 1919 1919 +1
s) When k = 19, we have n = 19 x 19; 20 380 | 20l=(19+ 11| 1920 1920 +1
x19%19 _ { = (x19 _ 1)19
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3. Conclusion

Considering the above factorizations and number of cyclic
codes generated, we see that the number of cyclic codes over
Z,4 is given by:
2k ifn19+tn
n={19+1¢ ifn=19mmez"
19" +1  ifn=19",meZ*
where k is the number of irreducible factors of x™ — 1.

Generally,

E;[x]/

LetZ,, g-prime, be a given field, and R, = X1 — 1

i) If n=mgq,meZ", then the number of cyclic codes of
length nis (q + 1)* where k is the number of cyclotomic
cosets of g mod n

i) If x™ — 1 factorizes into a product of irreducible factors
i) () f3(x) ... fin(x) none of which is repeated, then
the number of cyclic codes of length n is 2™.

iii) If x™ — 1 factorizes into a product of linear factors over Z,
such that x™ —1 = (x — 1)™ then the number of cyclic
codesin R, isn + 1.

iv) If n = mq, m € Z*, then the number of irreducible factors
of x™ —1is equal to the number of cyclotomic cosets
of g mod m.
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