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Abstract: In this paper we estimated the parameters for two parameter-Birnbaum—Saunders distribution. The paper has estimated the
parameters (shape and scale) using (Maximum likelihood, Modified moment, Lindley (1980) Bayesian approximation technique and
Shrinkage Bayesian) methods, and then computing the value of the above-mentioned. We consider the Bayesian estimators for the
unknown parameters of the Birnbaum_Saunders distribution under the reference prior. The Bayesian estimators cannot be obtained in
closed forms. An approximate Bayesian approach is proposed using the idea of Lindley to obtain the Bayesian estimators. We then
calculated and estimated all previous parameters, and compared the numerical estimation using statistical indicators mean absolute
percentage error among the four considered estimation methods. Results are compared using Monte Carlo simulations studies carried
out showed that the Shrinkage method gave us the best estimator.
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1. Introduction o
e =p(1+5) @
"The two- parameter Birnbaum — Saunders distribution was . 5 .
originally proposed by Birnbaum — Saunders as a fatigue V(T = (ap)? (1 + 1 ﬂ‘] (3)
time distribution for fatigue failure caused under cyclic 16 gi(11g? 4 &)
loading"; [5]." It was also assumed that the failure is due to C5(T) = - - (6)
. (Da*+4)F
the development and growth of a dominant crack past the 6a(23g? £ 41)
critical value ";[14]. CE(TM =3+ (7
(Se? +4)2
The random variable T is said to follow a BS distribution =~ Where E(T) ,V(T) , CS(T) , CK(T) and CV(T) are the
with parameters a and B, denoted as BS(a, B) expected value ,variance ,coefficient of skewness,
if its cumulative distribution function (CDF) is given by coefficient of kurtosis and coefficient of variation
o g 1 respectively.
F(t,a,ﬂ)=®<g (1_3) —(?) > , t>0, >0 1)
If T is a Birnbaum-Saunders distribution, i ;e .BS(a; f),

where ®(.)is the standard normal CDF, a and B are the  then T~lis also o Birnbaum-Saunders with parameters ( o
shape and the scale parameters, respectively. Additionally 3 ,B7H.

is the median of the distribution: F Fr(f) = ®(0) =0.5. It is

noteworthy that the reciprocal property holds for the BS  The above observation is very useful. Immediately we

distribution: T™' ~ (0, 1. obtain
1
The corresponding density function of (1) is E(T™) =p"" (1 + 2 az) )
=3
. (+Bexp |- o 5+ 2 -2) <ico o VT =a?p? (1+3a?) (10)
sa,fB) = N ,
0 o.w "A more general derivation was provided by Desmond
] ) ) (1985) based on a Biological model";[5]. Desmond (1985)
It helps to derive different moments of the Birnbaum- also strengthened the physical justification for the use of this
Saunders distribution the " moment of 7"is distribution by relaxing the assumption made by Birnbaum
B[] = Brzr: <2r)jz (]) 2r — 2j + 2i)! [E]ZHHZL' and Saunders (1969). "Desmond (1986) investigated the
< 2j i) 2riti(r —j+ )2 relationship between Birnbaum- Saunders distribution and
r=12... (3) the Inverse-Gaussian distribution";[9].
The Moments and measures for Birnbaum —Saunders Some recent works on Birnbaum - Saunders distribution can
distribution can be Expressed in explicit form equation (3) be found in Barndorff — Nielsen (1986, 1991), Chang and
as follow: Tang (1993, 1994), Johnson et al (1995), Rieck (1995,

1999), Reid (1996), Dupuis and Mills (1998), Fraser et al
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(1999), Upadhyay (2000), Tsionas (2001), Wu et al (2005),
Owen (2005) and Ng et al (2003, 2006).

"Padgett (1982) carried out Bayesian estimation of reliability
function when both parameters of the B-S distribution are
unknown";[17]. He suggested the use of a gamma prior in
connection with reliability estimation. "Upadhyay (2000)
successfully used Gibbs sampler to analyze the posterior
surfaces on three parameter B-S distribution which at times
are difficult when using non-sample based approaches";[22],
while Tsionas (2001) gave a posterior analysis of a linear
regression model with disturbances from a logarithmic B-S
distribution. "Tsionas (2001) also noted that, posterior
distributions cannot be easily analyzed using analytical
techniques and thus proposed posterior simulation methods
using Metropolis algorithm"; [21].

Although some Bayesian estimation has been carried out by
Padgett (1982), Upadhyay (2000) and Tsionas (2001), it is
clearly noted that Bayesian estimation for the parameters or
a function of the parameters involves evaluation of a ratio of
two intractable integrals. "In this article, we apply the
Lindley (1980) Bayesian approximation method to evaluate
the Bayes estimates of the parameters for the Birnbaum —
Saunders distribution";[13] .This paper is concerned using
the two-parameter Birnbaum—Saunders model. Furthermore,
we will estimate the parameters of the mentioned model
using four methods—Maximum likelihood estimator,
Modified Moment estimator Lindley (1980) Bayesian
approximation technique estimator, and shrinkage Bayesian
estimator—depending upon the iterative numerical method
(Newton—Raphson method), and then utilized these
parameters. Finally the four proposed estimators were
compared using the mean absolute percentage error with
respect to recommend the best estimator.

2. Estimation Methods

In this section, we introduce four methods for estimation the
parameters of the Birnbaum—Saunders distribution.

2.1 Maximum likelihood estimator method (ML)

The idea behind the maximum likelihood approach to fitting
a statistical distribution to a data set is to find the
parameters of the distribution that maximize the likelihood
of having observed the data. "Assuming the data are
independent of each other, the likelihood of the data is the
product of the likelihoods of each datum"; [4] [5].

Thus, the likelihood function of two-parameter Birnbaum—
Saunders is:

L=11[f<ti .6

n n 3%
LnL=-nLn2 - nlno-— ELnB— ELn(Zn) _zanti

i=1

+ Zn: Ln(t; + B)

i=1

1 t
(@2 o
The partial derivative for equation (12) with respect to
unknown parameters a and S, respectively, are:
anL -n 1wt i
0T G0 " w Tl (-2+%)

Equating equation (13) to zero to solve this equation:

Ll():O
n
-n 1 t; B
—+— —=—=2 ) 0
a+a3Z(,8 +ti

i=1

(13)

n

1
Where s =-— t; is the arithmetic mean and r
n

i=1
n -1

1 1
= (HZ ;) is the is the harmonic mean.

1

a=(§+£—z)7
g T

Also, the partial derivative for log-likelihood w.r.t. S, is as

follows:
alnl -n ~ 1 1 v t;
LOZ:_@B 2,3 ll—ti+3+2&22(‘82 tz) (15)

Equating equation (15) to zero to solve this equation:
L02 =0

n v 1 1 ~(t 1
ARy i N (ar RN

From equations (14) and (1 6) we can write the formula as:
N - 2n

p*-B [ m
=1t Tt I, (t,+ﬁ)

1

e o ——————

e DR e

=0 (17)

— B [2r + k(B)] +r[s+k(ﬁ)] =0 (18)

Where,K([i’)z( Z(t +B)” ) ;=0

Since (18) is a non- lmear equation in 3, we shall use the
Newton-Raphson method to solve for f (see Ng et al, 2003).
Suppose that g(8) = 0 where g is a function then

g(B) = B> — Bl2r + k(B +rls + k(B) ]
=0

(14)

n

(19)
If Newton—Raphson method is instead used to solve Eq.
(2 0)we would require

g (B) —23—2T+(T—B)K B) - K(/)’) (20)
1
RLATRGY) xp—( ZZ<——z+ﬁ>) (11) K'(B) = KB Z(t +p) for =0
2nanfr(2m) 2at e p
then the Newton 1terat10n procedure
Taking the Natural for equation (11)logarithm for the above g(p)
likelihood function, so we get the following: Pns1 =Pn — g (B) n=12 ... (21)
Condition stop when |8;.1 —B;| <€ ande =0
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The two — functions fi(a)and f,(B) are the first
derivative of equation (12) with respect to unknown
parameters @ and f and respectively .

—n 1w/t 3
fi(@) = Ly 2%4‘@2(5—2"‘?)

i=1

f(ﬁ)L—+ 1+1it (23)
BTN T g T L+ p 2@ o\p b

The Jacobean matrix Jj, i 1s the first derlvatlve for

eachfunction of L;, and Ly, with respect to @ and f or it

is the second derivative of the equation (12) to the two —

parameters.

(22)

@  IA@)
| oa ap
T = ap@) 0p@) @9
0@ ap
n ~
dfila) n 3 t; B
G T dl\FTRtL (25)
~ n i=1 n
6fz(ﬁ)=L_ZL_ LV e
ap 28> L+ arpra
n
af, (&) 1 t, 1
= () @)
B ) = p* b
afz(ﬁ):_iz t 1 28)
oa asli\p?
n i=1 A
Lp=—+=) [=-2+= (29)
=" a3 I t;
i=1 t
n n
Loy = —+ LI <ti 1) (30)
01 =77 T p o2 rre
28 &+t ) 20° L ﬁA ti
n 3 t; B
LZO_?—FZ%—H;) 31)
i=1 !
n n
LOZ —LA_ tLA - 1A Z i (32)
2* &+ p)? atpis
n
L ——iz b4,z (33)
nToas 2t
i=nl
== (5-1) (31)
@ = g2t
2
L12 - ~ ti (35)
a3‘[g2 —
n 1 = 3 n
n
L3 = ——=+ 7+—Zti 36
03 B3 L (t-+ﬂ)3 2p4 - (36)
5 _2n 12 % . B 27
30-@4‘&5 E_ +tl 37)

i=1
The Jacobean matrix in maximum likelihood method
estimator must be anon — singular symmetric matrix in this
procedure because depending upon the first derivatives, so
its inverse can be found.
fi(@)

Ak+1] _ [FK] _ ;-1

[.Bk+1]_[ﬁk] Jiy £2(B)
The absolute value for the difference between the new
founded values with the initial value is the error term, it

i=12... (38)

must be a symbol by e, which is a very small value and
assumed.

Then, error term is formulated as:
[l ==
€x+1(B) Bre+1 B
where ay and (3, are the initial values which are assumed.

The asymptotic distribution for MLE of a and § is normal
with mean a and f and the covariance matrix is given by the
inverse of the expectation of the Fisher information .i.e. for a
sample of size n we have

( L[ [ e )

() *v| ()= | e
I d%InL  92InL ! | (39
\ \ \6ﬁ da 0p2 / /
Can compute the covariance matrix as
P%nl, 0%l \ az 1
-1 /E a2 aaa/z\‘ 0 ‘ 20
n 9%inL  9%InlL 0 p? a* (40)
9Boa 9B? 7+ a7 (@)
Where h(a) = ay/m/2 —me?/%[1 — & (2/a)],
@(.) is normal C.D.F.
The asymptotic variance of & is given as
52
var(&) = — 41
bar@ =5, (41)
While that of £ is given by
R 3% @?
par(f) = b (42)

n(1l + a(2m)~2 h(a))
2.2 Modified Moment Estimators (MO)

For the usual moment estimators in a two-parameter case,
the first and second population moments are equated with
the corresponding sample moments. In this case, the sample
mean and the sample variance can be equated to the right-
hand sides of (4) and (5), respectively, and the
corresponding moment estimators of @ and fScan then be
obtained as solutions of @ and £ to these equations. It can be
easily seen from these equations that if the sample
coefficient of variation is greater than v/5, then the moment
estimators do not exist. If the sample coefficient of variation
is less than \/g, the moment estimators exist; however, the
moment estimator of § may not be unique." Instead of using
(4) and (5), we propose to use (4) and (9) and equate them
with the corresponding sample estimates to obtain the

MMEs ";[14]. In this case, we have the following two
moment equations:
1
=p (1 + Ea2> (43)
1
r1 =gt (1 + Eaz) (44)

Solving Esq. (43) And (44) for @« and S , we obtain the
MMEs for @ and 8 denoted by @y and By, as
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1
A /2 X
@o = {2 [(;) - 1]} . Buo = ()2
2.3 Bayes estimators (BS)

We shall use a diffuse prior h(6) = h(a,B) «x #(see

Sinha, 1986 for the case of Inverse-Gaussian Distribution). It
is noted as in Sinha (1986) that Bayes estimates of the
parameters of the B-S (&, /) would require a derivation of
the posterior distributions of ¢ and £ which is extremely
difficult due to the complex nature of the joint posterior of (
a, ). The marginal posterior p.d.fs of @ and [ are
obtained in order to compute the corresponding posterior

elai)-
ja ({/a,ﬂ)h(a,ﬂ)dadﬂ
jah(a,ﬁ/;)dadﬂz Qj

L
L({/a,/})h (@,B)da dp

P2 [ Uz +Uio1n ]+ %2 { Ly (U16% + Uso11012 ) + Loy [
3U1611612+tU; (611622 + 26712 ) 1 + Li2 [ 3U26200,; +
U1(622611 + 26%1 ) ] Loz (U161202 + Us%) } 49)

all evaluated at MLE ( 6,0, j and where

0
p=1log V(0) : 0=(6.0,) : pj=—'0 ; Ly =
: 80,
"L oU 0 U
T Ui = U, =—"—""———a
oc'0p’ 60," " 86, 00,
6 ij - (1, )th element in the inverse of matrix {- L j}

evaluated at € =(6,,6,); i,j=12. (50)

Using Lindley’s asymptotic expansion (49), we will obtain
Bayes estimates of & and [ from (45) and (46)

respectively and compare them with the MLE’s in (18) and
(14). These estimates are not easy to obtain, need no special
tables nor does expensive computer time unless one is
conducting extensive simulation studies.

(45)
A‘(d ) Given a random sample ¢ = (Z‘l,tz, L, ) from the p.d.f
E t )= N
ﬂ/ - (2), the log-likelihood equation becomes
The observed negative of the Fisher’s information matrix is
iﬂL([/O! ’B) )dadﬂ then given by
jﬂh(a/z )dadﬂ: / Il
J.L (t/a,ﬂ)h ((Z,ﬂ) da dp [Uu Oy _ ; w g 51
Q Oy On] Lyly-LiLy | L -Ly
(46)
"Lindley (1980) suggested an asymptotic approximation to . .
the ratio of the two integrals of the form"; [13] For the diffuse prior 1
[w(0)expL(0)ao h(@):h(a,ﬁ)oc@ :
gj‘ (9) (9) 40 (47)  We have
Vif)expL
: =10gh(9)=—€n(0(,3)
where 6 = (6,.,6,,..,0,), L (8) is the log-likelihood So that
function, W(@) and V(H) are arbitrary functions of ? p, = gp 1 and
(04 o
Let W(9)= U (Q)V(Q) and V(@) be the prior distribution
op 1
of @ . From (3.3) we use the expectation of U(H) given the 2 % = _E
data f = (tl,l‘z,...,tn ) as
2.3.1 Bayes Inference on
j U(9) V(0)expL(0) d6 Y p ;
E [U(Q)/t ] = (48) If we define U= [ such that U, _ﬁ =0.
- J. V (0)expL(6)do da
U2:%= and U‘J:()’ i,j:1,2
which is the Bayes estimator of U (0) under the squared op
error loss function. then, Bayes estimate of /3 is given as:
For two — parameter case, Lindley’s (1980)
appfoximationy 13] leads to:- = E[ﬂ/; J
[ 9)/{ =U+ % [Upon + Upop + Uyoy + Unoa, -
J+pi[Uon +Upoy ]+
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(o O
21 4 22

a p

o] A

all evaluated at MLE (a , ).

A

2.3.2 Bayes Inference on &
If we let U= o such that

oa oa
U1 = — = 1 Uz = — = 0

o op
And
Uij:() 5 i,j: 1,2
then, Bayes estimate of ¢ is given as:
a' =FE T a/tlj

0, Oy I 2 2

= 0!—[ ;‘I'* ]+E{L3OO-II +3L21011012 +L12(0110'22 7L20’21)"’ L03O'12022}

(53)

A

All evaluated at MLE (@ , f3).

A

2.3 Shrinkage Bayesian (SB):

"The Shrinkage Bayesian estimator combines between the
Shrinkage and Bayesian methods"; [1]. So, we will use the
Bayesian estimator instead of MLE estimator in shrinkage
method as follows.

dsp = ApK + (1 — K)a,

Bsy = BspK + (1 — K)ﬁo} where 0 <K <1 (54)

2

~

1 2 2
:| + 5 {L3OO'110'12 + L, [ 0,0, + 207, ]+ 3L,0,,0,, + L0, }

(52)
3. Simulation Results

There are many methods of simulation (especially after the
rapid development that took place in the use of electronic
computers), which provides the time, effort ,cost and
achieve analytical solutions. Simulation is the imitation of
the operation of a real-world process or system over time.
The act of simulating something first requires a model to be
developed; this model represents the key characteristics,

behaviors of the selected physical , abstract system ,or

process. The model represents the system itself, while the
simulation represents the operation of the system over time.
Computer simulations have become a useful part of
mathematical modeling of many natural systems

in sciences .So the simulation is a type of sampling
techniques. A simulation study was carried out to compare
the performance of the Maximum likelihood estimator,
Modified moment, Bayesian estimates, Shrinkage Bayesian

estimates of the model parameters of the B-S (&, f)
distribution. If T has a B-S (¢, f) distribution then the

monotone transformation
i -®

X==
. . . . . 2
has a normal distribution with mean zero and variance ZO{

1/2

2

. A random sample from B-S (¢, f) distribution was
generated using this relationship by applying Box-Muller

Where k equals Var (@) = Gml_ e o and (1958) transformation. For our study, different sample sizes
o, 2271 and different parameter values were used. At first, we took
. ~ @ ; - -
Var(B,) = Bmi rr;l forB. sample 51'Zes as n =25, 50, 100, the shape para‘meter as 0{0
n<1+aml 2m)"Z k(@ )> 0.5, 1 while #=0.5, 1 .The process of simulation strategy is
explained the numerical results in the Tables (1-6) as below.
Table 1: Estimate parameters based on simulations when a=1 and =1
n amy amo aps asp Bui Buo Bas Bsa
25 | 0.9638 | 0.9638 | 1.0120 | 1.0010 | 1.0207 | 1.0201 | 1.0207 | 1.0025
50 | 0.9877 | 0.9877 | 1.0138 | 1.0003 | 1.0056 | 1.0059 | 1.0056 | 1.0006
100 | 0.9889 | 0.9889 | 1.0019 | 1.0001 | 1.0028 | 1.0028 | 1.0028 | 1.0001

Table 2: Estimate parameters based on

simulations when a=0.5 and =1

n Ay Ao aps s Bui Bmo Bes Bse
25 0.4867 | 0.4867 | 0.4386 | 0.4998 | 1.0044 | 1.0044 | 1.0044 | 1.0002
50 | 0.4903 | 0.4903 | 0.4674 | 0.4999 | 0.9996 | 0.9996 | 0.9996 | 1.0000
100 | 0.4965 | 0.4965 | 0.4857 | 0.5000 | 1.0021 | 1.0021 | 1.0021 | 1.0000

Table 3: Estimate parameters based on

simulations when o=1 and =0.5

n amL amo s asp BuL Buo Bss Bsg

25 1 0.9622 | 0.9621 | 1.0999 | 1.0028 | 0.5082 | 0.5081 | 0.5082 | 0.5003

50 | 0.9819 | 0.9818 | 1.0526 | 1.0007 | 0.5021 | 0.5020 | 0.5021 | 0.5001

100 | 0.9920 | 0.9919 | 1.0273 | 1.0002 | 0.5042 | 0.5042 | 0.5042 | 0.5000

Table 4: Means absolute percentage (MAPE) of estimates based on simulations (0=1 and p =1.0)

n amL Mo @ps asp BuL Buo Bss Bsg

25 1 0.1137 [0.1136 0.1267 | 0.0025 | 0.1413 | 0.1411 | 0.1413 | 0.0049

50 | 0.0783 | 0.0783 | 0.0841 | 0.0009 | 0.1018 | 0.1019 | 0.1018 | 0.0017

100 | 0.0585 | 0.0585 | 0.0600 | 0.0003 | 0.0676 | 0.0677 | 0.0676 | 0.0005
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Table 5: Means absolute percentage (MAPE) of estimates based on simulations (0=0.5 and p =1)

n Ay yo aps dsp But Bumo Bgs Bse

25 1 0.1128 | 0.1128 | 0.1778 | 0.0008 | 0.0755 | 0.0755 | 0.0755 | 0.0007
50 | 0.0818 | 0.0818 | 0.1061 | 0.0002 | 0.0528 | 0.0528 | 0.0528 | 0.0002
100 | 0.0559 | 0.0559 | 0.0639 | 0.0001 | 0.0392 | 0.0392 | 0.0392 | 0.0001

Table 6: Means

absolute percentage (MAPE) of estimates based on simulations (0=1 and § =0.5)

n| ay yo aps dsp But Buo Bgs Bse
25 1 0.1164 | 0.1163 | 0.1590 | 0.0035 | 0.1395 | 0.1402 | 0.1395 | 0.0012
50 | 0.0827 | 0.0827 | 0.0976 | 0.0011 | 0.0979 | 0.0981 | 0.0979 | 0.0004
100 | 0.0560 | 0.0560 | 0.0624 | 0.0003 | 0.0704 | 0.0706 | 0.0704 | 0.0001

4. Conclusions

As mentioned above, we have used four estimation methods
which are; Maximum likelihood, Modified Moment,
Bayesian and Shrinkage Bayesian estimators. In simulation
study, we compare the results and we find:
1. The means absolute percentage error

MAPE

1000 | o

~1000
1

0
another.

D Variant from one sample to

2. For all models (a=1 and B =1.0; a=0.5 and B =1; o=1 and
B =0.5) for estimating the fatigue life distribution parameters
a and B, and for all sample sizes (n=25, 50,100), the
Shrinkage Bayesian estimator is the best among all proposed
estimators in the sense of mean absolute percentage error
(MAPE), and then Maximum Likelihood estimator,
Modified Moment estimator and Bayesian estimator is the
last one.
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