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1. Introduction
Let 3 denote the class the class of functions of the form
1 - .
flz)=—+ Z a,z
z n=1

which are regular in domain E = {z :0 < |z| < 1} with a
simple pole at the origin with residue 1 there.

(1.1)

Let X, 3" (&) and % (@) (0 < a < 1) denote the subclasses
of 2'that are univalent, moromorphically starlike of order a
and meromorphically convex of order o respectively.
Analytically f(z) of the form (1.1) is in 3~ (a) if and only if

Similarly, f € 3 (@) if and only if, f(z) is of the form (1.1)

and satisfies
Re{— (1 + Zf:'(Z)j} >a,zeE (1.3)
/')

1
It being understood that if o = 1 then f (Z) = — is the only
z

}>a, zeE (1.2)

function which is X7 (1) and %} (1).

The classes X" () and 3 (@) have been extensively studied
by Pommerenke [5], Clunie [1], Royster [6] and others.

Since to a certain extent the work in the meromorphic
univalent case has paralleled that of regular univalent case, it
is natural to search for a subclass of 3 that has properties
analogous to those of 7" (). Juneja and Reddy [3]
introduced the class 2, of functions of the form (1.1) that are
meromorphic and univalent in £. They showed that the class

>, (@)=, 0> (o).

Also, Mogra, Reddy and Juneja [4] introduced the class of
meromorphically starlike function of order « and type S

which is denoted by Zp (0( P ) They showed that the class

2, (@8)=2,0% (@h)

and extended some of the results of Juneja and Reddy [3] to
this class..

The aim of the present paper is to introduce the class
O'p( a, ,&) consisting the functions of the form (1.1)

which satisfies the condition

z f'(z)

=S

) (75
f(z) f(z)

1
whereOSa<1,0<ﬂS1and§<§Sl.

< B for | < 1.

We find a necessary and sufficient condition , coefficient
inequality, distortion properties and radius of convexity and
other properties. The results of this paper is generalize the
results of Mogra, Reddy and Juneja [4].

2. Main Results

Definition 2.1: o ,( @, 8,&) denote the subclass of X

consisting of  the functions of  the form

f(Z) = l + i anz” which satisfies
z

n_Zf,(Z) +1
/()

1
whereO£a<1,0<,BSland§<§Sl.

< B.lz<1.
IJ
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3. Coefficient Estimates 1 & .
Theorem 2.1: Let f(Z)Z —+ Z a,z  be regular in E.

The following theorem give a sufficient condition for a Z  n=l

function to be in z* (a’ﬂ,g). if
3 1
> [(1-B+2pE)n+(2aé~1) f+1] oz

n=1

a)la,|<

0<a<1,0<p<1,0>0 and%<§§l,thenfe Z*(a,ﬂ,ﬁ,a).

Proof: Suppose (2.1) holds for all admissible values of «,
and & Consider the expression

H(f,f) =l f (2)) + £ (2)|- BRE (2" (2) +af (2)) (2" (2)+ £ (2)) | @)

Replacing f{z) and f”(z) by their series expansions, we have for 0 <|z| =r < 1.

H(f 1) =3 (n+1)a,z"|- DS eent2éa-n-1)az
rH(f,f’)Si(nH) ) r"”—,B{Zg‘(l—a)—i::(2§n+2§a—n—1)|an|r””}

[-B+28&n+(Q2aé-1) "_2BE(1-a)

Ms

Since the above inequality holds for all r, 0 <r <1, letting r = 1, we have
H(f, )<= B+2B8 &) n+(2aé -1)p+1]|a,|-28 E(1-a)
n=l1

<0,
by (2.1). Hence it follows that

o esed Tl

so that f & z (o, B, &). Hence the theorem.

+1

1 0
Theorem 2.2: Let f(z) =_+Zan2"»an > 0,be regular in £ Then f(z)e o,(a,fB,&) if only if (2.1) is
n=1

satisfied.

Proof: In view of theorem 2.1 it is sufficient to show that ‘only if” part. Let us assume that

=—+Zan z,,a, 20is in o, (a, f,&) Then

Z;((ZZ))H _‘ g(nJrl)anz" y
25@(;))”}_(2; '((ZZ))HJ _‘25(1—0:);—2(25 n42Ea—n—1a,z

for all z € E. Using the fact that Re(z) <|z| for all z.
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It follows that

Z (n + l)anz"
Re 1 e <pf, ze E.(23)
26(1~a)- =Y. (2 n+2Ea—n—1)a,z"
z n=1
| 2f'(z) | o |
Now choose the values of z on the real axis so that f ( ) is real. Upon clearing the denominator in (2.3) and letting z > 1.
z

through positive values, we obtain

n=1

or

n=1

S (n+1), < ﬁ{Zé(l—a)—i (2§n+2§a—n—1)an}

> [(1-B+28m+(2as 1) +1la, <2£(1-a)

n=1

Hence the result follows.
Corollary 2.1: If f(z) € o,( a,B,&) then

a < 2p¢(1-a) Con=12,.
" (1= 2B+ (2aE ~1)B +1
24
with equality for each n, for function of the form
f,,(Z)=l+ 2¢(1-a) o
(1- B+2BEm+(2aé -1)B+1
(2.5)

Remark 2.1:1If f(z) e o,( a,pB,]) ie,replacing &= 1,

we obtain

a < 2p(1-a) C on=123......
"1+ B+ (2a-1)p+1
Equality holds for
2p(1-a) :

1
flz)=—+ z
) z (1+B)h+Qa-1)p+1
which is known result of Mogra, Reddy and Juneja [4].
Remark 2.2: If f(z)e o ,(all)ie, replacing p = 1
and £ = 1. We obtain

(i=a)

n b

n+aoa
with equality, for each n, for functions of the form.

fe)= 42

z n+a
which is known result of Jeneja and Reddy [3].

a

n

z

4. Distortion Property and Radius of Convexity
Estimates

Theorem 2.3: 1If f(z) € o ,( @, B,&), then for 0 <|z[=r

<1

1 pi-a) 1, pdi-a)
r 1—,8[1—(1+a)§]r£|f(2)‘s P Al (+ )]
gﬁ?re equality holds for the funciton

1, pi-a)
fle)=2+ - All-(1+ )]
Proof: Suppose f(z) e o ,(a,B,&). In view of

Theorem 2.2
We have

2 pE(1-a)
29 S Al (v ae]

Thus for 0 < |z| =r<1.

Z. Atz=ir,r(2.7)

|f(zx = lJri:anz” < 1 +ian2” 2"
Z  p=l z n=1
Sl+rm a,
r n=l1
L pei-a)

<—+4+ r,
ro1-pll-(+a)]
by (2.8). This gives the right hand inequality of (2.6).
Also,

I & 1 -«
|f(zX2——Zanr2—— ’35( ) r
P T 1= pll-(+ak]
which gives the left hand side of (2.6).
It can be easily seen that the function fi(z) defined by (2.7) is
extremal for the theorem.

Theorem 2.4: If fiz) is ino,(a,f,&), then fiz) is
meromorphically convex of

5(0S5<1) n |Z| < Vzr(a,ﬂ,f,é‘),where

order
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[=8)N0- g2 m+ a1
r(a’ﬂ’é’g)_“}f{ 2BE(1—a)n(n+2-6) > n=b2

The bound for |z| is sharp for each n, with the extremal  \pere }”(0[, ﬂ’ 95,5) is as specified in the statement of the

function being of the form (2.5). theorem

. . . . !
Proof: Let £(2) e O_p( a, ;Ba f) Then, by Theorem 2.2 Substituting the series expansions for f (Z) and

i (1= B+28Em+ (208 -1) +1] < (zf ’(z))’ in the left side of (2.10) we have
= 284(1~a) “E | &
> n(n+1)a,:z > n(n+1)a,|z

+1

2.9)

It is sufficient to show that n:11 o 1 <= i
" -+ na z" 1- na,|z
2+Zf,(Z)£1-5 for |Z|<r(a,ﬂ,§,5) z* ; ' nel
1'(2) This will be boundec(1 by (1-0) if)
or equivalently, to show that > pln+r2-05 el
, PN > ————a, <1. @.11)
VAGEEHC)| PR 2 i
@
for |z| < r(a, B.£,6)
In view of (2.9), it follows that (2.11) is true if
nn+2-0) o (U=fr2PerQas=f+l )y
1-6 2BE(1-a)
(1/n+1)
|| < (1=0)L-p+2pchn+ (205 ~1)p+1 n=1, 2,....2.12)
2BE(1-a)n(n+2-5)
setting |2 =r(a, B,&,5) in (2.12), the result follows. £ (2)= 1 2601 -a) o

- z+( "B 2B+ ac—)p+1

Corollary 2.2: If f € o,(, B,1), then fis convex in the
disk

o Ja=oNas i+ a—n)p+]| "
O<|Z|<r(a,ﬁ,§,5)—1r}1f{ 2Bl +2-5) n=1,273,...

The result is sharp, the extremal function being of the form

The result is sharp for 1 1-a
1 2'3(1_“) f, (Z)=—+ z" for some n.
fn( )=— z" for some n. z nta
(1 + ﬁ)n + (20{ - l)ﬂ +1 This is due to Juneja and Reddy [5].

This is due to Mogra, Reddy and Juneja [4]. ) ] )
5. Convex Linear Combinations

Corollary 2.3: If feap(a,l,l) then f s

meromorphically convex of order In this section we shall prove that the class T, (a,B,8) is

5(0<s<1) in |[<r=r(a,0) closed under convex linear combinations.
it (n n Ol)(l . 5) 1/n+1 1o Theorem 2.5: Let fo(z) :é and
" n(n+2—5)(1—a) ’ >

The result is sharp for
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_1 2p5(1-a) o
f(z)= 2 (1= B+2B8n+2ac-1)+1

Then

Then f(Z)EGp(a,ﬂ,f) if and only if, it can be

expressed in the form

f(Z)znZ:; /'],nfn(z)where A, 20 andi A =1 :\‘l_iln fo(z)+zw: ﬂ'nfn(z

n=0

Proof: Let f(Z):i ﬂnfn(z) with /InZO and

n=0
S 2, =1

n=0

:{1_51/1"}}2 l”BJF(1—/3+2ﬁ2§ﬂ)i(iz202§—1)ﬂ+12n}

n=1 n=l1
:l_’_i /’in 2ﬂ§(l_a) Zn
z (=g +28En+2as-1)B+1
since

i (1—,[)’+2ﬁ§)n+(2a§—l)ﬁ+ll 2B(1-a)
2p¢(1-a) "(1-p+2pEn+(2aE -1)p+1

© [4]M.L. M , T.R. Redd d O.P. Juneja M hi

= Z ﬂ,n =1- Z’o <. univalen(zgr?unctions ewii/hanpositive u(?:é?ﬁci:;?;? 0%)ulllc.
=1

Conversely, suppose f(Z) eo,(a,p,8). Since

Austral. Math. Soc. 32, (1985) 161-176.

[5]Ch. Pommerenke, On meromorphic starlike functions,
Pacific J. Math. 13 (1963) 221-235.

[6]W.C Royster, Meromorphic starlike multivalent
functions, Trans. Amer. Math. Soc.107 (1963). 300-308.

) (1 ) [7TH. Silverman, Univalent functions with negative
a < 'B§ —a ,n=1,2,.... coefficients, Proc. Amer. Math. Soc. 51(1975), 109-116.
T (-B+28En+(2aé 1) +1
Setting
A= (1—,8+2ﬂ§)n+(2a§—1)ﬁ+lan, s
2p5(1-a)
...... and A4, =1- A,
n=0

it follows that f(Z): i ﬂnfn(z).
n=0

This completes the proof of the theorem.
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