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Abstract: In this paper, we studied the effects slip on the peristaltic flow of a Carreau fluid in a two dimensional channel under the 

assumptions of low Reynolds number and long wavelength. The flow is investigated in a wave frame of reference moving with velocity of 

the wave. The perturbation series in the Weissenberg number ( 1We ) was used to obtain explicit forms for velocity field, pressure 

gradient per one wavelength. The effects of various pertinent parameters on the pressure gradient and pumping characteristics are 

discussed through graphs in detail. 
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1. Introduction 
 
Many authors have studied the analysis of the mechanisms 
for peristaltic transport of non-Newtonian fluids. Srivastava 
and Srivastava (1985) have investigated the effects of 
power- law fluid in uniform and non - uniform tubes under 
zero Reynolds number and long wavelength approximations. 
Siddiqui and Schwarz (1994) have investigated the 
peristaltic flow of a second order fluid in a tube and have 
used a perturbation method to second order in dimensionless 
wave number. The Carreau fluid model is a four parameter 
model. El-Misery et al. (1996) have investigated the 
peristaltic transport of carreau fluid through a uniform 
channel, under zero Reynolds number and long wave length 
approximations. Elshehawey et al. (1998) have investigated 
the peristaltic transport of Carreau fluid through a non 
uniform channel, under zero Reynolds number and long 
wavelength approximations. Abd El Hakeem and El-Misiery 
(2002) have investigated the peristaltic pumping of Carreau 
fluid in the presence of an endoscope. Separation in the flow 
through peristaltic motion of a Carreau fluid in uniform tube 
is discussed by Abd El Hakeem et al. (2004). Ali and Hayat 
(2007) have studied the peristaltic flow of a Carreau fluid in 
an asymmetric channel.  
 
Fluid dynamics of magneto hydrodynamic (MHD) fluid has 
from historic times been the object of scientific and 
engineering research. Also, it is known that most of the 
physiological fluids are non-Newtonian fluid. Specifically, 
the non-Newtonian fluids in the presence of a magnetic field 
are very useful in magneto-therapy. The controlled 
application of low intensity and frequency pulsing magnetic 
fields modify the cell and tissue behavior. Moreover, the 
non-invasive radiological test that uses a magnetic field (not 
radiation) to evaluate organs in abdomen prior to surgery in 
the small intestine (but not always). Hence magnetically 
susceptible of chyme can be satisfied from the heat 
generated by magnetic field or the ions contained in the 
chyme. The peristaltic flows of magneto hydrodynamic 
(MHD) fluid have been studied by stud et al. (1977), 

Srivastava and Agrawal(1980), Agrawal and Anwaruddin 
(1984), Mekheimer (2004), Shahed and Horoun (2005), 
Siddiqui et al. (2004) and Hayat et al. (2005). 
 
All the above investigations on peristaltic transport have 
been made taking into account the classical no- slip 
boundary conditions. However, in several applications, the 
flow pattern corresponds to slip flow and the fluid presents a 
loss of adhesion at the wetted wall making the fluid slide 
along the wall. Flows with slip would be use full for 
problems in engineering, for example flows through pipe in 
which chemical reactions occur at the walls, two phase flow 
in porous slider bearings. The initial work on slip boundary 
conditions were done by Beaver and Joseph. The theoretical 
justification of the boundary conditions of Beaver and 
Joseph was given by Saffman and proposed improved 
boundary conditions. El Sehaway et al. (2006) have 
discussed the effect of slip on the peristaltic motion of a 
Maxwell fluid in a channel. The effects of slip and non- 
Newtonian parameters on the peristaltic flow of a third grade 
fluid in a circular cylindrical tube were investigated by Ali 
et al. (2009). Chaube et al. (2010) have studied the slip 
effects on the peristaltic flow of a micropolar fluid in a 
channel.   Effects of slip and induced magnetic field on the 
peristaltic flow of pseudoplastic fluid were analyzed by 
Noreen et al. (2011). Recently, Subba Reddy et al. (2012) 
have investigated the slip effects on the peristaltic transport 
of a Jeffrey fluid through a porous medium in an asymmetric 
channel under the effect magnetic field. 
 
In view of these, we studied the effects slip on the peristaltic 
flow of a Carreau fluid in a two dimensional channel under 
the assumptions of low Reynolds number and long 
wavelength. The flow is investigated in a wave frame of 
reference moving with velocity of the wave. The 
perturbation series in the Weissenberg number ( 1We ) 
was used to obtain explicit forms for velocity field, pressure 
gradient per one wavelength. The effects of various pertinent 
parameters on the pressure gradient and pumping 
characteristics are discussed through graphs in detail. 
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2. Mathematical Formulation 

 
We consider the two-dimensional flow of an incompressible 
Carreau fluid in a two dimensional channel with flexible 
walls. It is assumed that the progressive sinusoidal waves 
propagate along the walls of the channel. The fluid subjected 
to a constant transverse magnetic field. Induced magnetic 
field, external electric field, electric field due to polarization 
of charges, heat due to viscous and joule dissipation are 
neglected. The equation of the channel wall is given by 

2( , ) cos ( )Y H X t a b X ct



    ,     (2.1) 

where , ,b c  and a are amplitude, wave length, phase 
speed of the wave, mean-half width of the channel 
respectively, t is the time and  ,X Y  are the Cartesian co-
ordinates. Fig.1 represents the physical model of the 
channel. 

 
Figure 1: The physical model 

 
We introduce a wave frame of reference ( , )x y  moving 
with the velocity c in which the motion becomes 
independent of time when the channel length is an integral 
multiple of the wave length and the pressure difference at 
the ends of the channel is a constant (Shapiro et al., 1969). 
The transformation from the fixed frame of reference 
 ,X Y to the wave frame of reference ( , )x y is given by  

,   ,   ,    x X ct y Y u U c  
,   ( ) ( , ) v V p x P X t  (2.2) 

where ( , )u v  and ( , )U V  are the velocity components, p  
and P  are pressures in the wave and fixed frames of 
reference respectively. 
 
The constitute equation for a Carreau fluid (given in Bird et 
al., 1977) is 

    
1

2 2
0 1

n

     



 

 
      

  

 

     
(2.3) 

where   is the extra stress tensor,   is the infinite shear 

rate viscosity, 0  is the zero shear rate viscosity,   is the 

time constant, n is the dimensionless power-law index and 
  is defined as  

1 1
2 2ij ji

i j

              (2.4) 

here   is the second invariant of strain-rate tensor. We 
consider in the constitutive      Eq. (2.3) the case for which 

0   and so we can write  

  
1

2 2
0 1

n

   



      .               (2.5) 

The above model reduces to Newtonian model for 1n   
(or) 0   
 
The equations governing the flow in the wave frame of 
reference are 

0u v

x y

 
 

   
                   (2.6) 

2
0 ( 1)yxxxu u p

u v B u
x y x x y


 

    
       

     
(2.7) 

xy yyv v p
u v

x y y x y

 


    
     

     
   (2.8) 

where   is the density,   is the electrical conductivity and 

0B  is constant transverse magnetic field. 
Introducing the non-dimensional variable defined by 

,   ,   ,   ,   ,    
x y u v a

x y u v
a c c


  

 

2

0 0

,   , ,   ,   xx xx

pa H ct
p h t

c a c


 

   
 

0 0 0

,   ,   Re ,  xy yyxy yy

a a ac

c c


   

    

,   ,   ,
  




c a q
We q

a c ac


   (2.9) 

where Re  is the Reynolds number and is the wave 
number, into the equations (2.6) – (2.8) (dropping bars), we 
get 

0u v

x y

 
 

 
    (2.10) 

Re   
 

  

u u
u v

x y
   

2
21 1 ( 1)

  
       

    

yxxxp
M u

x x y Da



 
 

                                                                              (2.11) 

3Re   
 

  

v v
u v

x y
 .   

2 2 
    
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xy yyp
v

y x y Da

  



 (2.12) 

Where 
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and 0
0

eM a H





  is the Hartman number.  

Under lubrication approach, neglecting the terms of order 
  and Re, we get  

t
2

2 211 ( 1)
2

p n u u
We M u

x y y y

       
      

       

 (2.13) 

0p

y





       (2.14) 

The corresponding boundary conditions in wave frame of 
reference are given by 

3
21 1

2
u n u

u We
y y


     

      
       
at 1 cos2y h x    ,   (2.15) 

0u

y





 at 0y  .     (2.16) 

Equations (2.13), (2.14) indicate that ( )p p y . Therefore 
Eq. (2.13) can be rewritten as 

2
211

2

        
     
        

dp n u u
We

dx y y y
, 2 ( 1) M u  

 (2.17)

 
The volume flow rate q in a wave frame of reference is 
given by 

0

h

q udy  .                 (2.18) 

The instantaneous flux ( , )Q X t  in the laboratory frame is 

0 0

( , ) ( 1)
h h

Q x t udy u dy q h      . (2.19) 

The time average flux over one period T
c

 
 
 

 of the 

peristaltic wave is 
1

0 0

1 ( ) 1
T

Q Qdt q h dx q
T

      . (2.20) 

 
 
 

3. Solution  
 
For perturbation solution, we expand ,u q and p  as  

2 4
0 1 ( )u u We u O We             (3.1) 

2 4
0 1 ( )q q We q O We     (3.2) 

2 4
0 1 ( )p p We p O We     (3.3) 

 
Substituting these equations in the Eq. (2.17) and in the 
boundary conditions (2.15) and (2.16), we get 
 

(i) System of order 
0We  

2
20 0

02 ( 1)dp u
M u

dx y


  


.  (3.4) 

 
The boundary conditions are 

0
0 1u

u
y




  


 at y h                (3.5) 

0 0u

y





 at 0y            (3.6) 

(ii) System of order 
2We  

32
201 1

12

1
2

udp u n
M u

dx y y y

     
     
       

 (3.7) 

The boundary conditions are 
3

01
1

1 1 0
2

uu n
u

y y

    

       
     

at y h  (3.8) 

1 0u

y





 at 0y                  (3.9) 

 

(iii) Solution for system of order 
0We  

 
Solving Eq. (3.4) and then using the boundary condition 
equations (3.5) and (3.6), we get 

0
0 2

1

1 cosh 1 1
 

   
 

dp My
u

M dx A
 (3.10) 

where 1 cosh sinhA Mh Mh   and the volume flow 

rate 0q  is given by    

0 1
0 0 30

1

sinh1h dp Mh MhA
q u dy h

M dx A

 
   

 
 (3.11) 

 
From Eq. (6.3.11), we get 

3
0 1 0

1

( )
sinh

dp A q h M

dx Mh MhA





.            (3.12) 

 

(iv) Solution for system of order 
2We  

 
Solving Eq. (3.7) using the Eq. (3.10) and the boundary 
conditions (3.8) and (3.9), we get 
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1
1 2

1

1 cosh 1
 

  
 

dp My
u

M dx A
     

 
3 5

0
14 3

1

cosh cosh 33 1
64

4 sinh

 
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  

A My
Myn dp

A
M A dx

My My

 (3.13) 

where 2 cosh3 4 sinhA Mh Mh Mh  , 
2

3 3 sinh 3 4 sinh 4 coshA M Mh M Mh M h Mh   , 

3
4

32 sinh
3

A M Mh   and 5 2 3 4A A A A     .  

and the volume flow rate 1q  is given by    

1 10
 

h

q u dy   

 
 

3
6 01

13 5 4
1 1

11 sinh
64
  

    
 

n A dpdp
Mh MhA

A M dx M A dx
 

                                                                     (3.14) 
where 6 5 13 sinh sinh3 A A Mh A Mh  

1 112 cosh 12 sinh MhA Mh A Mh  
 
From Eq. (3.14) and Eq. (3.12), we have 

   
373

6 01 1 1
4

1 1

1
(sinh ) 64(sinh )

n A M q hdp q M A

dx Mh MhA Mh MhA

 
 

 
  

(3.15) 
Substituting from Equations (3.10) and (3.13) into the  

Eq. (3.1) and using the relation 20 1dp dpdp
We

dx dx dx
 

 
 and neglecting terms greater than  2O We , we get 

 

3
1

1

( )
sin

 
  

M A q hdp

dx Mh MhA
  

 

7 3
2 6

4
1

( 1) ( )
64 sin

 
 

 

A n M q h
We

Mh MhA
      (3.16) 

The dimensionless pressure rise per one wavelength in the 
wave frame is defined as 

1

0

dp
p dx

dx
                     (3.17) 

 
4. Results and Discussions 

 

Fig. 2 shows the variation of axial pressure gradient 
dp

dx
 

with We  for 0.6  , 1M  , 0.1   and 0.4n  . It 

is found that, the axial pressure gradient 
dp

dx
decreases with 

increasing We .  

The variation of axial pressure gradient 
dp

dx
 with n  for 

0.6  , 1M  , 0.1  and 0.1We   is shown in Fig. 
3. It is observed that, the axial pressure gradient 
dp

dx
increases with increasing n .  

 

Fig. 4 depicts the variation of axial pressure gradient 
dp

dx
 

with   for 0.6  , 1M  , 0.1We   and 0.4n  . It 

is found that, the axial pressure gradient 
dp

dx
decreases with 

an increase in .  
 

The variation of axial pressure gradient 
dp

dx
 with M  for 

0.6  , 0.1We  , 0.1  and 0.4n  is depicted in 
Fig. 5. It is noted that, the axial pressure gradient 
dp

dx
increases with increasing M .  

 

Fig. 6 illustrates the variation of axial pressure gradient 
dp

dx
 

with   for 0.1We  , 1M  , 0.1   and 0.4n  . It 

is observed that, the axial pressure gradient 
dp

dx
increases 

with an increase in  .  
 
The variation of pressure rise p  with time-averaged 

volume flow rate Q  for different values of We  with 
0.6  , 1M  , 0.1   and 0.4n   is presented in 

Fig. 7. It is found that, the time-averaged volume flow rate 
Q  decreases with increasing We  in the pumping region, 
while it increases with increasing We  in both the free 
pumping and co pumping regions.  
 
Fig. 8 shows the variation of pressure rise p  with time-

averaged volume flow rate Q  for different values of n  with 
0.6  , 1M  , 0.1   and 0.1We  . It is observed 

that, the time-averaged volume flow rate Q  increases with 
increasing n  in the pumping region, while it decreases with 
increasing n  in both the free pumping and co pumping 
regions. Further, it is observed that, the pumping is more for 
Newtonian fluid  1n   than that of Carreau fluid.  
 
The variation of pressure rise p  with time-averaged 

volume flow rate Q  for different values of   with 
0.6  , 1M  , 0.1We   and 0.4n   is presented in 
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Fig. 9. It is found that, the time-averaged volume flow rate 
Q  decreases with increasing   in both the pumping and 
free pumping regions, while it increases with increasing   

in the co pumping region for chosen  0p  .  
 
Fig. 10 depicts the variation of pressure rise p  with time-

averaged volume flow rate Q  for different values of M  
with 0.6  , 0.4n  , 0.1   and 0.1We  . It is 

observed that, the time-averaged volume flow rate Q  
increases with increasing M  in the pumping region, while 
it decreases with increasing M  in both the free pumping 
and co pumping regions.  The variation of pressure rise p  

with time-averaged volume flow rate Q  for different values 
of   with 0.4n  , 1M  , 0.1   and 0.1We   is 
presented in Fig. 11. It is noted that, the time-averaged 
volume flow rate Q  increases with increasing   in both the 
pumping and free pumping regions, while it decreases with 
increasing   in the co pumping region for chosen 

 0p  .  

 
5. Conclusion 
 
In this chapter, we studied the influence of slip on the 
peristaltic flow of a carreau fluid in a planar channel with 
the effect of a magnetic field under the assumptions of long 
wavelength and low-Reynolds number assumptions. It is 
observed that, the axial pressure gradient and time averaged 
flux in the pumping region increases with increasing ,n M  
and  , whereas they decreases with increasing We  and  .   
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Figure 2: The variation of axial pressure gradient 
dp

dx
 with 

We  for 0.6  , 1M  , 0.1  and 0.4n  . 

 

Paper ID: ART20171038 358



International Journal of Science and Research (IJSR) 
ISSN (Online): 2319-7064 

Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391 

Volume 6 Issue 3, March 2017 

www.ijsr.net 
Licensed Under Creative Commons Attribution CC BY 

 

Figure 3: The variation of axial pressure gradient 
dp

dx
 with 

n  for 0.6  , 1M  , 0.1  and 0.1We  . 

 

Figure 4:  The variation of axial pressure gradient 
dp

dx
 with 

  for 0.6  , 1M  , 0.1We  and 0.4n  . 
 

 

Figure 5: The variation of axial pressure gradient 
dp

dx
 with 

M  for 0.6  , 0.1We  , 0.1  and 0.4n  . 

 

Figure 6: The variation of axial pressure gradient 
dp

dx
 with 

  for 0.1We  , 1M  , 0.1  and 0.4n  . 

 

Figure 7: The variation of pressure rise p  with time-

averaged volume flow rate Q  for different values of We  
with 0.6  , 1M  , 0.1   and 0.4n     

 
Figure 8: The variation of pressure rise p  with time-

averaged volume flow rate Q  for different values of n  
with 0.6  , 1M  , 0.1  and 0.1We  . 
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Figure 9: The variation of pressure rise p  with time-

averaged volume flow  rate Q  for different values of   
with 0.6  , 1M  , 0.1We  and 0.4n  . 

 
Figure 10: The variation of pressure rise p  with time-

averaged volume flow rate Q  for different values of M  
with 0.6  , 0.1We  , 0.1  and 0.4n  . 

 
Figure 11: The variation of pressure rise p  with time-

averaged volume flow rate Q  for different values of We  
with 0.6  , 1M  , 0.1  and 0.4n  . 
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