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1. Introduction

The notion of a partial metric space was introduced by
Matthews [9] as a part of the study of denotational semantics
of data ow networks. In fact, it is widely recognized that
partial metric spaces play an important role in constructing
models in the theory of computation and domain theory in
computer science.

Matthews [9] and Romaguera [11] and Altun et al. [2] proved
some fixed point theorems in partial metric spaces for a
single map. For more works on fixed, common fixed point
theorems in partial metric spaces, we refer [1-12]). The aim
of this paper is to study Suzuki type unique common tripled
fixed point theorem for four maps satisfying a v - ¢
contractive condition in partial metric spaces.

First we give the following theorem of Suzuki [15].

Theorem 1.1. (See [15]): Let (X, d) be a complete metric
space and let T be a mapping on X. Define a non - increasing

function 0 from [0, 1) onto (% ] by

1 if OSrs\/gZ_l,

o =110 if J§—1Sr£j;,
r 2 2
Lo Lora
1+r 2

Assume that there exists r € [0, 1) such that

A(rd(x,Tx) <d(x,y) implies d(Tx,Ty) <rd(x,y)
forall X,y € X.

Then there exists a unique fixed point z of T .

Moreover limT"x =z forall X € X.

nN—o
First we recall some basic definitions and lemmas which play
crucial role in the theory of partial metric spaces.

Definition 1.4. (See [1,9]) A partial metric on a honempty

set X is a function p: X x X — R"such that for all
X,y,2€e X

(p)x =y < p(x,x) = p(x,y) = p(y, ),

(p2) P(X,X) < p(x,y), p(Y,Y) < p(x, y),
(p3)p(x,y) = p(y, X),

(p4)p(x,y) < p(x,2) + p(z,y) - p(z,2).

The pair (X, P) is called a partial metric space (PMS).

If p is a partial metric on X, then the function
p*: X x X — R" given by

P* (%, y) =2p(X,y) = p(x,X) = p(y,y), (11)

is a metric on X.

Example 1.5. (See e.g. [9]) Consider X = [0, o) with
p(x,y) = max{x, y}.Then (X, p) is a partial metric space.
Itis clear that p is not a (usual) metric. Note that in this case

p*(x,y) =[x~y}

Example 1.6. Let X = {[a, b]:a,b eR,a< b} and define
p( [abl,[c,d] ) = max{b,d} — min{a,c}. Then (X,p) is a
partial metric space.

We now state some basic topological notions (such as
convergence, completeness, continuity) on partial metric
spaces (seee.g. [1,2,7,8,9].)

Definition 1.7.
(i) A sequence {Xn} in the PMS (X, p) converges to the

limit X if and only if
p(x, x) = lim p(x, X, ).
n—oo
(ii) A sequence {Xn} in the PMS (X, p) is called a Cauchy

sequence if
lim p(X,,X,,) exists and is finite.
n,m—oo

(iii) A PMS (X, p) is called complete if every Cauchy

Volume 6 Issue 2, February 2017

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: NOV164622

DOI: 10.21275/NOV164622 75



International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

sequence {Xn} in X converges with respect to T, , t0 a
pointX € X suchthat p(x,x) = lim p(x,,X,)
n,m—oo

The following lemma is one of the basic results in PMS([1, 2,
7,8, 9)).

Lemma 1.8.

(i) A sequence {Xn} is a Cauchy sequence in the PMS (X,
p) if and only if it is a Cauchy sequence in the metric space
(X, p*).

(if) A PMS (X, p) is complete if and only if the metric space
(X, p°)is complete.

Moreover lim p*(x,x,) =0< p(x,x) =lim p(x,x,) = lim p(X,,X,).

Next, we give two simple lemmas which will be used in the
proof of our main result. For the proofs we refer to [1].

Lemma 1.9.
Assume X, —>Zas n — o in a PMS (X, p) such

that p(z,z)=0. Then  p(z,y)=lim p(x,,Y) for

everyy € X.

Lemma 1.10. Let (X, p) be a PMS. Then
(A) If p(x,y) =0thenx =,
(B) If x #Yy, then p(x, y) > 0.

Remark 1.11. If x =y, p(x, y) may not be 0.

Definition 1.12. Let ¥ be the set of all altering distance
functions v : [O, oo) - [O, oo)

such that

(i) w is continuous and non - decreasing.

(ii) () =0ifand only ift = 0.

Definition 1.13. Let ® be the set of all functions
0. [O, oo)—) [0, oo) such that

(i) ¢@ is continuous .

(i) ¢ () =0ifand only ift=0.

Defnition 1.14. [14] An element (X, y,2) € X X X xXis
called

(i) a tripled coincident pointof F: X x X xX — Xandf:
X =>Xif &x=F(x,y, 2), fy = F(y, z, X) and fz = F(z, x, y),
(if) a common tripled fixed point of F: X xX xX — X
and f: X —=>Xif

x=fX=FXV,2),y=fy=F(y, z,x)and z = fz = F(z, X, y).

Defnition 1.15. [14] The mappings F : X x X xX— X and
f: X —X are called w - compatible if f(F(x, y,z)) = F(fx,
fy,fz), f(F(y, z,x)) = F(fy, fz, fx) and f(F(z, x,y)) = F(fz,fx,fy)

whenever fx = F(X, y, z), fy = F(y, z, X) and fz = F(z, X, y).
Now we prove our main result.

2.Main Result

Theorem 2.1. Let (X, p) be a partial metric space and let S,

T: X xX xX — Xand f, g: X — X be mappings
satisfying

(2-1-1)%min{p(fx,s(x,y.z»,p(gu,T(u,v,W))}Smax{p(fx,gux p(fy,gv), p(fz, gw)|

%min{p(fyls(y,z,x)),D(QV,T(V,W,U))}Smax{p(fx,gu), p(fy,gv), p(fz,gw)}

%min{ p(fz,S(z,x,y)), p(gw,T (w,u,v))} < max{p( fx, gu),

implies that

p(fy,gv), p(fz,gw)}

w(P(S(XY,2),T(U,v,w))) <w(M(X,y,2,u,v,W)) (M (X, y, Z,u,v,W)),
forallx,y,z,u,v,winX, where iy € Wand ¢ € ® are functions and

p(fx,qu),

p(fx S(x,y,2)),
p(fz,5(z,x,y)),
p(gV. T (v,w,u)),

M (X, Y, Z,u,V, W) = max %[p(fx,T(u,V,W))+ p(gu,S(x,Y,2))}
%[p(fy,T(V,W,u))+ p(av,S(y,z,x))}

%[p(fz,T(w,u,v))+ p(gw,S(z,%, y))]

p(fy.gv), p(fz gw),

P(fy,S(y, 2, %)),
P(gu,T (u,v,w)),
P(gw, T (w,u,v)),
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(2.1.2) S(X xX xX) < g(X), T(X xX xX) < f(X), S(Xan, Yan + Z2n )= GXans1 = Uan,
(2.1.3) either f(X) or g(X) is a complete subspaces of X, S(Yan, Zan , Xon )= QY2n+1 = Van,
(2.1.4) the pairs (f, S) and (g, T) are weakly compatible. S(z2n, Xan » Yan )= 9Zans1 = Wan,
Then S, T, f and g have a unique common tripled fixed point  T(Xzn+1, Yan+1, Zzn+1)= PXons2 = Uznas,
of the form (o, at, ) € X x X x X Tansa, Zanva, Xone™ WYanez = Vanes,

. . T(zon+1, Xon+ = fZones =Wopeg, N=0,1,2, - - -
Proof: Let Xo Yo, Zo € X be arbitrary points in X. From (Zanes, Yo, Yo T2one2 = Woney

(2.1.2), there exist sequences of {x,} , {yn} . {z}, {un} {Vo}
{w,} in X such that
For simplification we denote

I:an = max{p(un’unﬂ)’ p(vn’Vn+1)1 p(Wn’WnJrl)}'
Clearly

1 { p( fX2n1S(X2n’ y2n’ZZn))1

=min <max{p( Xy, o)y P(FYors o)y P25, 92,0.0) )
p(gX2n+l1T(X2n+1’ Yanias Zmu))} { 2 2n+1 2 2n+1 2 2n+1 }‘

2

From (2.1.1), we

V/( p(S(XZn ' y2n ' ZZn )1T(X2n+lf y2n+1' Z2n+1))) < V/(M (X2n ' y2n ' ZZn ’ X2n+11 y2n+l’ ZZn+1))
_¢(M (X2n J y2n J ZZn ’ X2n+l’ y2n+1' Z2n+1))'

M (. Yoy Z20- X1 - V1= Z2e1)

p(u]rz—k u].rzl .p(vln—k vlrzl .p(w]rz—kw]n )= p(u]n—l =u]n}=

= max 4 .p(v]n—kvlfz): .p(w]rz—kw]ﬂ}: p(u]n—kﬂ;]n}: p(“:]n—kv]n}: [

1
.p(w]rz—hw]n}: ;[p(uln—hH]ﬂ—l)+p(u2n=u]n}l

1 1
? [-p(v:.?!—].: V]rz—l} + p(V]H= vhz}l ? [p(w]rz—h Wi } +p(wlr:=whz}]

1

1
But E[p(UZn—l’ u2n+l) + p(uzn ! uZn)]S E[p(UZn—I'UZn) + p(u2n ! u2n+l)]’ from( p4)

< max{p(UZn_l, u,, )! p(UZn ) u2n+l)}'
Similarly,

1
E[p(vzn_l,vm) + P (Vo Von )] < MaX{P(Vyn 1, Vo0 )y P(Var s Vorea )

and

1
E[p(WZn—l ! W2n+1) + p(WZn ! W2n )] = max{p(WZn—l ' W2n )’ p(WZn ’ W2n+1)}'

Hence

P(UznsiUzn)s P(VansiVan), p(WZn_l,WZH),}
P(Usn Usnia)s PV Vonin)s  P(Wopy Wop,s)
=max{R,, ;,R,, }

M (in' Yon1Zons Xoniar Yoniao Zzn+1) = max{

Thus
w( p(u2n ) u2n+1)) < l//(maX{RZn—U R, }) - ¢(maX{R2n—1f Ry, })
Similarly,
W (P(Vay, Vo)) < l/j(maX{RZn—l’ R }) - ¢(maX{R2n—1’ Ry, })
and
l//( p(WZn ’ W2n+1)) < l//(maX{RZn—l' R2n }) - ¢(maX{R2n—1’ R2n })
Now,
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W(RZn) = W(max{p(uzmu?_ml)’ p(V2n1V2n+1)’ p(WZn’W2n+1)})
= maX{l//( p(u2n ! u2n+1))7 l//( p(VZn ’V2n+l))7 l//( p(WZn ! W2n+1))}

< W(maX{RZn—l’ R, }) - ¢(maX{R2n—11 R,, })

We have the following two cases.
Case (a) : If R ,,is maximum in the right hand side, we obtain

W(Ry) Sw(Ry) —A(Ry,).
It follows that @(R,,,) = 0so0 that R, = 0:
Thus

max{p(UZn’u2n+1)1 p(VZn’V2n+1)1 p(WZn’WZnJrl)}: 0
= p(u2n7u2n+1) =0, p(Vzn 'V2n+1) =0 and p(Wzn’W2n+1) =0.
ThUS u2n = u2n+11 V2n :V2n+l and W2n = W2n+1'

Now we claim that Uy, =Ugyg, Vogip =Van @Nd Wy =Wy, .
Clearly

fX 1S X ' n+ ' Z n+ !
1m|n{p( 2n+2 (2n+2 y2 2152 2))

A < max p(fxn+’gxn+)’ p(fyn+1gy n+)! p(erH_,QZ n+)'
p(gX2n+lfT(X2n+1' y2n+1’22n+1)) } { o o o 2 o 2 }

2

From (2.1.1),we get
W( p(S(X2n+21 y2n+21 22n+2)’T (X2n+1’ y2n+11 Z2n+1))) < W(M (X2n+2’ y2n+2 ' Z2n+2 ' X2n+11 y2n+1’ Z2n+1))

- ¢(M (X2n+2! y2n+2’ 22n+2 ' X2n+1’ y2n+l’ 22n+1))'
M (X3500: Vameas 222 X201 Yanels Z2001) =
Plugpg-tyy). P(Vyr-van ) P(Wag-Wo ) P8 10,00 ):
PVt Vapea ) PWayey Wa)e Pty ). P(Vy. V)

1
max P(Wap1- Wi, ). CY [P(H:n-l- Uy, )+ Py, lez—l}]'-

1 1
a2 [P(V:n-l- Vi1 )+ PV, V:n-:)L ;[P(W:n-l- W )+ PIWq,, W:n-:)]

But

1 1

E[p(u2n+2 ! u2n) + p(u2n+1’ u2n+1)]: E[p(u2n+2 ' u2n+1) + p(u2n+l1 u2n+l)]

< p(u2n+2 ! u2n+1)' from( p2)

Similarly,

1

E[p(V2n+2 ! V2n) + p(V2n+1 ! V2n+1)] < p(V2n+2 ’V2n+l)

and

1

E[p(W2n+2 ' W2n) + p(W2n+1’ W2n+1)] < p(W2n+2 ’ W2n+1)'
Hence

M (X2n+27 y2n+2 ! Z2n+2 ! X2n+l’ y2n+l’ Z2n-¢—1) = R2n+1’ from( pz)

Thus and
l//( p(u2n+2 ’ u2n+1)) < W(R2n+1) - ¢(R2n+1)' l//( p(W2n+2 ’ W2n+1)) < W(R2n+1) - ¢(R2n+l)'
Similarly, Now,

l//( p(V2n+2 1V2n+1)) < W(R2n+1) - ¢(R2n+1)
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v(Ryn) = W(max{p(u2n+2’u2n+l)1 P(Voniz2:Vana): p(W2n+2’W2n+1)})
= max{y (P(Uzn.2 Uznia))s W(P(Vani2:Vania)) W(P(Wap.n, Wanii))}
SW(Rypia) = (Rppn)-

It follows that ¢(R,,,,,) < 0.Sothat R,,,; =0.

Hence Uy, =Ujnig, Vonsa = Vang and Wy, p = Wy
Continuing in this way, we can conclude that u, = Un+k, Vi = Viek @nd W, = Wy for all k > 0.
Thus, { n } , { n} and { W, } are Cauchy sequences.
Case(b): If Ry, is maximum, then
W (Ry) Sw(Ryna) —#(Ry4)

@
< l//(RZn—l)'
Since ¥ is monotone increasing, we have Ry, < Rona. lim ps(u Un+1) =0. (4)
Similarly Rynsy < Ry "~ .
Continuing in this way we can conclude that {R, }is non - lm P (Vo Vo) =0. ®)
increasing sequence of non - negative real humbers and must and
converges to a real number r >0 say. lim o (w. . w —0 6
Suppose r > 0. no p™( ) =0. ©)
Lettingn — oo in (1), we get Now we prove that {u,},{van} and {w,.} is a Cauchy
w(r) <w(r)—¢(r) <w(r), sequence in (X, p°). On contrary suppose that {us,} or {Vo}
a contradiction. or {wa} is not Cauchy.
Hence r = 0. Thus There exist an & > 0 and monotone increasing sequences of

natural numbers {2m,} and {2n,} such that n, > m, >k,

lim max{p(un,U,H ), p(Vn1Vn+ )1 p(Wn’WnJr )}: s s s
n—w ! ! ' max{p (u2mk au2nk )v p (V2mk ’V2nk )’ P (Wzmk ’Wznk )}2 ¢

. 7
!m p(un' n+1) - Ilm p(Vn’ n+1) - Ilm p(W Wn+l) = 0 and ( )

)

Hence from (pZ)v we get maX{ps (u2mk ’u2nk,2 )’ pS (\/Zmk ’\/an,2 )’ pS (Wka ’Wan,2 )}< €.
) . . 8
!m p(u,,u,)= ML p(v,,v,) = Ml p(w,,w,)=0. From (7) and (8), we obtain

©)

From (2) and (3), and by definition of p* , we get
= maX{pS(Uka Uap, ) pS(Vka Van, ) ps(Wzmk » Wap, )}
<max{p* Uz, Uz, ) P* (Vo Vo, ) P* (W, W, )
+ max{ps (uznk , vuznk,l)a p° (Vznk,2 Vo, ), p° (W2nk,2 'WZnH)}
+rnaX{p (Ugn +Usn )y P°(Van ,Van, )5 pS(MQWA,weW)}
<&+t max{ps (uznk,2 Uon, ), P (VznH ’Vznk,l)! p° (Wznk,2 »Won, )}

+ mc'JIX{pS(UZHH,U2nk ), p° (v2nk71 Vo, ), p° (WZHH,W2nk )}
Letting k — oo and then using (4), (5) and (6) ,we get

lim max{p® (Usp, Uz, ), P* (Vo Vo, )y D* (W W, )= . ©
Hence from def|n|t|on of p°, we have
2 p(uzm U, )— p(u2mk Uom, )— p(Uan 1Uan, )
limmaxy 2p(Vap, ,Van, ) = PMVan, 1Vam, ) = P(Vay, 1 Van, ), =&
2 p(Wzmk ’Wan ) - p(Wzmk ’Wka ) - p(Wznk ’Wan)
By using (3) , we have
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&

Ilm max{p(Uka an )’ p(Vka ’V2nk )' p(Wka ’Wan )}: E (10)

From (7), we have

£ <max{p* Uy Uy ) P* (Vo Vo )y P (Wa, s W )]
< Max{p® Uy, 1 Upm, )e P* (Vo Vo )s P* (W oWy, )]
Fmax{pt Uy, Up ) P (o, Vo ) P (W W5 ) (11)
< Max{p* WUy, Usm v P* (Vo Vo, )r - P* (W W )]
FMax{p* Uy, Upn e P W, Vo )y P* (W W, )]
FMax{p Upy, Usn ) P* W, Vi )s P (Wop Wy, )
= 2max{p* Uy, Upm, ) P* (Vo Vo ) P (W Wo )}
FMAXPS Uy, Up )y P (Vg Vi )y P* (W W, )}
Letting k — oo,using (4),(5),(6),(9) and (11), we have
lim max{p® (Uyn, Uz, )y P*(Va, Vo ) P° (W W )= 12)
Hence, we have
lim max{p(Uy, , Uz, ). P, Var, ) PV, Wor )= 13)

Again from (7), we have
£ <max{p* Uy, Uy ). P* (Vo Vi, )1 P* (Wopy Wy, )]

< max{p® Upp \Upm, )r P* W, Vo, ) P (W Wy, )
Fmax{p WUsm  Up )r P o Vo Do P (Wo oW, )]
+max{p5(u2nk+l,u2nk), pS(VZnM,VZHk), pS(WZHM,Wan)} (14)

< max{p*Upp Upm, )r P W Vo, ) P (W Wy )
Fmax{p* Upy, Usm ) PV Vo ) P> (Wa W, )}
Fmax{p* WUsm Uy ) P W Vo ) P° (W W, )
e max{p Uy, sy ) P o Vo) P (Woy W, )]
+max{ps(u2nk+l,u2nk), pS(VZnM,VZHk), pS(WZHM,Wan)}

= 2max{p* (Upp, Uy )i P> (Vo Vo s P* (W (W, )]
Fmax{p® WUsm Uz ) P W Vo ) P° (W W, )

+2max{p Uy, Uz )y B (Vo Var ) PP (Way W5, )
Letting k — oo and then using (4), (5), (6), (9) and (14), we have

lim max{p° Uz, Uz, ) P* Vo, Var, s P (W, Wy, )= 6. (15)

Hence, we have

lim max{p(Usn s ) P(am o Van )y Py W, )=

k—o0

Again from (7), we have

(16)

N | ™
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& <MaxX{P® (Uyp sUzy v P* (Vo Van )i P¥ (W Wiy )|
<max{p* U, Up )y P Wam 1Van )s P* (Won Wy, )}

+ maX{pS(Uanﬂ’uan)’ pS(VanH’Van)l pS(WanH’Wan)}

Letting k — o0, using (4),(5) and (6), we have
& < limmax{p* Uz, Uz, ) P (Wam Vo, )s P*(Wapy W, )40

2 p(uZmk ’u2nk+1) - p(UZmk ’u2mk ) - p(UZnk+l ! uZnk+1 )’
<limmaxy 2p(Vyp, Vo, ,) = PVom, 1Vam, ) = P(Van, , +Van, . )s
—>®0
2 p(Wka ’WanH) - p(Wka ’Wka ) - p(Wan+1 ’ Wanﬂ)

< 20im Max{p(Uyp, Uz ) PVan, Vi) P(War, Wy, )}, From(3)

Thus,

& .
E = |I<I—rll max{p(uzmk ! u2"k+1 )’ p(vzmk ’V2"k+1 )' p(Wzmk ! W2”k+1 )}

By the properties of v,

& .
w(gjéw(jm MaX(PUy Uy ): PVa, Vi, )e (W )]

17
= lim maxty (p(Uzn, U, ) ¥(P(Var, Vi, )b 9 (P Wy W0, ))}

Now , we show that
1 p(uka,1 ’u2nk )1
2D Uy, , Uz, ). Pz, Uz, )< XY DV, Vo, )
p(Wka_1 ! Wan )

On contrary suppose that
P(Uzp, , Uz, ).

MaX) DV, Van, ) 1 < 5 MNPz, Ui, ). DUy Ui, )}
P(War, Vi, )

as k — oo, in above we get £ < 1.
It is a contradiction.
Hence

Sy, U, ). Pz U VS TP U ). Py, Vi )o Py, Wy, )}
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From (2.1.1), we have

w( p(uzmk Usp, ) =w( p(S(Xka » Yom, » Zom, ), T (ink+1 Yon,1 2o, )

y(M (szk »Yom, 1 Zom 1+ Xongy 0 Yone, 1 Zon, ) —¢(M (XZmk Yom, 1 Zome 1 Xangy 0 Yone, 1 Zon )
PUpm, 1 Usn )y P(Vom, s Vom )s P(Wor s Wop ), P(Upgy 4 Uy, ),
PMVam  Vam ) PWap s Wop )i P(Ugy sUsy )y P(Vap Van, )s

PWapg:Wap), Pz, Uzy )i P(Vam 1 Von )i P(Wop, i Wap, ),

P(Uam, ,sUzs, )s P(Vam, sV )i P(Wop, , s Wap, )

< | max

p(uka,1 ! u2nk )’ p(Vka,l ’V2nk )1 p(Wka,1 ! W2nk )l p(Uka,1 ' |"Ika )’
p(Vka,1 ’V2mk )’ p(Wka,l ! W2mk )l p(UZn“1 ! |"|2nk )7 p(Van+1 ’V2nk )

- 1
¢| max P(W,, 4, W,, ), E[p(u2mkl,u2nm)+ p(UZmH,uz”k)],

1 1
E [p(vzmk—l ’V2”k+1) + p(VZmH :Van )]’ E[p(wzmm ! Wznk+1 ) + p(Wzmkq ! W2nk )]
since 1 is increasing.
Similarly, we have
w( p(Vzmk Vo, ) =w( p(S(Xka » Yom, » Zom, )aT(inh1 Yo 1 Zon ., ))

p(u2mk_1 ' u2nk )7 p(Vka_1 ’V2mk )' p(Wka_1 ’Wan )l p(uka_l ! l"Ika )1

p(Vka,1 7V2mk )’ p(Wka,1 ’Wka )’ p(uZnh1 ! u2nk )’ p(VZnM1 7v2nk )1
p(WZn—l’WZn)l p(uka_1 ’u2nk+1)! p(Vka_1 ’V2nk+l)’ p(Wka_1 ’W2nk+1)’
p(Uka,l ' uZnk )1 p(Vka,l 7V2nk )1 p(Wka,l ’ Wan )

<w| max

p(Uka_1 ' u2nk )1 p(Vka_1 ’V2nk )’ p(Wka_1 ' W2nk )’ p(u2mk_1 ’Uka )!
p(Vka,l ’V2mk )1 p(Wka,l ! Wka )’ p(u2nk+1 ! l'Ian )’ p(VZnM1 ’V2nk )!

1
— @] max pP(W,, ;,W,,), E[p(u2m“,u2nm)+ p(Ukafl,um)],

%[p(Vkal ’V2nk+1 ) + p(Vka,l 1V2nk )]’ %[p(WZmkl ! W2nk+1) + p(Wka,l ’W2nk )]

and
w( p(Wzmk 'Wan)) =y (p(S (szk 1 Yom, s Zom, )T (inm’ Yan.. Zon, )
p(Uka,1 ! l"Ian )’ p(Vka,1 ! V2mk )7 p(Wka,1 ! W2nk )’ p(u2mk,l ’ u2mk )1
p(Vka,1 ! V2mk )’ p(Wka,1 ! W2mk )’ p(uan+1 ! uZnk )’ p(Van+1 ! V2nk )’
p(WZn—l’ W2n)’ p(uka,1 ' u2nk+1)' p(Vka,1 ’V2nk+1)' p(Wka,1 ' WanJr1 )1
p(Uka_1 ' uan )' p(Vka_1 ' VZnk )’ p(Wka_1 ! W2nk )

<y/| max
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p(u2mk,1 ’ uZnk )’ p(Vka,l ’V2nk )’ p(Wka,1 ’ Wan )' p(L’Ika,l ’ u2mk )’
p(Vkafl ’V2mk )’ p(Wkaf1 'Wka )l p(u2nk+1 ! uZnk )1 p(Van+1 ’Van )

1
— ¢| max P(W,, 4, W,,), E[p(Ukal,UZnM)-i- p(uzmkfl,um)l

e R R SRS B VST B RS
Hence from (17), we have
P(Up Uz )y PMVam o Vom ) P(Wap s Wor ) P(Uyp, 4 Uy, )
!//(i}ﬁﬁml// max p(Vzmk_17V2mk)’ p(Wka_l’Wka)! p(uznk+1’u2nk)1 p(Vznk+1’V2nk)7
2 k= p(WZn—l’WZn)! p(u2mk_1’u2nk+1)’ D(Vka_l,Van+1), p(Wka_l’Wan+1)’
P(Uam, ,+Uzn )y P(Vam, s Van, )y P(Wop, , War, )

p(uka,1 ! uZnk )' p(Vkaf1 ’Van )’ p(Wkafl ! Wan )’ p(UZmK,1 ! l'Ika )l
p(Vka,1 ’Vka )' p(Wka,l ! W2mk )! p(uan+1 ' u2nk )’ p(Van,r1 ’V2nk )!

i 1
- Em¢ max p(Wzn—l’ W2n )' E[p(u 2mg 4! uanﬂ) + p(u2mk_1 ' u2nk )]!

[Py e )+ Py o)) 2P0 W )+ PO )]

&
=y = |- d(t),
w( 2} ¢(t)
p(uka,1 ! uZnk )' p(VzmH ’Van )' p(Wka,1 ! Wan )! p(Uka,1 ! u2mk )1

p(Vka,1 ’V2mk )' p(\Nka,1 ’ W2mk )’ p(uZnk+l ' u2nk )’ p(VZnM1 ’V2nk )’

— i 1
t= l!m max p(WZn—l’ WZn)! E[p(uka_l ! u2nk+l) + p(Uka_1 ’u2nk )]! > 0

[P0 Vo )+ P )] S PO W)+ P )]

<y/(§} since @(t)>0 for t>0.

Is a contradiction.
Hence {Uz},{Von} and {w,,} are Cauchy sequences in the metric space (X, p°).
Letting n,m — o0in

‘ps(u2n+1’u2m+1)_ ps(UZn’UZm)‘ < ps(u2n+1’u2n)+ ps(u2m1u2m+l)

we have
H S
Ilm p (u2n+1’u2m+1) =0.
n,m—oo
Similarly we have lim p* (V.1 Vo) =0
n,m—oo
and

Ilm pS (W2n+1’W2m+l) = O
n,m-—oo

Thus{usn+1 3 {Vons1} and {w,,.1} are Cauchy sequences in the metric space (X, p®).
Hence {u.},{v.} and {w,} are Cauchy sequences in the metric space (X, p®).

Hence, we have lim p°*(u,,u. )= lim p°(v,,v,)= lim p*(w,,w,)=0.
n,m-—oo n,m-—oo n,m—oo

Now, from the definition of p* and from (3), we obtain
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lim p(u,,u,)=0. (18)

lim p(v,,v,)=0. (19)
and

lim p(w,,w,_,)=0. (20)

Suppose g(X) is complete.
Since Uan = S(Xan , Yan, Zon)= OXons1, it follows {un} < g(X) , {v2n} < 9(X) and {wy} < g(X) are Cauchy sequence in the
complete metric space (g(X), p°), it follows that {u,,}.{V2.} and {w..} are convergent in (g(X), p°).

Thus lim p°®(u,,,a) =0,
n—oo

Ilm pS(VZnVﬁ) = O’
and
lim p®(w,,,7) =0, forsome «,f and y e g(X).

Since &, 3, 7 € 9(X), there exist s, t, re Xsuchthat & =gs, f =gtand y=gr.
Since {u,},{v.} and {w,} are Cauchy sequences in X and {ux} >« , {van.} — f
and {wz,} — 5, it follows that {Usna} —> o, {Vonea} — Fand {waa} — 7.
From Lemma 1:5 (b), we have

p(a, @) = lim p(u,,,,@) = lim p(u,,, @) = lim p(u,,u,). (21)

P(B, B) = lim p(vzy.., f) = lim p(vy,, ) = lim p(v,,vp,) (22)
and

P(r.7) =lim p(Wy,, 7) = lim p(w,,, 7) = lim p(w, ,w,,). (23)

From (23),(22), (21), (20), (19) and (18) we obtain
p(at, @) = lim p(Uyy.;,@) = lim p(u,,, @) =0. (24)

p(B, ) =lim p(Vyy.,, ) = lim p(v,,,, ) =0 (25)
and

P(7.7) = lim p(W,.,,7) = lim p(w,,,7) =0. (26)

Now we claim that, for each n > 1, atleast one of the following assertions holds.

Py 1) < MAX(P(U 1, @), POV B, Py 1.7))

or

(U U) < MaX{P(U @), POy ), Py 7))

Suppose to the contrary that

=Py U > MaX{P(U 1, @), POV By P 17))

and

~P(UasU) > MaxX{p(U @), POy ), Py )
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P(Uyy1,Uy,) < P(Uy, g, @) + P, Uy, ) - Pla, @)
1
< E[p(UZn—l’UZn)+ p(u2n’u2n+1)]

< p(u2n—l7u2n)

is a contradiction .
Hence claim holds.
Sub case(a) :

Claim : Show that & =T (s,t,r), f=T(t,r,s) and y =T(r,s,t).

1
Suppose P(Uyy 1y Usy) SMAX{p(Uy, 1, @), PWVons,B)y  P(Wors, 7))}

Suppose a = T (s,t,r)or g =T(t,r,s) or y =#T(r,s,t).

From (2.1.1), we get
W (P(S(Xan» Yans 220), T(S,1,1)))

p(fXZH’a)f p(fyZn’ﬂ)f p( f22n77/)l

P(fXo0: S(Xons Yanr Z2n))s  P(TYans S(Yans Zan s Xan))s
P(fz,,, (250, %01 Y2n))s P, T(S,1,1)),

<y| max p(B.T(tr,s)), plr,T(r,s,t)),

P, T(s,t,1)),  p(fy,, T(t,r,9)), p(fz,,,T(r,s,1)),

p(alS(XZn'yZn’ZZn))’ p(ﬂls(yZn!ZZn’XZn))’ p(yis(ZZn’XZn! yZn))

pP(fx,, @), P(Yon. B), P(fz,,,7),

p( fXZn ! S(XZn ! y2n ! ZZn ))7 p( fyzn ! S(yZn ! ZZn ' X2n ))’
p( fZZn’S(ZZn’XZn’yZn))’ p(a,T(S,t,r)),
P(B.T(r.8)), p(y,T(rs1)),

4 M 2R, T + P SO Yo Z2))
SIP(Y T 9)+ BB S(Vans 2ar o))}

S [(22 T(.5.0)+ PO S (s Kar Y2

Lettingn —> 00,
v(p(a.T(s,tn) <y(max{p(a,T(st.r), p(AT(r.s), p(T(rs1)})
—p(max{p(e, T(s,t,1)), P(B.T(t.r,5), P(r.T(r,s1)))

Similarly ,

w(p(BT(t1,9)) <w(max{p(a.T(s,t,r)), pBTEIS), p(.T(r,s1))
—g(max{p(a,T(s,t,r)), P(B.T(t1.5)), PO T(rs 1))

and

w(p(.T(r,s.0) <w(max{p(a,T(s,t,r), p(BT(tr.S), p(T(rs 1))
—g(max{p(a,T(s,t,1)), P(B.T(t.r.s), P(r.T(r,s 1))

Now,
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y(max{p(e, T(s,t.r)), P(BT(tr,s), p(r.T(r,s1)))

= max{y (p(er, T(s,1,1))), w(p(BTEr.S), w(p(rT(rst))}

<y(max{p(a,T(s,t,r)), P(BT(tr.S), p(.T(rs,1))
—g(max{p(a, T(s,t,r)), p(B.T(1,S)), P, T(r,s.1)})

It follows that

max{p(e, T(s,t,1)), P(BT(LIS), p(r.T(rs1)}=0.
Therefore T(S,t,r)=a=0s,T(t,r,s)=F=gt and T(r,s,t)=y=gr.
Since (g, T) is weakly compatible, we have

T(a,B,7)=9a,T(By,a)=9fand T(y,a, B) = 9y.
We claim that

T(O[,ﬁ,]/) :a’T(ﬂ’%a) :ﬂandT(y,a,,B) =7
Let ussuppose that

T(a,B,y)2a or T(B,y,a)= porT(y,a,p)+y.

Since %min{p(fxm,s(xmyzmzzﬂ)),p(ga,T(a,ﬂ,y))}smaX{p(fxzn,ga), P(fy,n, 98),  P(f2,,,97)}

From (2.1.1), we get
W(p(S(XZn’ yZn’ ZZn)1T(a’ﬂ!7)))
p(fX2n1ga)’ p(fyZn’gﬂ)v p( fZZn’ 97),

p( fXZn ! S(XZn’ yZn’ ZZn))i p( fy2n ! S(y2n1 ZZn’ XZn))’
p(fZZn'S(ZZn'XZn’yZn))’ p(ga,T(a,,B,y)),

<y| max p(98,T(B.7.@)). p(ay. T(r.a,p)),

P(P%, T(@. 8,7))s P(1Yor, T(Br7, ), P(f2,0, T (7,0, ),

P(9c, S(Xpn, Yan1Z20))s  P(IBS(Yans Zons Xon))s PG5 S(Z2ns Xans Yan))

Lettingn —> 00,

w(pa,T(a, B 7)) Sw(maxi{p(e,T(a, B 7)), P(BT(B.y.a), p(r.T(r.e.p)))

p(fx,n,9a), P(FY,,,98),  P(fZ5,,97)  P(FXy0, S(Xans Yans Z20)),
PCfYons S(YansZon X2n))s P(F250,8(Z50, X001 ¥Y2n)), P(9, T (e, B, 7)),

~ ¢ max PO TG SP(T%, T(@ B+ (9,50 Yans 22, )}

%[p(fyZMT(IB’}/’a))"' p(gﬁvs(yZn’ZZn’XZn))]’ %[p(fZZH,T(y,a,ﬁ))+ p(gy’s(ZZNXZn!yZn))]

P(9B.T(B,7,a)),

—g(max{p(e. T(a, 8.7)), P(BT(Br. ), P T(r.a B)))

Similarly,

w(p(B.T(B,7,2)) <y(maxip(e, (e B,7), PBT(Br.a) P T(r.e b))

—g(max{p(e, T(a, B.7)), P(BT (B 7. @), P T(r.a B)})

and

w(p(r.T(r,a, B)) <w(max{p(e. T (e, 3.7)), P(BT(Br.a), P T(r.a B)})

—g(max{p(e, T (2, B,7)), PBT(B.y.a), p(r.T(r.a b))

Now,
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y(max{p(e,T(a. B.7)), PBT(B.y.a), p(r.T(.a b))

=max{y (p(a, T(a, B, 7)), w(P(BT(B7.a), w(pr.T(.a f))

<y(max{p(a.T(a.8.7)), P(BT(Br.a) p(rT(r.a p))
—g(max{p(a.T (@ B.7)). pB.T(B.7.@), Py T(r.a B)))

It follows that.

max{p(a,T(e, 8. 7)), P(BT(B7r.@), (T, a B)}=0.

Hence
T(aBy)=9a=a, T(Br.a)=9B8=p and T(y,a,f)=9y=y. @7
Since T(X x Xx X) < f(X), then there exist a,b,c € X such that

T(a.py)=fa=a, T(By.a)=fb=pand T(y.a p)="fc=y.
Claim: S(a, b,c) =fa= a, S(b,c,a)=fb= f and S(c,a, b)y=fc=y .
Suppose that S(a, b,c) # a or S(b, c,a) # forS(c,a, b) # y.

Clearly,

~min{p(a,S(a,0,0), p(Ge.T (@, 5.7))} < max{p(fa.ga), p(D.9), p(fe,07)}

From (2.1.1), we get
w(p(S(a,b,c), fa)) =y (p(S(a,b,c), T(a, B, 7))

<y(M(ab.c,a,5.7)
(M (@,5,¢.. 5,7)).
p(@.a@), P(B.A) Py, PaS(@b.c))
p(A.SO,CA), P(nSEab). plaa) P(A.A)
M (a.b,c,a, f,7) = max p0:7). S [p(a)+ plaS@b.o))

S[p )+ PSSP0+ P S(.a))]
=max{p(a,S(a,b,c)), p(B,S(b,c,a)), p(r,S(c a b))} from(24),(25)and(26).

Hence

w(p(S(a,b,c),a)) <w(max{p(a,S(a,b,c)), p(B,S(b,c.a)), p(r.S(c,ahb)))
—g(max{p(a,S(a,b,c)), p(B Sb,c,a)), p(y S(c ab))j.
Similarly,

w(p(S(b,c,a), B) <y (max{p(a,S(a,b,c)), p(B.S(b.c.a)), p(r.S(c.a,b))
—g(max{p(a,S(a,b,c)), p(B.S(b,c.a)), p(r,S(c.a,b))
and

w(p(S(c,a,b), 7)) <w(max{p(e,S(ab,c)), p(B,Sb.ca), p(r S(cab))j
—g(max{p(a,S(a,b,c)), p(B Sb,c,a)), p(y S(c a,b))j.
Now,

w(max{p(a,S(a,b,c)), p(B.S(b.c.a)), p(r.5(c.a,h)})

= max{y (p(a,S(ab,c))), w(p(B,5(b.c.a)), w(p(r.S(c.ab))}

<y(max{p(a,S(a,b,c)), p(B.S(b,c.a)), p(r.S(c.a,b))})
—¢(max{p(,S(a,b,c)), p(B.S(b.c.a)), p(r,S(c.a,b)})

It follows that

max{p(e, S(a,b,c)), P(B.S(b.c,a)), p(r.S(c,ab))}=0.

Hence S(a,b,c) = fa=«a, S(b,c,a)=fb=p4, and S(c,ab)=fc=y.
Since (S,f) is weakly compatible.

ThusS(e, B, 7) = fa, S(B,7,@) =16, and S(y,a,p)= fy.
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Suppose S(a, B,7)=a or S(B,y,a)=p or S(r,a,p)#y.
Clearly,

%min{p(fa,s(a,ﬂ,y)),p(gs,T(s,t,r))}smaX{p(fa,QS), p(f8.qt), p(fr,gn)}

From (2.1.1), we get
y(p(fa,a)) =y (p(S(a, B,7).T(s.t,1))

<y(M(a,B,7,5r))
—¢(M(a,B,7,5,1,r)).
Mic G,7.5.t.7)
[ p(feea). p(fB.B). p(fr.7). p(fe fu). )
p(fB.18). p(fr.fr). pla.a). p(B.p5)

—mxd 0., S[pfaatp(fa) |
e(B.H+ BB e+ (.7
—max {p(fa.c). P(B.B). P(fr.7)h from(24).(25)and 26)

Hence
w(p(fa,a)) <y (max{p(fa,a), p(i8.B), P(fr.7)})
—g(max{p(fa,a), p(f3.B), p(fr.7)}.

Similarly,

w(p(f8,8) <w(max{p(fa,a), p(1B.8). p(fr.7))
—g(max{p(fa,a), p(i3.B), p(fy, 7))

and

w(p(fy, 7)) <w(max{p(fe,a), p(iB,8), p(fr.7))
—g(max{p(fe,a), p(f3.B), p(fr.7)}.

Now,

y(max{p(fa,a), p(f8.8). p(fy.»)})=max{y(p(fa,a)), w(p(fB.8). w(p(fr.»)}
<y(max{p(fa,a), p(f8.B), p(fr.»)}
—g(max{p(fa,a), p(f3.B), p(fr.7)}.

It follows that.

max{p(fa,a), p(f3,B), p(fy,»)}=0.

Therefore

Sla.p.y)=fa=a S(B.y.a)=1p=p and S(y.a.f)=fr=y. (29

From (27) and (28) , (, 3, ) is common tripled fixed point of S, T, f and g. Suppose (&', ', ') is another common

tripled fixed point of S, T, fand g.
Clearly

. p(fa,ga’),
Smin{p(fer,S(@. B.7), p(9a’ T (', B, 7))} < maxq p(T8,98). .
p(fy,9y")
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From (2.1.1), we get
v(pla,a) =y (p(S(a, 8, 7).T(a", B'.7))
<y(M(a,p.y.a".B'.7")
—¢p(M(a. B.y.a', B',7")-

ple.a’). p(B.5). p(r.y). pla.a)
p(B.B8). p(r.y). pla.a). p(F.B).
Mie, B.v.a', B, 7" = max (. v". %[p(aﬂ'} +p(r1'=u£r}]= (

BB+ B8} <o)+ ptr D]
—max {p(a). p(B.B). P77} from(24).(25),26)and (2y).

Hence

w(pla,a)) <y(max{p(a,a), p(B.A), p(r.7))
—g(max{p(a,a’), p(B.B), P, 7).

Similarly,

w(p(B. B) <wmax{p(e.a), p(B.B), p(r.7))
—g(max{p(e,a), p(B. B, PU.¥))

and

w(p(r,7)) Sw(max{p(e,a), p(BA), p(r.7))
—g(max{p(e, @), p(B,B), PU.7)).

Now,

y(max{p(e,a'), p(B.B). p.7))=maxiy(pla.a’)), w(pB.A)), v(p(.r))}
<y(max{p(a,a’), p(B.B), pP(r.7))
—g(max{p(a,a’), p(B.B), p(r.7)).

It follows that.

max{p(e,a), p(B.B). P(r.7)}

Therefore
a=a, = and y=y"

0.

Therefore (e, 3, 7) is a unique common tripled fixed point of S, T, fand g.
Nowwe claimthat &« = 5, B =y and y=a.
Suppose x = F Or B #y OfF y#ca.

Clearly

. p(fa,9p),

Smin{p(fa,S(@. 8,7), POAT (B.7.e))) < maxs p(18,97). .

p(fr.ga)
From (2.1.1), we get
y(p(a, ) =y (p(S(a,B,7).T(B7,a))
<y(M(a,B,7.B.7,a))
-¢(M(a,B,7,B.7,a)).
Volume 6 Issue 2, February 2017

Licensed Under Creative Commons Attribution CC BY
Paper ID: NOV164622 DOI: 10.21275/NOV164622 89




International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

Mia, B,y. 5,7, &) =max

pla. B). p(B.7). p(r.a), plo o),
p(B.6). p(r.y). plB.B). p(r.y.

sad). slb@ph+rfa) |
B0+ 2L 2 [pna)+ p@. )]

=max {p(a. £). p(B.7). p(r.a)}
w(p(e, B)) <w(max{p(e, B), p(B7), p(r.a))

—g(max{p(e, B), P(B.y), P(.a)}).

Similarly,

w(p(B.7) <w(max{p(e, B), p(By), p(r.a)})
—g(max{p(e, B), P(B.¥), P(r.a))

and

w(p(y, @) <y (max{p(a,B), p(B.7)., p(r.a))
—g(max{p(a, B), P(B.7), P(r.a)).

Now,

w(maxip(a,B), p(B.7), P(r.))=maxiy(p(e.B), w(p(B.7)), w(p(r.a))}
<w(max{p(a,B), P(B7), p(r.a))
—g(max{p(e, B), P(B.7), P, ).

It follows that,

max{p(e. f), P(B.7), P(r.a)}=0.
Hence a=p,f=y andy=a.

Therefore (a, @, @) is a unique common tripled fixed point of S, T, fand g. Sub case (b): There exist a uniqgue common

1
tripled fixed point of S, T, fand g when P(Uypp, U,y ) < Max{p(U,, @),
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