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1. Introduction and Preliminaries

We study the approximation spaces and use some of near
open d. g.'s to introduce new definitions and levels of the
upper and lower approximations and this leading to many
new results. Also, in light of these results we reach to
different levels of the boundary regions. In addition we
reach to a several levels of accuracy for the d. g. 's. We
study some of the results in [2], [13], [17] and [18].
Furthermore, we gave new generalization of  some
definitions in d. g. 's to the some known definitions in
topology which are near open d. g. 's. We built on some of
the results in [10], [11], [12] and [13]. Many works have
appeared recently, for example in structural analysis [19].

A direct graph or d. g. [16] is pair D = (V(D), E(D)) where
V(D) is a non-empty set (called vertex set) and E(D) of
ordered pairs of elements of V(D) (called edge set). An edge
of the from (@, @) is called a loop. If @eV(D), the out-
degree of @ is [{u€V(D) : (m, wEE(D)}| and in-degree of @
is [{u€V(D) : (u, w)€E(D)}|. The out-degree set of @ is
denoted by OD and defined by: OD = {u€V(D) : (w, u) €
E(D)} and the in-degree set of @ is denoted by /D and
defined by: ID = {u € V(D) : (u, @) € E(D)}. The out-degree
system (resp. in-degree system) of a vertex @€V(D) is
denoted by ODS(@) (resp. IDS(@)) and defined by ODS(@)
= {OD} (resp. IDS(w) = {ID}). A d. g. is symmetric if (@,
w)€E(D) implies (4, @) €E(D). A subd. g. ofad. g. Disad.
g. each of whose vertices belong to V(D) and each of whose
edges belong to E(D). A subfamily g of X is said to
supratopology [8] on X if (i) X, geu (ii)if 4;€Vi€j then
UA€u. (X, ) is called supratopology space.

A subset 4 of a topological space (X, 7) is called

(a) Regular open [15] (briefly R-open) if 4 = Int(CI(A)),

(b) Semi-open [6] (briefly S-open) if ASCl(Int(4)),

(c) Pre-open [7] (briefly p-open) if ASInt(CI((A4)),

(d) y~open [5] (briefly b-open [3]) if ASCl(Int(A)) Ulnt(CI(A)),
(e) a~open [9] if ACInt(Cl(Int(A)) and

(f) f-open [1] (= semi-pre-open [4]) if ASCI(Int(CI(A)).

2. m-Lower and m-Upper Approximations

In this section, we introduce two topological spaces, namely
o-space and i-space. The open d. g. in the first one is called o-
open and in the other one is called i-open. We defined o-
interior, i-interior, o-closure and i-closure. Hence we define
the lower approximations in generalized rough set theory by
using m-interior (resp. o-interior and i-interior). Also, the
upper approximations are defined by using m-closure (resp.
o-closure and i-closure). Furthermore, a theorem is
introduced which proves that the approximations based on
(m-interior and m-closure) are accurate more than the
approximations based on either (o-interior and o-closure) or
(i-interior and i-closure) or both of them. By using both of
them, we are defining the upper approximation ofH by
intersection of o-closure of A and i-closure of H and, on the
other hand, the lower approximation of H by union of o-
interior of H and i-interior of H is defined.

Definition 2.1Let D = (V(D), E(D)) be a d. g. and suppose
that &, - V(D) — P(P(V(D))) (resp. & : V(D) — P(P(V(D))))
is a mapping which assigns for each @ in V(D) it’s out (resp.
in) degree system in P(P(V(D))). The pair (D, &) (resp. (D,
&) is called an o-space (resp. i-space).

Remark 2.2If D is a symmetric d. g., then D = D™ and so &,
= & = &, Hence the o-space, i-space and m-space are
identical.

Definition 2.3Let (D, &,) be an o-space and (D, &) be an i-
space and let H €D. Then
(a) The o-derived and i-derived of a d. g.H are defined
respectively by:
V(H)], = {@€V(D) ; OD(w), OD(@)N (V(H) - {@}) 4},
[VH)]i= {@€V(D) ; ID(w), ID(@)N (V(H) - {@}) 4},
(b) The classes of o-closed and i-closed respectively by:
Fam {HED; [V(H)1.SV(H)},
Fea= {HSD; [V(H)]iSV(H)},
(c) The classes of o-open and i-open respectively by:
QL; ={O0CD; V(0O) = V(D) —V(H) such that V(H)EF s},
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0, = {OSD; V(0) = V(D) - V(H) such that V(H)€F s},

(d) The o-interior and i-interior of a d. g.H are defined
respectively by:
Int,(V(H)) = U {V(O)E!.?gg ; V(O)SV(H)Y,
Inty(V(H)) = U {V(O)E!Z’el_ s V(O)SV(H)},
(e) The o-closure and i-closure of a d. g.H are defined
respectively by:
Clo(V(H)) = N {V(K)eF; VIH)S V(K)},
Cl(V(H)) =N {V(K) €Fg; V(H)S V(K)},
(f) The o-boundary and i-boundary of a d. g.H are defined
respectively by:
V(H)]=CLo(V(H)) — Into(V(H)),
[V(H)]; = Cl(V(H)) —Inti(V(H)).

Theorem 2.41f (D, &) (resp. (D, ¢&)) is an o-space (resp. i-
space) and HED, then H is an o-open (resp. i-open) if and
only if it contains the out degree (resp. in degree) of each of
its vertices.

Proof. The proof is similar to the proof of Theorem (4.7) in
[19].

Definition 2.SLet D= (V(D), E(D)) be an approximation
space and HCD. Then H is called out composed (resp. in
composed) if H contains the out degree (resp. in degree) of
each of its vertices i.e. for each w€V(H), OD(w) S V(H)
(resp. for each @weV(H), ID(m) SV(H)).

Definition 2.6 Let D= (V(D), E(D)) be an approximation
space, then the class of all out composed (resp. in
composed) d. g. 's are denoted by T, (resp. T;) and defined
by:

T, = {HCD ; for each @€V (H), OD(@) < V(H)}

T= {H SD ; for each @eV(H), ID(m) € V(H)}.

Proposition 2.7 Let D= (V(D), E(D)) be an approximation
space, then T, (resp. T;) forms a topology on D.

Theorem 2.8Let D = (V(D), E(D)) be an approximation
space, then T, is the complement topology of T; and vice
versa.

Proposition 2.9Let D = (V(D), E(D)) be an approximation
space, then (2, = T, and 02, = T..

Proof. The proof is immediately follows from Theorem
(2.4), Definition (2.5) and Definition(2.6).

Remark 2.10 An immediate consequence of Proposition
(2.9), Theorem (2.8) and Proposition (2.7) we have £2. and

2, form topologies on D. Furthermore, (2, is the

complement topology on f2. and vice versa.
L

Definition 2.11 Let D = (V(D), E(D)) be an approximation
space and 2. , £2, and £2, be the supratopologies induced
by Dand let HCD. Then

(a) The o-lower (resp.o-upper) approximations of H are

defined respectively by:
Lo(V(H)) = Into(V(H)),Us(V(H)) = Cl,(V(H)),

(b) The i-lower (resp.i-upper) approximations of H are
defined respectively by:
L(V(H)) = Int(V(H)),Ui(V(H)) = Cl(V(H)),

(¢) The m-lower (resp.m-upper) approximations of H are
defined respectively by:
Lu(V(H)) = Intw(V(H)),Un(V(H)) = Clu(V(H)).

Definition 2.12 Let D = (V(D), E(D)) be an approximation
space, £2. , £2, and £2, be the supratopologies induced by D

and let HSD. Then
(a) The o-boundary (resp.o-positive and o-negative) regions
of H are defined respectively by:
Bdo(V(H)) = Us(V(H)) —Lo(V(H)),POS,(V(H)) = Lo(V(H)),
NEG,(V(H)) = V(D) Uo(V(H),
(b) The i-boundary (resp.i-positive and i-negative) regions of
H are defined respectively by:
Bdi(V(H)) = U(V(H)) - L(V(H)).POS/(V(H)) =
L(V(H)).\NEG(V(H)) = V(D) ~U{(V(H)).
(c) The m-boundary (resp. m-positive and m-negative) regions
of H are defined respectively by:
Bdu(V(H)) = Un(V(H)) = L(V(H)),POSW(V(H)) = Ln(V(H)),
NEGW(V(H)) = V(D) = Un(V(H)).

Definition 2.13 Let D= (V(D), E(D)) be an approximation
space. The accuracy of the approximation of HSD using (&,
&and &,) are defined respectively by:

B (v i, 15d; (v(HD |

MV(H) =1 === V) = 1 ==L
B (1D |

[w o)
It is obvious that 0 < n,(V(H))s 1,0 < n(V(H))< 1 and 0 <
na(V(H))< 1. Moreover, if n,(V(H)) =1 or ny(V(H)) =1 or
nu(V(H)) = 1 then H is called H-definable (H-exact) d. g.
Otherwise, it is called H-rough.

=1_

Example 2.14Let D = (V(D), E(D)): V(D) = { @y, @, @3, @,
@5}, E(D) = @1, @), (B, ©y), (@2, @), (@2, @3), (@2, @),
(@, @s), (@1, @), (@5, @), (@5, Ts)}.

&y Hy

3

Figure 2.1: d. g. D given in Example 2.14.

(@) = @2 @4}, @}, Sn(@2) = {{ @2, @3, @4}, {@1, @2
@st}, Sn(@z) = {P {wz @a}}, Su(wy) = {{@s @5}, {@1

@2} }, en(@s) = {{ @2, @5}, {@s @5}

-Qfa = {V(D)’ ¢9 {ZU_;}, {ZUz,ZUg, Wy, 05}}7-0";7 = {V(D)a ¢9
(@1}, {o, @2 @4 ws}) and 2 = {(V(D), ¢, {@1}, {o3),
(o @3}, {@, @, @5y, (O3 @, G55, {0,002, T3 04,
\@1, @2, @3, W5}, { @1, @2, @y, Ts}, {1, T3, Ty, Ts), {T2, @3,
@y, @5}

We can get the following four tables

Volume 6 Issue 2, February 2017

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART2017834

DOI: 10.21275/ART2017834

Table 2.1: L,(V(H)), L(V(H)) and L,.,(V(H)) for all H €D.
V(H) Lo(V(H)) Li(V(H)) Ln(V(H))
{@1} ¢ {@1} {1}
(@2} ¢ ¢ ¢
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{3} {3} ¢ {3} (@, @y @5} VD) V(D) V(D)
1@} é ¢ ¢ { @1, @2, @y} (@1, @2, @y, V(D) \ @1, @y, @y, Ts)
{os} ¢ ¢ ¢ @5}
{@1, @2} ) {@y)} {@)} { @y, @2, @5} {@, @2, @y, V(D) { @y, @y, Ty @5}
{ @1, @3} {a@s} {@} (@1, @3} @s}
{@y, @4} P {@;} {@,} (@, @5, w4} V(D) V(D) V(D)
{@;, @5} ¢ {@;} {@,} (@1, @5, @5} VD) VD) V(D)
{ @z, @5} {@5) ¢ {@3} (@, 04 @5} | (@02 @ V(D) {@1, @5, @y, @5}
@2, @4} ¢ ¢ ¢ @s}
{ @2, @5} ¢ ¢ ¢ {@2 @3, @4} V(D) {@2 w3 @4 (@2, @3 @
{@s, @4} { @3} ) {@3} @5} @5}
(@3, @5} (@3} ¢ (@3} { @2, @3, @5} V(D) (@2, @5 @, | (@2 @5 @y
(@, @) ¢ ¢ ¢ s} s}
(@1, @2, @5} (@3} (@} (@1, @5} {@2, @4, @5} (@1 @2 @, | {@ @3 @ (@2, @y, @5}
(@, Ty, @y} ¢ {@} {@y} @5} @5}
\@y, @y, @5} ¢ {@} \ @y, Ty, Ts} (@5, @ @s) He o w? " - ZU;, 0%
{@1, @5, @4} {@s} {@} {@1, s} 26 267
{@1, @5, @5} { @3} {@} {@1, s} (01, 02 @5 @4} V(D) V(D) V(D)
{@, @y @5} ) {@1} {@y} {@;, w2, w3, V(D) V(D) V(D)
!
{ @2, @5, @y} {@s) ¢ {a@s} D5
{ @, w3, @s) (@) ¢ {@3) \ @1, @2, @y, Ts) | {01, T2 Ty, V(D) o1, @2, @y, T5)
(@@, @) b 4 5 o5}
{w& @y, ZD'5} {ZU3} ¢ {03’ @y, WE} {w('b Wz, Wy, ZU5} g(g) V(D) V(D)
{@1, @y, @3, @4} {@s} {01} @y, Ty, T3, Oy 2, w‘?’ D4 @) (@2, @5, @y (w2, @5 @,
{@1, @2, @5 {@3} { @1} \ @1, T2, @y, s} T s} s}
’w } ’ e T V(D) V(D) V(D) V(D)
5
{@1, @z, @y, @5} ¢ {@y, @2 @y, |\@1 T2 @1 @) ¢ ¢ ¢ ¢
@5}
: . : C
(2, @5, Tay Ts} (a5 (@, (@1, 75, sy T} Table 2.3: B.(V(H)), Bi(V(H)) and B..,(V(H)) for all H €D.
P R ot ; (o V(H) BAV(H) | BAV(H) | Bu(V(H)
@s) @) @5 {@g} {@y} { @, @35 @y @5} [
V(D) V(D) VD) V(D) 1o} @0 Ty T5i Ty T5 Ty D5} {0}
v f v
¢ ¢ ¢ ¢ { @3] \ @1, T2, 74, @5} {@3} ¢
{w,} { @y, @2, Ty, &5} | D2, @3, @y, @5} {@y}
Table 2.2: U,(V(H)), U(V(H)) and U,.(V(H)) for all H CD. (@5} \ @y, Ty, Ty, T || Ty, @, Dy W}t (@5}
V(H) Uo(V(t)) | " Ui(Vy) | Un(VID) Gy 0r N 0 By T} 7, @, T, B} ()
{@;} {@;} V(D) {@,} (@, @z} \ @y, T, Ty, T} || P2, T3, Ty, Ts} | @2 Ty, @5}
(@) {@;, @2, @y { @) @5, T {@5) (@ oy} (@, @y Dy 5} || Ty @5, By O5) (T2 Ty Ts)
st}: i )m'.:}) ) . (@, @5} (T @2, Ty @5} Ty @3, @y, Ts) (@2 Oy Ts}
(@) V(D) (@) (@) {opmsy @ w5 0y o5} {0y, 03 @y @5} (@2 04 @5}
(0 | (m e | (7 o | ol P I EA A | ) R
@5} @5} lop o5, @, @y wy @5} {0y, @5, @y, W5} {0, 0y T}
{@5} {@y, @, @y, {@,, @3 @y {@5)} {75, a4} (@1, Ty, Ty, s} |y, W3, @y, Ts) {@y}
@5} @5} (@5, 5] (@1, @y, @y, T} [\ T2, @3, @y Ts) || Tz Ty, Ts}
{@y, @2} {@;, @2, @y, V(D) { @y, @} \ @y, @5} \ @y, Tz, Ty T} | Ty T3, Ty, Ts (@2 Ty, Ts}
@5} (@1, @y W3} |01, @ @y Ts} (@2 Ts @By Ts} |02 Ty, T}
{@, @3} V(D) V(D) V(D) \ T, @y, Ty} Ty, Ty Ty, Ts} (@, T3, Ty, Ts} || @2, @y, @5}
{@1, @4} {1, @2, @4, V(D) { @1, @2, @y, @5} (@1, @ @5} (@, T2, @y, @Ts} (T2, @3, Ty, Ts) {@4)
@5} (@1, @3, @) (@, T2, @y, Ts} (T2, T3, Ty, Ts} | T2, Ty, Ts}
(@, @5} (@1, @2, @y V(D) (@1, @2, @y, @5} (@,@3 @5} (01, @2 @y @5} T2, T3, Ty Ts) || @, @y, T}
@s) (@104 @5} (01,02 @y @5} T2, T3, Ty @5} || @, @y, Ts}
{@2 @3} V(D) {@2, @3 @y {@2 @3 @y (@2, @3 @4y |01, T2, @y, @5} (@2, @5, Ty, 05} |02 Ty, T}
@5} @5} (@ @3 @5} @1, @ @y @5} (@2, T3, Ty, @5} || @, @y, @5}
{@2, @4} (@1, @2, Ty, {@2, @3, @y, {@2, @y, @5} (@2, 0y @5} @1, Ty, Ty, Ts} {Ts, T3, Ty, Ts) || T, @y, T}
@5} @s} (@5, @y @5} | @1, 02 @4 @5} (T2 @3, Ty Ts) {@2}
{@, @5} {@;, @2, @y, {@y, @3, @y, { @2, @y, @5} {@y, T2, T3, T4} @1, @2, @y, 05} @2, @3, Ty, @T5} {@s5}
@s} @s} (@1, @y, @3, W5} (@1, @y, Ty, @5} (T, T3, Ty, Ts) | { @y}
{@3, @4} (D) {@2 @3 @ (@3, @y} (@1, @y, @y, @5} (@1, 02, @y, @5} {@3} ¢
@5} (@1, @5, @y O} {0, T2, @4 05} (@2 @35 @4 Ts) {@2}
{@3, @5} V(D) (@, @3, @y, | {@2 @3 @y (@, @3, T4, @5} {@;} V(D) ¢
@s} @s} V(D) ¢ ¢ ¢
{@s, @5} {@1, @2 @4 {@2, @3, @y, {@2, wy, @5} [/ @ /) /)
@5} @5}
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Table 2.4: 1,(V(H)), ni(V(H)) and n,(V(H)) for all H CD.

V(H) ne(V(H)) |ni(V(H)) | nm(V(H))
{w;} 4/5 1/5 1
{@w,} /5 1/5 4/5
{@3)} /5 4/5 1
{@,)} /5 1/5 4/5
{@s} 1/5 /5 4/5
{@;, @2} 1/5 /5 4/5
{ @, @3} 1/5 1/5 2/5
{@, @y} 1/5 1/5 2/5
{@,, @5} 1/5 1/5 2/5
{@,, @3} 1/5 1/5 2/5
{@, @} 1/5 1/5 2/5
{ @3, @5} 1/5 1/5 2/5
{@3, @4} 1/5 1/5 4/5
{@3 @5} 1/5 1/5 2/5
{@y, @5} 1/5 1/5 2/5
{@y, @y, @3} 1/5 1/5 2/5
{@y, @z, Ty} 1/5 1/5 2/5
{@y, @, @5} 1/5 1/5 4/5
{@y, @3, T4} 1/5 1/5 2/5
{@y, @3, @5} 1/5 1/5 2/5
{@y, @y, @5} 1/5 1/5 2/5
{@,, @3, @y} 1/5 175 2/5
{@,, @3, @5} 1/5 1/5 2/5
{ @, @y, @5} 1/5 1/5 2/5
{@s, @y, @5} 1/5 1/5 4/5
{ @y, @y, @3, Ty} 1/5 1/5 4/5
{@y, @y, @3 @5} 1/5 1/5 4/5
{@,;, @;, vy @s} 1/5 /5 ]
{@y, @3, Ty, @5} 1/5 1/5 4/5
{@,, @3, @, @5} 4/5 0 1
V(D) 1 1 1
P ] 1 1

Proposition 2.15 Let D = (V(D), E(D)) be an approximation
space and Fg, Fg and Fs, be the classes of o-closed, i-
closed and m-closed graphs induced by D. Then any o-
closed (or i-closed) d. g. is m-closed.

Proof. Let HC D be an o-closed d. g., then [V(H)1,EV(H).
Since [V(H)]s= {@€V(D) :OD(m)N (V(H) — {@}) #¢} and
[V(H)]w= {@€V(D) : for all MD(@), MD(@)\ (V(H) — {@})
#¢} = {@€V(D) : OD(am)N (V(H) — {w}) #¢ and ID(@)N
(V(H) - {@}) #4}.

Consequently, we have [V(H)]mS[V(H)]zand  so
[V(H)]:SV(H) which implies H is m-closed. Therefore any

o-closed d. g. is m-closed. Similarly, we can prove that any
i-closed is m-closed.

Proposition 2.16 Let D = (V(D), E(D)) be an approximation
space and £2, , {2, and £2. be the supratopologies induced

by D. Then any o-open (or i-open) d. g. is m-open.

Proof. Let OSD be 0-open d. g. and F = D- O. So F is o-
closed d. g. and by using Proposition (2.15), F is m-closed.
Hence O = D-F is m-open. Accordingly, any o-open d. g. is
m-open. By the same manner we can prove that any i-open
d. g. is m-open.

Proposition 2.17 Let D = (V(D), E(D)) be an approximation
space and HED. Then

(@) Ln(V(H))2L.(V(H))UL(V(H)),

(b) Un(V(H))SUo(V(H))NU(V(H)),

(¢) Bu(V(H))SB.(V(H))NB(V(H)),

(d) nm(V(H))z max {n(V(H)), ni(V(H))}.

Proof
(a) Since L,(V(H)) = U {V(O)E!.?;E ; V(O)SV(H)}. Hence

Lo(V(H)) € V(H) and L,(V(H)) is o-open since the union
of any family of o-open d. g. 's is  o-open. Because
L(V(H)) = U {V(N)e£, ; V(NJSV(H)}. So Li(V(H)<

V(H) and Li(V(H)) is i-open since the union of any family
of i-open d. g. 's is i-open. Because L,(V(H)) is o-open,
then by Proposition (2.16), it is m-open and since
Li(V(H)) is i-open then, by Proposition (2.16), it is also
m-open. Hence L,(V(H)) ULy(V(H)) is m-open and
L,(V(H)) UL(V(H)<S V(H). But L,V(H) = U
ViMen, 5 VM)< V(H)}. Consequently, Lo(V(H))

UL(V(H)) ELn(V(H)).

(b) Since U,(V(H)) = N {(V(F)eFs; V(H)S V(F)}. Hence
V(HS UyV(H)) and U,V(H)) is o-closed since the
intersection of any family of o-closed d. g. 's is o-closed.
Because Uy V(H)) = N {V(Z)EFs, V(H)S V(Z)}. Thus
V(H<S UyV(H)) and UyV(H)) is i-closed since the
intersection of any family of i-closed d. g. 's is i-closed.
Because U,(V(H)) is o-closed then, by Proposition (2.15),
it 1s m-closed and since UyV(H)) is i-closed then, by
Proposition(2.153), it is also m-closed. Hence U,(V(H)) N
UiV(H))1s m-closed and V(H)C U,(V(H)) N Ui(V(H)).
But U (V(H)) = N {V(K)EFz,; V(H)E V(K)}. According
Un(V(H))SUs(V(H)) NU(V(H)).

(¢c) Let weB,(V(H)), then @€ (Un(V(H)) —Ln(V(H))) and so
we U (V(H))ANwit L,(V(H)). Since U,(V(H))SU,(V(H))
N UiV(H)) and Lu(V(H))2L.(V(H)) ULi(V(H)). Then o€
(Us(V(H)) W UV(H))) Aewt (Lo(V(H)) ULi(V(H))), this
imply (e Uy(V(IT) Aoe U(V(H)) A (o Lo(V(H)
A& LV(H)), this imply (o€ Uy(V(H)) Ao Lo(V(H))
A (@€ U(V(H)) Nt Li(V(H))), this imply (@€ Uo(V(H))
~L(V(H)) A (vE U(V(H)~-L(V(H)), this imply o€
B,(V(H)  Aw€  By(V(H)), this imply @€
(Bo(V(H)NOBy(V(H))). Therefore
Bu(V(H))SBo(V(H))OBA(V(H)).

(d) By using (c) the proof is obvious.

Remark 2.18 Let D = (V(D), E(D)) be an approximation
space and HED. Then the following statements are not
necessarily true.

(@) La(V(H))=Lo(V(H))UL(V(H)),

(b) Un(V(H))=U.(V(H))NU(V(H)),

(¢) Bu(V(H))=B.(V(H))NBi(V(H)) and

(d) 7n(V(H))= max {n.(V(H)), ni(V(H))}.

The next example shows pervious remark.

Example 2.19 According to Example (2.14),

(a) Let V(H) = (V(H), E(H)): V(H) = {@1, @2, @5}, E(H) =
{(wl) wz): (WZ; WI)J (WZ’ w5): (wf;’ wl)} Then Lm(V(]—I))
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= {@1 @2, @5}, L(V(H)) = ¢ and L(V(H)) = {a@},
such that L, V(H)UL(V(H)) = {a@;} and so
Ln(V(H))#Lo(V(H))UL(V(H)).

(b) Let V(H) = (V(H), E(H)): V(H) = {@2}, E(H) = ¢. Then
Un(V(H)) = {@2}, Us(V(H)) = {@1, @2 @4 ws} and
UH) = {w, w@; @ @5}, such that
U(VH)NU(V(H) = {a@s @4, @53 and so
Un(V(H))#U(V(H))NU(V(H)).

(c) Let V(H) = (V(H), E(H)): V(H) = {@2, @y, ws}, E(H) =
{(w2, @s), (B4 @s)}. Then Bu(V(H)) = {@4}, Bo(V(H))
={w@, @y @y ws} and By(V(H)) = {@;, @z @4 @5},
such that B,(V(H))N\Bi(V(H)) = { @1, @», @4, @5} and so
Bu(V(H))#Bo(V(H))NBi(V(H)).

(d) Let V(H) = (V(H), E(H)): V(H) = {@3s}, E(H) = ¢. Then
mm(V(H)) = 1, no(V(H)) = 1/5 and n:(V(H)) = 4/5, such
that max{n,(V(H)), n(V(H))} = 4/5 and so n.(V(H))*
max {1.(V(H)), ni(V(H))}.

3. Near Supraopend. g.'s

In this section, we introduce some new notions, definitions
and propositions about near supraopend. g. 's, near
supraclosedd. g. 's, near supraboundaryd. g. 's, near
supraclosure operators and near suprainterior operators.
These concepts are very essential to develop the theoretical
foundations of rough set theory. By similar way of
definitions of regular open set [15], semi-open set [6], pre-
open set [7], y~open set [5] (=b-open set [3]), a~open set [9]
and fS-open set [l](=semi-pre-open set [4]), we shall
introduce the following definitions.
Definition 3.1Let (D, ) be a supratopology space. HED is
called
(a) Regular supraopen (briefly r-supraopen) if V(H)
Inty(ClL(V(H))),
(b) oa-supraopen if V(H)SInt.(Cl(Int(V(H))),

(c) Semi-supraopen (briefly s-supraopen) if
VH)ECl(Int(V(H))),

(d) Pre-supraopen (briefly p-supraopen) if
V(H)EInt,(CL((V(H))).

(e) y-supraopen (briefly b-supraopen) if

V(H)SCly(Int(V(H))) Ulnt(CL(V(H))) and
(f) [-supraopen (briefly semi-pre-supraopen) if
V(H)SCl,(Int(CL(V(H))).

Definition 3.2Let (D, () be a supratopological space. The
complement of an r-supraopen (resp. a-supraopen, s-
supraopen, p-supraopen, y-supraopen and [-supraopen) is
said to be r-supraclosed (resp. a-supraclosed, s-supraclosed,
p-supraclosed, y~supraclosed and S-supraclosed).

Remark 3.3Let (D, £) be a supratopological space, then

(a) The family of all supracloesdd. g.'s is denoted by F.

(b) The family of all r-supraopen (resp. a-supraopen, s-
supraopen,p-supraopen, y-supraopen and [S-supraopen)
d. g. 's are denoted by R(2 (resp. a€2, SO, P, y(2 and
£O).

(c) The family of all r-supraclosed (resp. a-supraclosed, s-
supraclosed,p-supraclosed,  j-supraclosed and f-
supraclosed) d. g. 's are denoted by RF (resp. afF, SF,

PF, yF and SF).

Example 3.4Let D = (V(D), E(D)): V(D) = {@;, @, @3 @y
ZU5}> E(D) = {(wl’ WZ), (ZUL Zﬂ'g), (WZ’ ZU]), (w.?’ ZD-4)» (ZU4,
@), (o, @3)}

oy 22F

.EE"_;

fap oz
Figure 3.1: d. g. D given in Example 3.4

Sn(@y) = @z, @3}, {@2, @4}}, Sn(@z) = {@1}}, Su(m3) =
Hast, (o1, @), Sn(my) = {{@1, @3}, {@3)} and Su(@s) =
{¢}.

.ng = {V(D), ¢, {w'5}, {w_;», ZD'4}, {w:;, Wy, w5}, {w_z, wy, W3,
@4t}

RO = {V(D), ¢, {@s}, { @y, @, @3 @4}},

afden = VD), ¢, {@s}, {@5 @u), {1, @5 o4, {0, @3
@y}, A T3, Ty Ts), {01, T T3, Tyf, {01, Tz, 0y Os), {2,
@3, @y, @5} yand

P-Qfm = {V(D)a ¢’ {ZD’3}, {w4}’ {wE}s {wb ZU3}, {wb w4}a
(@2, @3}, {@2 o4, {03 @4, {@5 @5}, {04 @5, {@1,
@2, W3}, |0, T2 04, {01, @3 Oy}, @1, O3 Os), {G1, Ty,
@5}, L@, @3, Oy}, L0, @3, @5}, { @2 Ty, Ts}, { T3, @y, Ts),
\ Ty, @2, @5 Oy, \ Tz, Tz @3 Ts}, {01, Tz Oy Os), {0,
W3, Oy @5}, T, @3 @y Ts) ).

Also, the classes of near supraclosedd. g. 's are given as
follows:

Fon= V(D). ¢, {@s}, {@1 @2}, (@1, @275}, {@1, @2,
ZU};}},

RF s, = V(D). §, { @5}, { @1, @3, &y, @5},

aFg = VD), ¢, {w:}, {@2}, {@s), {@, @2}, (@, @5},
{ @, @5}, { @y, T2, @5}, {@;, @, @3 @)} and

PF?’” = {V(D)a ¢: {wl}: {ZD'z}, {w:?}’ {ZU4}, {05}’ {ZU], ZU'z},
L@y, @3}, (@1, @4}, {01, Tsy, { @2, @3}, { @2, @4, {2, @5},
{@s, @5}, {0y, G5}, { @1, @2, @3}, { @1, T2, 04}, { @1, Tz, @5},
(o, @3 @), {@, @4 @5}, {02 @3 Ts), (T2 Ty @5},
{@1, @3 @3 w04}, {01, G2, @3, @5}, {T, Tz, Ty, s}}.

Example 3.5Let D = (V(D), E(D)): V(D) = {@;, @, @3 o,
asy, E(D) = {(w1, @), (w2, @), (w2, @5), (W3, @), (@,
@3), (g, @s), (@5, @), (@5, T3)}

oy iy

g o3

Figure 3.2: d. g. D given in Example 3.5.

Sn(@y) = {{@z}, (@2 @5t} Su(w2) = {{@y, @5}, {@1}},
Sn(@sz) = {@y}, {@g, @5}}, Sn(@y) = {{ @3 @5}, {@s}} and
En(@s) = {{@s, @1}, {@y, @2} }.

ng: {V(D)a ¢a {ZU'], wZ}a {ZU3, ZU'4}, {ZU], w2z, W3, w‘l}}a
R-Qfm = {V(D)s ¢9 {wb wZ}a {ZU_;, 04}}3
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a‘Q‘fm: {V(D): ¢’ {ZU], ZUZ}’ {ZUg, ZU‘P}’ {wl’ W2, W3, ZD'4}},
SQ‘fm = {V(D)5 ¢: {ZU1, ZUZ}’ {ZUg, w4}> {wl’ w2, 075}, {ZZTg,
@y, @5}, { @1, T2, T3, @y}},

p-Q‘fm: {V(D)a ¢9 {ZU1}, {ZUZ}a {ZD'_—,‘}, {ZD};}, {wb ZB'z}, {ZUI’
@3}, \@1, @y}, { @2, @3}, {2, T4}, \ @3, @4}, {01, T2, @3},
(@1, @204}, \@1, @3, @4}, {@1, @3 @5}, {@1, @4 @5},
\@2, @3, W4}, { @2 @3, Ts}, {W2, @y, @5}, {T1, T2, @3, Ty,
(@1, @203 @5}, {01, @2, @y, ©s}, {@1, T304 @5}, (T2
@3, @y, Ts}},

7—Q§m = {V(D)a ¢9 {ZU']}, {ZUZ}a {03}, {04}9 {ZD'], wZ}n {ZU1,
@3}, \ @1, Ty}, { @2, @3}, {2, Ty}, \@3, @y}, {@1, T2 @3},
(@1, @204}, {01, @05}, {1, @3 @4, {0, @3 @5},
(o1, @4 @5}, {203 @4, {@2 @3 @), {0 @, @5,
{@3, @y @5}, (@1, T2, @3 @4}, {01, Ty, @3 s}, {@1, Tz
@y, Ts}, {@1, T3, Ty Ts5), { @, T3, T4 @5} }and

ﬁ-Qtfm = {V(D)’ ¢9 {01}5 {wz}a {ZU3}, {04}9 {ZU], wZ}a {wb
@z}, \@1, @4}, (@1, T}, {Gz203}, {@2, @4}, (@2 @5},
{@3, @y}, {@3, @5}, {@y, @5}, {@W, @, @3}, { @1, To, @y},
{ZU1, ZUz,ZU_;}, {WL W3, 0'4}, {@'1, w3, 05}, {19'1, Wy, ZU'5},
(@2 @3, @4, (@2 @3 @5}, {G2 @4 Os), (@3 G4 s,
{@1, @2,03 @4}, {01, @2, @5 @5}, {@1, B2 Oy @s), L@y
@3, By, T}, { Ty, T3, @y, Ts}}.

Also, the classes of near supraclosedd. g. 's are given as
follows:

Fan=V(D), ¢, { @1, @, @5}, { @3 @4 @5},

RF‘fm = {V(D)> ¢’ {ZUJ) w2, ZD'5}, {ZD}, Wy, ZD'5}},

afF e = {V(D), ¢, { @5}, { @1, @2, @5}, { @z, Ta @5t

SFan = {V(D), ¢, {@s}, \@1, @2}, {@3 @4}, \T1 @2 @5},
{@3, @4 @5}},

PFa= {V(D), ¢, {@1}, {@2}, { @3}, {@s}, {@s}, {01, @3},
{@;, o4}, (w1, @5}, (@205}, (@2 o4, (@2 @5}, {o3
@5}, {@y, @5}, {@1, o @5), { @y, @3 @5}, { @, @y @5,
{ @2, @3, Ts}, {2, @y, @5}, { @3, @y @5}, {0, @o, @3, @5},
{@1, @2, @y, @5}, {@1, T3, G4 @5}, { W2 T3,04 @5},
7F§m = {V(D)s ¢s {wl}s {wz}~ {ZD'_?}, {54}3 {ZD'_:;}, {15'1,
(@1, @3}, (@1, @4}, (@1, @), @@}, (@2 @4, (@2
o5}, {ws o4, {@s @5}, (o, @5}, {w, @25, {@,
@3, W5}, @1, Ty, s}, {T2, T3, Tsp, {02, @y, Ty, {03 O,
@5}, { @1, T, @3, Ts}, { @y, @2 Ty @5}, { @y, O3, @y Ts),
{@s, w3 @4 o5}}and

ﬁFfm = {V(D)’ ¢5 {ZUI}’ {wz}a {ZU_;}, {ZU4}, {ZUg}, {ZD'J, wZ}a
(@1, @3}, (O, @4, {01, @5}, (@05}, (@2 @4, {@2
@5}, (@3 @4, (@3 T}, (G4 s}, (@1, @03}, (@
@2, By}, {1, @2 @5}, {@1, T3, B4}, {1, O3 Ts}, {@, Ty
@5}, { @, @3, By}, { @2, @3, Ts}, {T2, Ty @5}, { @3, Ty, T5},
(@1, @23 @5}, {G1, @2, @y, @s}, {@1, T304 @5}, (T2
@3, Ty, Ts}}.

@2},

Proposition 3.6Lect (D,(2) be a supratopological space, then
the relation between (Xresp. F) and the families of near
supraopen (resp. near supraclosed) d. g. 's are given as
follows:

SOSH)
20—

Proof (a)

(1) By definition of r-supraopren, we have RQC (.

(2) Let H be open subd. g., implies V(H) = Int,(V(H)), but
Int,(V(H)) SCl(Int,(V(H))), so V(H) S Cl.(Int.(V(H)))
and Int,(V(H)) € Int,(Cl,(Int,(V(H)))). Therefore, V(H) €
Int,(Cl,(Int,(V(H)))) and H is a-supraopen.

(3) Let H be a-supraopen, then V(H) € Int,(Cl,(Int,(V(H))))
and V(H) € Cl,(Int,(V(H))). Therefore, H is s-supraopen.

(4) Clear.

(5) Let H be jp-supraopen, then V(H) < Cl(Int,(V(H)))
Ulnt,(ClL(V(H))). In general V(H) < Cl,(V(H)), then

Clu(Int(V(H))) c ClL(Int,(CL(V(H)))) and
Int(CL(V(H))) S  Cl(Int.(Cl(V(H)))), implies
Clu(Int(V(H))) Ulnt.(CL(V(H))) =

Cl.(Int,(Cl(V(H)))UCL,(Int.,(ClL(V(H)))) =
Cl,(Int(Cl,(V(H)))). Hence, V(H) € Cl,(Int,(Cl(V(H))))
which means H is f-supraopen.

(b)

(1) Let H be a~supraopen, then V(H) < Int,(Cl.(Int,(V(H)))),
since Int,(V(H)) c V(H), this implies
Int.(Cl(Int,(V(I1)))) EInt,(ClL(V(H))). Hence, V(H) S
Int(ClL(V(H))). Therefore, H is p-supraopen.

(2) Clear.

Remark 3.7Considering Example (3.5), the two classes S{2
(resp. SF) and P2 (resp. PF) are not comparable because
there is no one of them is contained in the other.

Definition 3.8Let (D, (2) be a supratopological space and

HED, then the near suprainterior of H is denoted by

Int;(V(H)) and defined by:

Int,(V(H)) = U {V(O)SV(H); O is j-supraopen}, where j = r,
a s, p, yand f.

Definition 3.9Let (D, ) be a supratopological space and

HCD, then the near supraclosure of H is denoted by

CL(V(H)) and defined by:

CLV(H)) = N{V(H)SV(F); F is j-supraclosed}, where j = r,
a, s, p, yand .

Definition 3.10Let (D, £2) be a supratopological space and

HED, then the near supraboundary of H is denoted by

Bd;,(V(H)) and defined by:

Bdu(V(H)) = Cli(V(H))~Int(V(H)), where j =7, a, s, p, yand
B.

Remark 3.11Since every topological space is a
supratopological space, then the concepts in Definition (3.2)
are special cases of those in Definition (3.1).

Example 3.12 According to Example (3.4). Table (3.1) (resp.
Table (3.2) and Table (3.3)) shows Inty(V(H)) (resp.
Cly(V(H)) and Bd;(V(H))) for all H €D and for all j = r, &
and p.

Table 3.1: According to Example (3.4),/nt,(V(H)) and
Int;(V(H)), where j € {r, a}, for all H D
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{4} ¢ ¢ ¢ (@1, Tz, T3, T4} | {T1, Ty, T3, Ty} |\ T, Tz, T3, Ty} {Ty, Tz, @3, By}

(@5} (@5} (@5} { @5} { @1, @, @3 5} V(D) V(D) V(D)
{@1, @2} @ @ ) {@1, @5, @4, @5} V(D) V(D) V(D)

{ @1, @3} ¢ ¢ ¢ (@, @5, @y @s) V(D) V(D) V(D)
(@1, @4} ¢ ¢ ¢ {@2, @3, @, ws} V(D) V(D) V(D)
\@y, @5} (@5} 1 @5} 1@} V(D) V(D) V(D) V(D)

\ @z, @3} ¢ ¢ ¢ [ [ /) ¢
{@2, 4} ) ¢ ¢
{ @ @5} {@s} {@s} {@s} Table 3.3: According to Example (3.4),Bd,,(V(H)) and
(@3 @4} [ {@s @4} {@s @4} Bd;w(V(H)), where j € {r, a}, for all H CD.

{@s, @5} {@s} {@s} 1 @5} V(H) Bdm(V(H)) Bdw(V(H)) Bdem(V(H))
L7 il e L R (o) 010 @ o4} (@0} {1}

B ‘ : ‘ () N0n0s 05 al| o) (@)

(@1, s, @5} (@5} (@5} (@5} {@s} Ty, Ty, T3, Wy} | Wy, Tz, T3, Ty} | Ty, Tz, T3, Ty}

(@, @3, @) 4 (@3, @4} (@, @3, @) {@4} Ty, Ty, W3, Wy} | Wy, Tz, T3, Ty} | Ty, Tz, T3, Ty}

\opas o) | sl (@5} (@5} 75} ¢ ¢ ¢

(@@, @5} (@) ) (@5} {0 Pa} {0 T Dy T} | {0, Oy 101, @}

{@,, @3, 074} ¢ (@3, 04} (@, @@, w4} {1, Wsi’ Wy, W2, W3, 074} @y, Wz, T3, Oy | Ty, Tz, T3, 134}

(@200 w5} | (o) L) () e R e

(@00 @5} | (w5} {3} () Lon0sl_LOn0n 0o Ol 1 0002] —

{@3, @y, @5} {@5} {@3 @y @5} | {03 @ @5} s @) (@, 2. Oy Oyt | T Ty Ty, @} {01, T Ty, @y}
{ @1, @2, T3, O @1, B2, T3, L)\ @1, T, @3, W) { @1, T, @3, B4} { @204} @1, @z, T, D} | 01, Ty, @3, Tyl | 0, B, By, @
(@1, @ @5, T (5 (s {7 (@ @5 (@, 0y @ @) | (@, @) {@2}

(@, @2, @2, T} (5! (! (! {as w4)} { @y, @z, T, m}‘ {@y, T2} {@, @z}
{ZD'1, W3, Wy, ZU5} {WS} {01?, oy, W5} {ZD’L W3, Wy, ZD'5‘} {W& ZU5),' T1. Oz T 04} ‘ZHL Tz Ts 04} D1, B2 B W4}
(@, @5, @y T (5! (@, @ 5} | (T, @5, Ty T {@y, @5} @y, Ty, Tz, Wy} | @y, g, T3, Wy} | Ty, Tz, T3, Ty}
V(D) V(D) (D) V(D) \@Ty, Ty, Tz} | @y, Oy Ty Ty} | Ty, Ty, T3, Ty} | Ty, Tz, T3, Ty}
4 ) ) ) \ @1, @y, @y} [Ty, @, T3, Ty} | Ty, Ty T3, Ty | 01, Tz, T3, Ty}

@, @, @5t @1, O, T3, Ty} {@, T2} {@, T2}

Table 3.2: According to Example (3.4),Cl(V(H)) and 105, @5 Ga} |00 0p Ty, Tt| {0, B} L@z}

Cliw(V(H)), where j € {r, a}, for all HCD. o, @5 ws‘} ‘@’ T2, T3, Dt | 01,0, B3, 0} | @1, Op, T, Ty

V(H) Clm(V(I1)) Clu(V(H)) Clom(V(H)) @, @y, 735‘} Ty, Tz, T3, Oy} | Ty, Tz, T3, Oy} | O, Tz, T3, Ty}

¥ \ @2 @3, @y} @y, Tz, Ty, Ty} {@1, 2} [

{ZU1} {ZUz, w2, @3, @'4‘} i@'z, Wzi Ew’zi {IUZ, @3, 135} {ZUL @, @3, 04} ‘ZUL @, @3, ZD'4} @5, @y, @, ZU4}

I e T s | L L O Ere ey

= L I S @3, @y, T5; [ @y, @ T By} | { @, @) (@1, T2}

{@y} {@, @z, T3, @} | Ty, @, T3, Bu}|{ @1, T2, @3, O} {7y, @, 75, Bhal 3 4 )

(@5} {@s) - {@s) {75} @y, @y, T3, Ty | g, Tz T3, 04} | Ty, Tz, T3, Oy} | Ty, Tz, T3, Ty
{@y, @2} (@, Ty, T3 By} (@ @) { @y, @2} | (@02 50, @} (@1, 05, 55, T} [ 70, @, 05, B4} @1, 05, @5, B}
(@, @3} {w, @2, @, 734} ATy, @z, Tz Ty |10, Tz, T, 734‘} (@, @5 @y @5} @@ T Ty} {@, @2} {@2)}

(@1, @y} (@1, @z, @3, @y} |\ Ty, T2, B3, By { @y, T, @3, Ty @y, T3, gy Tsi |\ T, T2, Tz, Ty} (@, @z} {@1}

{@1, @5} V(D) @1, @, @5} oy, @5} V(D) ¢ y 4

{@,, @3} {@y, @2, @3, @} |{ @, @2, B, O4}| {01, @2, @3, @y} ¢ ¢ ¢ p)

{ @2, @4} (T, T2, @3, @4} | {7y, T2, T3, B4\ { Ty, T2, @3, @4}

{ @2, @5} V(D) (@, @z @5} { @2, @5} Example 3.13 According to Example (3.5). Table (3.4) (resp.
(@3, @y} (@1, @z, @3, W4} | {01, T, @3, B4}|{ @1, @y, @5, @y}| Table (3.5) and Table (3.6)) shows Intu(V(H)) (resp.
{@s @5} V(D) V(D) V(D) Cli(V(H)) and Bd;(V(H))) for all H €D and for allj =7, a, s,
{@y, @5} V(D) V(D) V(D) p, yand .

{171, w2z, w'3} {ZUL Wz, W3, 174} {WL Wz, W3, 13'4} {le, Wy, W3, 174}

{WL w2z, w'4} {ZUL Wz, W3, 174} {WL Wz, W3, 13'4} {le, Wy, W3, 174}

{@,. @, @5} V(D) (@, @2 @5} | {@, @ @5}

{@1, @5, @4} (@1, @y, @5, @4} | {01, T2, T3, B4}|{T1, T2, T3, Ty}

{@y, @3, @5} V(D) V(D) V(D)

(@, @y @5} V(D) V(D) V(D)

{7/72, @3, ZU4} {@,, @5 @3, 074} {ZUL @y, T3, Wy} {WL W, W3, ZU4}

{@2, w5, @5} V(D) V(D) V(D)

{@2, w4, @5} V(D) V(D) V(D)

{@s, w, s} V(D) V(D) V(D)

Table 3.4: According to Example (3.5),/nt,,(V(H)) and Int;.(V(H)),where j € {s, p, y, B}, for allH CD.

V(H)

Intw(V(H))

Intsn(V(H))

Intpm(V(I']))

Intyn(V(H))

Intpn(V(H))

t@}

¢

¢

{@s}

{@}

{@s}
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{@2} ¢ ¢ {@z} {@2} {@2}
{5} ¢ ¢ {3} {3} {3}
{4} ¢ ¢ {4} {4} {og}
{@s} ¢ ¢ ¢ ¢ ¢
(@1, @2} {@1, @2} {@1, @2} {@1, @2} {@1, @z} { @1, @z}
{ @y, @5} ¢ ¢ {@1, @5} {@1, @5} {@1, @5}
{@1, @4} ¢ ¢ (@1, @4} (@, @4} (@1, @4}
{7, @5} ¢ ¢ (@, @5} {@} (@, @5}
{ @y, @3} ¢ ¢ {@y, @3} {@y, @3} {@y, @5}
{ @y, @y} ¢ ¢ (@2 @4} (@2 @y} (@2 @y}
{ @2, w5} ¢ ¢ {@2} {@2} { @2, @5}
{@3, @4} { @3, @4} (@3, @4} (@3, @4} (@3, o4} (@3, o4}
{@3, @5} [ ¢ {3} {3} (@3, @5}
{@s @5} [ ¢ {@4} {@4} (@, @5}
{@,, @y, @3} (@1, @2} (@, @2} (@, @y, @3} (@, @y @3} (@, @y @3}
(@, Ty, Ty} (@, @2} (@, @2} (@1, @y @y} (@, @y @y} (@1, @y @y}
(@1, @y, @5} (@, @5} (@1, @z, @5} (@, @y} (@1, @2, @5} (@1, @2, @5}
(@, @5, @y} {@s @y} {@s, @y} (@1, @3, @y} (@1, @3, @y} (@1, @3, @y}
\ @1, @3, @5} ) ¢ {@1, @3, @5} {@1, @3, @5} (@1, @3, @5}
(@, @y, @5} ¢ ¢ {o @y @5} {@y, @y @5} {@1, Ty, @5}
{ @2 @5, @4y { @3, oy} {@s, @y} {@s, @5 w4} {@ @3 oy} { @2, @3, @y
{ @2, @3, @5} ¢ V4 \ @2, @3, @5} \ @2, @3, @5} { @, @3, @5}
(@2, @y, @5} ¢ ¢ { @2, @y @5} L@, By, @5} {@2, @4, @5}
{@s5, @y, @5} 1 @3, Oy \ @3, @y, @5} T3, Ty (@3, Ty, Wt (@3, @y, @5}

(@, Ty, T3, @4} | {0y, @, @3, @4} \ Oy, @2, @3, @y} A Oy, @z, T3, Wy} A Oy, @z, @3, Wy} { @1, @y, @3, @4}

(@1, @2, @3, @5} {71, @2} { @y, @y @5y \ @y, @y, Tz, Ts} \ @y, Ty, Tz, Ts (@1, @2, @3, @5}

(@1, @2, Ty, @Ts} {71, @2} { @y, @y @5y \ @y, Ty, By, Ts \ @y, Ty, By Ts' (@1, Tz, By, @5}

{@y, @3, Ty, @5} {3, @y} {@s @y @5} { @y, Ws @y, @5} {@y, @5 @y, @5} { @y, @3, @y, @5}

{ @2, @3, @y, @5} {@s @4} {@s @4 @5} { @y, @5 B4, @5} { @2, @5 B4, @5} { @2, @3, @y, 5}

V(D) V) ) Vi VD) V(D)
¢ ¢ ¢ ¢ ¢ ¢
Table 3.5: According to Example (3.5),CL.(V(H)) and Cli,(V(H)), where j € {s, p, » S}, for allH CD.
V() Clo(V(H)) Clon(V(H) Clyn(V(H)) Cln(V(11) Clpn(V(H)
{1} (@1, @z @5} (@, @2} 1@1} {1} {1}
{2} \ @, @2, @5} {@, @2} { @2} {@s} {@2}
{3} \ @z, Oy Os) (@3, @4 1m3} 103} {3}
{4} {@s, @y @5 (@ @y} {@y) {@y) {@4}
{ @5} { @5} 1 @5} 1 @5} {5} { @5}

{@, @2} \ @y, @2, @5} \@y, @z} L@y, T2, @5} L@y, 2} (@, @2}

{ @1, @3} VD) V(D) {@, @3 1@, T3} {@y, @3}

{T, @4} V(D) VD) (@, oy} { @y, Ty {@, @4}

{ @1, @5} { @1, @2, @5} { @1, @, @5} { @y, @5} { @y, @5} { @y, @5}

{@2, @3} V(D) V(D) { @5, @5} { @2, 73} { @2, @3}

(@2, @4} V(D) V(D) {@2 @y} \ @, Ty} {@2, @y}

{@2, @5} \ @1, T, @5} {71, @2, @5} @2, @5} { @2, @5} \ @2, @5}

{@s @y (@3, @y, @5} {@s, @y (@3, @y o5} {@s @y {@3, @4}

{@3 @5} {@3 @y, @5} {@3, @4, @5} {@3 @5} {@3, @5} {@3 @5}

\ @y, @5} (@3, @y, @5} \@3, @y, T} (@, @5} \ @y, @5} 1@y, @5}
(@), @ @5} (D) V(D) { @, @5, @5, @5} { @1, @, @5, @5} {@y, @y @5}
(@1, @z, @) V(D) V(D) { @1, @y, B4, @5} { @1, @2, 4, @5} (@1, @y, @y}
\ @1, T, Ts} \ @1, T, Ts} {71, @2, @5} (@1, @, @5} \ @1, T, Ts} \ @1, T, @5}
(@1, @3, @) V(D) V(D) { @y, @3, @4, @5} { @1, @3, @4, @5} (@1, @5, @y}
{1, @5, @5} V(D) V(D) { @1, @5, @5} {1, @5, @5} { @1, @5, @5}
(@1, @y, @5} V(D) V(D) (@1, @y, @5} (@, @y @5} (@1, @y, @5}
{@2, @3, @4} V(D) V(D) { @2, @5, @4, @5} { @2, @5 @4 @5} { @2, @3, @4, @5}
{Wz, @3, W5} V(D) V(D) { @2, @3, 075} { @2, @3, @5} {Wz, w3, 135}
{ @2 @y, @5} V(D) V(D) { @z @y, @5} { @2, @y, @5} { @2 @y, @5}
{@3, @4, @5} {@3, @y @5} {@s, @y, @5} {@3, @y @5} {@3, @y @5} {@3, @4 @5}

\ @y, Tz, T3, By} V) VD) VD) VD) VD)
{ @1, @2, @3, @5} V(D) V(D) { @1, w5, @3, ws} { @1, @2, @5, @5} { @1, @5, @3, @5}
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\ @1, @z, Ty, @5} V(D) V(D) { @y, @y, @y, @5} (@1, T2, @y, T5} (@1, @, @, @5}
{ @1, @35, 04, @5} V(D) V(D) { @1, @5, @4, @5} { @1, @5, @y, @5} { @1, @5, @4, @5}
{ @2, @3, Ty, @5} V(D) V(D) { @, @3, @y, @5} { @2, @3, By, T5} { @y, @3, @y, @5}
V(D) V(D) V(D) V(D) V(D) V(D)
¢ ¢ ¢ ¢ ¢ ¢
Table 3.6: According to Example (3.5),Bd.(V(H)) and Bd,n(V(H)), where j € {s, p, 3, S}, for all HCD.
V(H) Bdn(V(H)) Bdn(V(H)) Bdpm(V(H)) Bdm(V(H)) Bdpn(V(H))
{o} {@1, @5, @5} { @1, @2} ¢ ¢ ¢
{@z} {@1, @z, @5} (@1, @z} ¢ ¢ ¢
{@s} {@1, @z, @5} {@3, @4} ¢ ¢ ¢
{@y) (@3, @y, @) (@3 @4} ) ¢ ¢
{@s} {@s} 1 @5} 1 @5} { @5} { @5}
{@;, @z} {@s} ¢ {@s} ¢ ¢
{@;, @5} V(D) V(D) ) ¢ ¢
{@, @4} V(D) V(D) ¢ ¢ ¢
{ @1, @5} { @1, @y, @5} \@y, @z, @5} { @5} {@s} ¢
{@2, @3} V(D) V(D) 1) ¢ ¢
{@2, @4} VD) VD) ¢ ¢ ¢
{@2, @5} \ @y, @z, @5} L@y, @2 @15} {@s} { @5} ¢
(@3, @4} {@s} ¢ {@s} ¢ ¢
{@s, @5} 1 @3, @y, @s) (@, @y @5} {@s) o )
{@y @5} (@ @y, @54 (@ @y @5} {a@s} {@s) ¢
{@;, @y @3} {@y @y @54 {@y @y @s) {@s} {@s) ¢
(@1, @z, @4} {@s, @y @5} (@3 @y @5} { @5t 1 @5} )
{ @1, @2, @5} (@5} @ {a@s} { @5} )
(@1, @3, @4} \ @y, @y, @5} (@, @2, @5} {@s} {@s) ¢
\@1, @3, @5} V(D) (D) ¢ 4 ¢
{@;, @, @5} V(D) V(D) ? ¢ ¢
{ @2, @3, @4} \ @y, @y, @5} 1@, Tz, W5y L @5} 1@} )
{ @, @3, @5} (D) V(D) [ ¢ )
{@2, @y, @5} V(D) V(D) ¢ ¢ ¢
{@5, @y @5} (@5} ¢ {@s} ¢ J
(@1, @z, @5 @4} {@s} {@s} {@s} { @5} {@s}
(@1, @z @3 ws} (@3, @4 @5} 1@z, T} ¢ ¢ ¢
(@1, @z, @y @5} (@5, @y @5t (@3 @y ? ¢ ¢
{@, @5, @y, @5} @y, @2, @5} L@y, @p} ¢ ¢ ¢
(@2, @5, @y @5} { @y, @2, @5} {@y, @2} ¢ ¢ ¢
V(D) ¢ ¢ ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢ ¢

Proposition 3.14Let (D, £2) be a supratopological space and
HCD, then

Inty(V(H)) SIntu(V(H)) SV(H) SCly(V(H)) SCL(V(H)) for
all j=a,s, p, y,Pand j#r.

Proof. The proof of the five case are similar, so we will only
prove the case j=s.

Int,(V(H)) = U {V(O)eQ; V(O)SV(H)}
cU {V(0)eSQ; V(O)SV(H)} since 2502
— Intu(V(H)) SV(H), (1)
On the other hand, we have

VIH)EClw(V(H)) = N {V(F); V(F)ESF and V(H)< V(F)}
SN {V(F); V(F)EF and V(H)< V(F)} since F CSF
=ClL(V(H)) . 2)

From (1) and (2) we get Int.(V(H)) Sinty(V(H)) SV(H)
CClL(V(H)) SCl(V(H))

Remark 3.15 The above proposition is not necessarily true
in the case of j = r as shown in the next example.

Example 3.16 According to Example (3.4).

Fon = {V(D), ¢ (@5}, {@1 @2}, {01, @205}, {@;, @203
ZU4}},

Qs = {V(D), §, {@s}, {@3, @4}, {@3, @y, @5}, (@1, Tz, @3,
@y} }.

Hence, RQ:, = {V(D), ¢, {@ws}, {@w1, @2 @3 w@,}} and RFg,
= {V(D)a ¢9 {05}7 {wb W3, Wy, ZUS}}

If H=(V(H), E(H)): V(H) = (@2, @3, @4}, E(H) = {(@3, @),
(@4, @3)}, then Intw(V(H)) = {@3, @4}, Clu(V(H)) = {@;, @
@3, @4y, Int(V(H) = ¢, Clow(V(H)) = {@1, @2 @3 @4.

Obviously,  Intu(V(H))EInt,m(V(H))  andCl.(V(H)) =
Clin(V(H)).

Proposition 3.17 Let(D, (2) be a supratopological space.
Then the relations between suprainterior and near

suprainterior of HCD are given by the following diagram:
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J‘}! fey I"I;IG:};I')"

It VEH) —» ﬁzrmﬂfr?::r;<j > It (VEH) —> Inia(ViH)
I“!fﬁuﬂ;@j

Proof. By using Proposition (3.14), Int.(V(H)) SInta(V(H)).
We shall prove Inta,(V(H)) Sint.(V(H)).

Intay(V(H)) = U {V(O)eag2; V(O)SV(H)}

CU {(V(0)eSQ; V(O)SV(H)} = Int,(V(H)), since af2=S(2.
Thus, Inta.(V(H))SInt,(V(H)). Similarly can prove the other
cases.

Remark 3.18Let (D, ) be a supratopological space. Then
the following statement are not true in general for every
HED.

@) Intu(V(H) = Inta(V(H) =Intw(V(H)) =Intn(V(H))
=Intp(V(H)),

(b) Intu(V(H) =Inta(V(H)) =Inty(V(H) =Intu(V(H))
=Ints(V(H)).

Example 3.19According to Example (3.5).

(a) Let H= (V(H), E(H)): V(H) = {@3, s}, E(H) = {(ws,
@3)}, then Int,(V(H)) = ¢, Intan(V(H)) = ¢, Intyu(V(H))
= ¢, Intm(V(H)) = { @3} and Intpu(V(H)) = { @3, @5}

(b) Let H=(V(H), E(H)): V(H) = {@3, @4 w5}, E(H) = {(ws,
@y), (o4, @3), (B4, @), (@5, @3)}, then Int.(V(H)) =
{@s, @y, Intan(V(H)) = {@3, @4}, Intyn(V(H) = {@3
@y}, Intm(V(H)) = {@3, @4 @5} and Intpn(V(H)) = { @3,
Wy, D5} .

Proposition 3.20 Let(D, ) be a supratopological space.
Then the relations between supraclosure and near
supraclosure of HED are given by the following diagram:

CrLViH)

Cla(VH) —> Clu0TH) <: >c.‘;-“ﬂ 1H)) —» Cl(VH))
Clay(ViH)) -

Proof. By using Proposition (3.14), Cl.(V(H)) SCL(V(H)).
We shall prove Cl,(V(H))SClu(V(H)).

Clu(V(H)) = N {V(F);, V(F)ePF and V(H)< V(F)}

SN {V(F), V(F)eaF and V(H)S V(F)} = Clu(V(H)), since
aF cPF.

Thus, Clu(V(H)) SCla(V(H)). Similarly we can prove the
other cases.

Remark 3.21Let (D, £2) be a supratopological space. Then
the following statements are not true in general for every
HCSD.

(@) CLV(H) =Cla(V(H)) = Clu(V(H)) =Clu(V(H))
=Clp(V(H)),

(b) CL(V(H) =Cla(V(H)) = Clu(V{H)) =Clu(V(H))
=Clp(V(H)).

Example 3.22According to Example (3.5).

(a) Let H = (V(H), E(H)): V(H) = {@z @5 @4}, E(H) =
{(ms, @), (@4 w3}, then ClL,(V(H) = V(D),
Claw(V(H)) = V(D), Clsw(V(H)) = V(D), Clyn(V(H)) =
{@2, @3 @4 @5} and Clp.(V(H)) = { @2, @3 @4}.

(b) Let H = (V(H), E(H)): V(H) = {@, @3 @4}, E(H) =
(@3, @y, (w4 w@3)}, then ClL(V(H) = V(D),
Clan(V(H)) = V(D), Cln(V(H)) = {@;, @3 @, @5},
Clw(V(H) = {@1, @3@4 @s} and Clg(V(H)) =
{@1, @3, @4).

Remark 3.23Thelnt,,(V(H)) (resp. Clw(V(H))) and the
Int,(V(H)) (resp. Cl,u(V(H))) are not comparable as shown
in Example (3.24).

Example 3.24According to Example (3.5). Let H = (V(H),
E(H)): V(H) = {@1, @2 @3 ws}, E(H) = {(w1, @), (w2

@), (@2 @5), (@5 @), (@5, @3)}. Intsn(V(H) = {@1, @,
@5}, Intpwm(V(H)) = { @y, @2 @3 @5)}.

Proposition 3.25Let (D, (2)be a supratopological space and
HCED. then Bd,,V(H)SBd,V(H) for allj = ¢, s, p, y,fand j#r
Proof. By using Proposition (3.14), the proof is obvious.

Remark 3.26According to Example (3.4). Let H = (V(H),
E(H)): V(H) = { @1, w2}, E(H) = {(@1, @), (@2, @)}, then
Bdw(V(H)) = Clw(V(H))=Intn(V(H)) = { @1, @2} —¢= { @1, @2},
Bduw(V(H)) = Cli(V(H))~Intm(V(H)) = {@1, @2, @3, @4} —¢=
{w;, w2 w3, w4} S0, Bdw(V(H)) €Bd.(V(H)).

4. Near Supra-Lower and Near Supra-Upper
Approximations

In this section we study the approximation space D = (V(D),
E(D)) from a supratopologicalview. By generating the M-
space from the approximation space D = (V(D), E(D)), we
can obtain ﬂgﬂ. We proved that an is a unique class of

subd. g.'s of D which forms a supratopology on D.

Definition 4.1Let D = (V(D), E(D)) be an approximation
space and (2 be a supratopology on V(D) induced from D by
any method. Then D = (V(D), E(D), £J) is said to be a supra-
approximation space.

Definition 4.2Let D = (V(D), E(D), £ be a supra-
approximation space. The supra-Lower (resp. supra-upper)
approximations of HED are denoted by L,(V(H))
(resp.U,(V(H))) and defined by:

LV(H)) = Int.(V(H)), U(V(H)) = CL(V(H)),
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Supra-boundary (resp. supra-positive and supra-negative)
regions of H are denoted by Bd,(V(H)) (resp. POS,(V(H))
and NEG,(V(H))) and defined by:

Bdy(V(H)) = Uu(V(H)) ~Lu(V(H)),POS.(V(H)) = L(V(H)),

Definition 4.3Let D = (V(D), E(D), () be a supra-
approximation space. The near supra-lower (resp. near
supra-upper) approximations ofHCSD are denoted by
Li(V(H)) (resp.Uj(V(H))) and defined by:

Lu(V(H)) = Inty(V(H)), Un(V(H)) = Cla(V(H)),
wherej=r, &, s, p, % p.
Near supra-boundary (resp. near supra-positive and near
supra-negative) regions of H are denoted by Bd.(V(H))
(resp.POS;,(V(H)) and NEG;,(V(H))) and defined by:
Bdu(V(H)) = Un(V(H)) ~Lyu(V(H)),POS(V(H)) = Li(V(H)),

NEG,(V(H)) = V(D)- Un(V(H)),

wherej=r, a, s, p, 7, .

Proposition 4.4Let D = (V(D), E(D). £2) be a supra-
approximation space and H<D. Then

Lu(V(H)) SLi(V(H)) SV(H) U (V(H)) SUL(V(H) forall j
=aq, s, p, 7, pand j#r.

L TiH)

v
\A:‘,,a )

T
L)

s

Lu ﬁ'rl';:!l §o— -:-;l_-'

Proof. The proof is immediately derived from Proposition
(4.4).

Proof. By using Proposition (4.4), the proof is obvious.
Proposition 4.9Let D = (V(D), E(), £2) be a supra-
approximation space, and let HED. Then Bd,(V(H))
CBd,(V(H)) forall j=a,s, p. y.fand j #r.

Proof. By using Proposition (4.4), the proof is obvious.

PAE
Uaf TTH) —— -I'-":I""-‘J-'f-' \\
Un V)

Proof. The proof is immediately derived from Proposition
(3.2.14).

Remark 4.5Proposition (4.4) is not necessarily true in the
case of j = r as the following example illustrates.

Example 4.6LetD = (V(D), E(D), () be a supra-
approximation space which is give in Example (3.11) in [19].
F= VD), ¢ {@1}, (@2}, {@3}, {04}, \ @5}, (@1, @}, {@s
@5y, (@3 @4}, (@1, T3 O4f, (G2 @3 Ts), (G2 @3 @
@5} ),

Q=V(D), p{m}, {o1, &}, (@, @5}, {01, @, @5}, {@,
@3, Ty}, \@, @, s}, {@1, @, T3, @y}, {1, Tz, @3, Ts),
@y, @, &y, @5}, {@y, T, @y, T}, { @, T3, Ty, T5}}.

If H= (V(H), E(H)): V(H) = {@;, @3}, E(H) = {(@1, @)},
then Ln(V(H)) = {@1}, Un(V(H)) = {@1, @3, @4}, Lin(V(H)) =
{@1}, Um(V(H)) = V(D). Obviously, Lm(V(H)) = Lu(V(H))
and Un(V(H))ZU(V(H)).

Proposition 4.7Let D = (V(D), E(D), ) be a supra-
approximation space. Then the relations between supra-lower
approximation and near supra-lower approximations of HED
are given by the following diagram:

-
S
.

\,gg o(VE)) —> La(V(E)
.-""'-F'-rr'-r.r

Proposition 4.8Lct D = (V(D), E(D), £)) be a supra-
approximation space. Then the relations between supra-upper
approximation and near supra-upper approximations of HSD
are given by the following diagram:

\g Us ViED) s Uu(VIH)

,a-"'"“f.-’.’

Remark 4.10In general, the above proposition is not true in
the case of j = r. Since in Example (3.11) in [19], if H =
(V(H), E(H)): V(H) = {@2}, E(H) = ¢, then
Bdn(V(H)) = Un(V(H))=Lu(V(H)) = { @2} —¢= { @2},
Bd,m(V(F[)} = Un(V(H))-L,n(V(H)) = {ZUZ, WE} _¢: {Wz,
@s}. So, Bdyw(V(H)) €Bdn(V(H))

ViH)
—
-—-.-_-_-_-_ﬁ
- ~— B, (V(H
U(VE) ——-é_ (Vi)
Uu(ViH) -
-
Liu(V(H)) Ly(ViH) Bd(ViH)
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Bdy(ViH)) = %
Bd(ViH)) = U

Figure 4.1: illustrates the relation between Bd,(V(H)) and Bd;,(V(H)) of HED in a supra-approximation space D = (V(D),
E(D), )

Proposition 4.12Let D = (V(D), E(D), £2) be a supra-
approximation space. Then the relations between supra-

boundary  approximation and near supra-boundary
approximations of HED are given by the following diagram:

/Bﬂrzu (ViH)
Bdn(ViH)) — Bdu(VH))

\, Bd ,(ViH)) —s Bdu(ViH))
Bﬂrﬁuﬁ@)
Proof. By using Propositions (4.7) and (4.8), the proof is
obvio
- -": | i e T
s I |ranve e
B,y (ViH)) — > ’_:-,_E\'A:A_»‘.n:wx: 3 ; =y Bd . TH))
e gl )| e ” _H.
Ve — 7 ,} A7 \v é,;r, _._I‘I|
:g 3 i i f/"—ﬂ
Z X , % || zrimny .
| Rlls o s 5du(VEH)
Bda(ViH) =+ , R gadilly

Bda(VE) = BA

o [

B (VIH) = Bzzs

R bz
saven- o o [lllv 72

'}K\‘-
i s

NN

Figure 4.2: Illustrates the relation between Bd;(V(H)), for all j = ¢, s, 3 fotHED in a supra-approximation space D = (V(D),
ED), )

seaoen = u [l 77

[
[
Bdy(ViH)) £ AR Bd o (V(H))
ViH) —] j
- Bd o (V(EH)
Bda(VH))
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Bda(ViH)) =

Bd(V(H) =

Bdy(ViH)) =

Bd . (V(H)) =

U
90
U U L

Il

Figure 4.3: illustrates the relation between Bd.(V(H)) for all j = &, p,  fofHED in a supra-approximation space D = (V(D),
E(D), 0).

Definition 4.13Let D = (V(D), E(D), £)) be a supra-
approximation space. The supra-accuracy of the
approximations of HCD is denoted by n,(V(H)) and is

defined by: o
o Edu v |
UM(V([_I)) =1~ IL":D:'I

Definition 4.14 Let D = (J(D), E(D), ) be a supra-
approximation space. The near supra-accuracy of the
approximations of HED is denoted by #n.(V(H)) and is
defined by:

V() =1 -2

d (VLD |

)] forallj=re s, p, ¥ B
Proposition 4.15 Let D = (V(D), E(D), £2) be a supra-
approximation space and let HED. Then nJV(H)) <
nu(V(H)) for allj = o, s, p, 3 fand j=r.

Proof. By using Proposition (4.4), the proof is obvious.

In general, this proposition is not true in the case of j = r as
the following example illustrates.

Example 4.16LetD = (V(D), E(D), ) be a supra-
approximation space which is give in Example (3.11) in [19].
It H=(V(H), E(H)): V(H) = { @1, @z, s}, E(H) = {(@1, @),
(@5, @), (@5, @s)}, then n,(V(H)) = 3/5 and nm(V(H)) = 2/5.
Thus, nu(V(H)) % npm(V(H)).

Propesition 4.17Let D = (V(D), E(D), ) be a supra-
approximation space. Then the relations between supra-
accuracy  approximation  and near  supra-accuracy
approximations of HED are given as follows:

’__H_,..-? by il dfel) ‘-‘-“-\_

W(V(H) —— 7l

Proof: By using Propositions (4.7) and (4.8), the proof is
obvious.
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