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1. Introduction and Preliminaries 

We study the approximation spaces and use some of near 
open d. g.'s to introduce new definitions and levels of the 
upper and lower approximations and this leading to many 
new results. Also, in light of these results we reach to 
different levels of the boundary regions. In addition we 
reach to a several levels of accuracy for the d. g. 's. We 
study some of the results in [2], [13], [17] and [18]. 
Furthermore, we gave new generalization of some 
definitions in d. g. 's to the some known definitions in 
topology which are near open d. g. 's. We built on some of 
the results in [10], [11], [12] and [13]. Many works have 
appeared recently, for example in structural analysis [19].  

A direct graph or d. g.  [16] is pair D = (V(D), E(D)) where 
V(D) is a non-empty set (called vertex set) and E(D) of
ordered pairs of elements of V(D) (called edge set). An edge 
of the from (, ) is called a loop. If ∈V(D), the out-
degree of  is |{u∈V(D) : (, u)∈E(D)}| and in-degree of 
is |{u∈V(D) : (u, )∈E(D)}|. The out-degree set of  is 
denoted by OD and defined by: OD = {u∈V(D) : (, u) ∈
E(D)} and the in-degree set of  is denoted by ID and 
defined by: ID = {u ∈ V(D) : (u, ) ∈ E(D)}. The out-degree 
system (resp. in-degree system) of a vertex ∈V(D) is 
denoted by ODS() (resp. IDS()) and defined by ODS()
= {OD} (resp. IDS() = {ID}). A d. g. is symmetric if (,
u)∈E(D) implies (u, ) ∈E(D). A subd. g. of a d. g. D is a d. 
g. each of whose vertices belong to V(D) and each of whose 
edges belong to E(D). A subfamily  of X is said to 
supratopology [8] on X if (i) X, ∈ (ii)if Ai∈ i∈j then 
⋃Ai∈. (X, ) is called supratopology space.  

A subset A of a topological space (X, ) is called 
(a) Regular open [15] (briefly R-open) if A = Int(Cl(A)), 
(b) Semi-open [6] (briefly S-open) if A⊆Cl(Int(A)), 
(c) Pre-open [7] (briefly p-open) if A⊆Int(Cl((A)),
(d) -open [5] (briefly b-open [3]) if A⊆Cl(Int(A)) ⋃Int(Cl(A)),
(e) -open [9] if A⊆Int(Cl(Int(A)) and
(f) -open [1] (= semi-pre-open [4]) if A⊆Cl(Int(Cl(A)).

2. m-Lower and m-Upper Approximations 

In this section, we introduce two topological spaces, namely 
o-space and i-space. The open d. g. in the first one is called o-
open and in the other one is called i-open. We defined o-
interior, i-interior, o-closure and i-closure. Hence we define 
the lower approximations in generalized rough set theory by 
using m-interior (resp. o-interior and i-interior). Also, the 
upper approximations are defined by using m-closure (resp. 
o-closure and i-closure). Furthermore, a theorem is 
introduced which proves that the approximations based on 
(m-interior and m-closure) are accurate more than the 
approximations based on either (o-interior and o-closure) or 
(i-interior and i-closure) or both of them. By using both of 
them, we are defining the upper approximation ofH by
intersection of o-closure of H and i-closure of H and, on the 
other hand, the lower approximation of H by union of o-
interior of H and i-interior of H is defined. 

Definition 2.1Let D = (V(D), E(D)) be a d. g. and suppose 
that o : V(D) ⟶ P(P(V(D))) (resp. i : V(D) ⟶ P(P(V(D))))
is a mapping which assigns for each  in V(D) it’s out (resp. 
in)  degree system in P(P(V(D))). The pair (D, o) (resp. (D,
i)) is called an o-space (resp. i-space). 

Remark 2.2If D is a symmetric d. g., then D = Dˉ¹ and so o

= i = m. Hence the o-space, i-space and m-space are 
identical. 

Definition 2.3Let (D, o) be an o-space and (D, i) be an i-
space and let H ⊆D. Then 
(a) The o-derived and i-derived of a d. g.H are defined 

respectively by: 
[V(H)  = {∈V(D) ; OD(), OD()⋂ (V(H) ⎼ {}) ≠},
[V(H) = {∈V(D) ;  ID(), ID()⋂ (V(H) ⎼ {}) ≠},

(b) The classes of o-closed and i-closed respectively by: 
Fo= {H⊆D; [V(H)

-closed respectively by: 
⊆V(H)},

Fi= {H⊆D; [V(H) ⊆V(H)},
(c) The classes of o-open and i-open respectively by: 

 = {O⊆D; V(O) = V(D) ⎼ V(H) such that V(H)∈Fo},
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 = {O⊆D; V(O) = V(D) ⎼ V(H) such that V(H)∈Fi},
(d) The o-interior and i-interior of a d. g.H are defined 

respectively by: 
Into(V(H)) = ⋃ {V(O)∈ ; V(O)⊆V(H)},
Inti(V(H)) = ⋃ {V(O)∈ ; V(O)⊆V(H)},

(e) The o-closure and i-closure of a d. g.H are defined 
respectively by: 

Clo(V(H)) = ⋂ {V(K)∈Fo; V(H)⊆ V(K)},
Cli(V(H)) = ⋂ {V(K) ∈Fi; V(H)⊆ V(K)},

(f) The o-boundary and i-boundary of a d. g.H are defined 
respectively by: 

[V(H) =Clo(V(H)) ⎼ Into(V(H)),
[V(H) = Cli(V(H)) ⎼Inti(V(H)).

Theorem 2.4If (D, o) (resp. (D, i)) is an o-space (resp. i-
space) and H⊆D, then H is an o-open (resp. i-open) if and 
only if it contains the out degree (resp. in degree) of each of 
its vertices. 

Proof. The proof is similar to the proof of Theorem (4.7) in
[19]. 

Definition 2.5Let D= (V(D), E(D)) be an approximation 
space and H⊆D. Then H is called out composed (resp. in 
composed) if H contains the out degree (resp. in degree) of 
each of its vertices i.e. for each ∈V(H), OD() ⊆ V(H)
(resp. for each ∈V(H), ID() ⊆V(H)).

Definition 2.6 Let D= (V(D), E(D)) be an approximation 
space, then the class of all out composed (resp. in 
composed) d. g. 's are denoted by To (resp. Ti) and defined 
by:                       

To = {H⊆D ; for each ∈V(H), OD() ⊆ V(H)} 
Ti= {H ⊆D ; for each ∈V(H), ID() ⊆ V(H)}.

Proposition 2.7 Let D= (V(D), E(D)) be an approximation 
space, then To (resp. Ti) forms a topology on D. 

Theorem 2.8Let D = (V(D), E(D)) be an approximation 
space, then To is the complement topology of Ti and vice 
versa. 

Proposition 2.9Let D = (V(D), E(D)) be an approximation 
space, then = To and = Ti . 

Proof. The proof is immediately follows from Theorem 
(2.4), Definition (2.5) and Definition(2.6).

Remark 2.10 An immediate consequence of Proposition 
(2.9), Theorem (2.8) and Proposition (2.7) we have  and 

form topologies on D. Furthermore,  is the 
complement topology on  and vice versa. 

Definition 2.11 Let D = (V(D), E(D)) be an approximation 
space and ,  and  be the supratopologies induced 
by Dand let H⊆D. Then 
(a) The o-lower (resp.o-upper) approximations of H are 

defined respectively by: 
Lo(V(H)) = Into(V(H)),Uo(V(H)) = Clo(V(H)), 

(b) The i-lower (resp.i-upper) approximations of H are 
defined respectively by: 
Li(V(H)) = Inti(V(H)),Ui(V(H)) = Cli(V(H)), 

(c) The m-lower (resp.m-upper) approximations of H are 
defined respectively by: 
Lm(V(H)) = Intm(V(H)),Um(V(H)) = Clm(V(H)). 

Definition 2.12 Let D = (V(D), E(D)) be an approximation 
space, ,  and  be the supratopologies induced by D
and let H⊆D. Then 
(a) The o-boundary (resp.o-positive and o-negative) regions 

of H are defined respectively by:  
Bdo(V(H)) = Uo(V(H)) ⎼ Lo(V(H)),POSo(V(H)) = Lo(V(H)), 

NEGo(V(H)) = V(D) ⎼Uo(V(H)),
(b) The i-boundary (resp.i-positive and i-negative) regions of 

H are defined respectively by: 
Bdi(V(H)) = Ui(V(H)) ⎼ Li(V(H)),POSi(V(H)) = 

Li(V(H)),NEGi(V(H)) = V(D) ⎼Ui(V(H)).
(c) The m-boundary (resp. m-positive and m-negative) regions 

of H are defined respectively by:  
Bdm(V(H)) = Um(V(H)) ⎼ Lm(V(H)),POSm(V(H)) = Lm(V(H)),

NEGm(V(H)) = V(D) ⎼ Um(V(H)).

Definition 2.13 Let D= (V(D), E(D)) be an approximation 
space. The accuracy of the approximation of H⊆D using (o,
i and m) are defined respectively by:  
o(V(H)) = 1 ⎼ ,i(V(H)) = 1 ⎼⎼  ,m(V(H))

= 1 ⎼  .

It is obvious that 0 ≤ o(V(H))≤ 1, 0 ≤ i(V(H))≤ 1 and 0 ≤ 
m(V(H))≤ 1. Moreover, if o(V(H)) = 1 or i(V(H)) = 1 or 
m(V(H)) = 1 then H is called H-definable (H-exact) d. g. 
Otherwise, it is called H-rough. 

Example 2.14Let D = (V(D), E(D)): V(D) = {₁, ₂, ₃, ₄,
₅}, E(D) = {(₁, ₂), (₁, ₄), (₂,₂), (₂, ₃), (₂, ₄), 
(₄, ₅), (₄, ₃), (₅, ₂), (₅, ₅)}.

Figure 2.1: d. g. D given in Example 2.14. 

m(₁) = {{₂, ₄}, }, m(₂) = {{₂, ₃, ₄}, {₁, ₂,
₅}}, m(₃) = {, {₂, ₄}}, m(₄) = {{₃, ₅}, {₁,
₂}}, m(₅) = {{₂, ₅}, {₄, ₅}}. 

o = {V(D), , {₃}, {₂,₃, ₄, ₅}},i = {V(D), ,
{₁}, {₁,₂, ₄, ₅}} and m = {V(D), , {₁}, {₃}, 
{₁,₃}, {₁,₂, ₅}, {₃, ₄, ₅}, {₁,₂, ₃, ₄}, 
{₁,₂, ₃, ₅}, {₁,₂, ₄, ₅}, {₁,₃, ₄, ₅}, {₂,₃,
₄, ₅}}
We can get the following four tables  

Table 2.1: Lo(V(H)), Li(V(H)) and Lm(V(H)) for all H ⊆D. 
V(H) Lo(V(H)) Li(V(H)) Lm(V(H))
{₁}  {₁} {₁}
{₂}   
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{₃} {₃}  {₃}
{₄}   

{₅}   

{₁,₂}  {₁} {₁}
{₁,₃} {₃} {₁} {₁,₃}
{₁,₄}  {₁} {₁}
{₁,₅}  {₁} {₁}
{₂,₃} {₃}  {₃}
{₂,₄}   

{₂,₅}   

{₃, ₄} {₃}  {₃}
{₃, ₅} {₃}  {₃}
{₄, ₅}   

{₁, ₂, ₃} {₃} {₁} {₁,₃}
{₁,₂, ₄}  {₁} {₁}
{₁,₂, ₅}  {₁} {₁,₂, ₅}
{₁,₃, ₄} {₃} {₁} {₁,₃}
{₁,₃, ₅} {₃} {₁} {₁,₃}
{₁,₄, ₅}  {₁} {₁}
{₂,₃, ₄} {₃}  {₃}
{₂,₃, ₅} {₃}  {₃}
{₂,₄, ₅}   

{₃, ₄, ₅} {₃}  {₃, ₄, ₅}
{₁,₂, ₃, ₄} {₃} {₁} {₁,₂, ₃, ₄}

{₁, ₂, ₃,
₅}

{₃} {₁} {₁,₂, ₄, ₅}

{₁,₂, ₄, ₅}  {₁,₂, ₄,
₅}

{₁,₂, ₄, ₅}

{₁,₃, ₄, ₅} {₃} {₁} {₁,₃, ₄, ₅}
{₂, ₃, ₄,

₅}
{₁,₃, ₄,

₅}
 {₂, ₃, ₄,

₅}
V(D) V(D) V(D) V(D)
   

Table 2.2: Uo(V(H)), Ui(V(H)) and Um(V(H)) for all H ⊆D. 
V(H) Uo(V(H)) Ui(V(H)) Um(V(H))
{₁} {₁} V(D) {₁}
{₂} {₁,₂, ₄,

₅}
{₂, ₃, ₄,

₅}
{₂}

{₃} V(D) {₃} {₃}
{₄} {₁,₂, ₄,

₅}
{₂, ₃, ₄,

₅}
{₄}

{₅} {₁,₂, ₄,
₅}

{₂, ₃, ₄,
₅}

{₅}

{₁,₂} {₁,₂, ₄,
₅}

V(D) {₁,₂}

{₁,₃} V(D) V(D) V(D)
{₁,₄} {₁,₂, ₄,

₅}
V(D) {₁,₂, ₄, ₅}

{₁,₅} {₁,₂, ₄,
₅}

V(D) {₁,₂, ₄, ₅}

{₂,₃} V(D) {₂, ₃, ₄,
₅}

{₂, ₃, ₄,
₅}

{₂,₄} {₁,₂, ₄,
₅}

{₂, ₃, ₄,
₅}

{₂,₄, ₅}

{₂,₅} {₁,₂, ₄,
₅}

{₂, ₃, ₄,
₅}

{₂,₄, ₅}

{₃, ₄} V(D) {₂, ₃, ₄,
₅}

{₃, ₄}

{₃, ₅} V(D) {₂, ₃, ₄,
₅}

{₂, ₃, ₄,
₅}

{₄, ₅} {₁,₂, ₄,
₅}

{₂, ₃, ₄,
₅}

{₂,₄, ₅}

{₁, ₂, ₃} V(D) V(D) V(D)
{₁,₂, ₄} {₁,₂, ₄,

₅}
V(D) {₁,₂, ₄, ₅}

{₁,₂, ₅} {₁,₂, ₄,
₅}

V(D) {₁,₂, ₄, ₅}

{₁,₃, ₄} V(D) V(D) V(D)
{₁,₃, ₅} V(D) V(D) V(D)
{₁,₄, ₅} {₁,₂, ₄,

₅}
V(D) {₁,₂, ₄, ₅}

{₂,₃, ₄} V(D) {₂, ₃, ₄,
₅}

{₂, ₃, ₄,
₅}

{₂,₃, ₅} V(D) {₂, ₃, ₄,
₅}

{₂, ₃, ₄,
₅}

{₂,₄, ₅} {₁,₂, ₄,
₅}

{₂, ₃, ₄,
₅}

{₂,₄, ₅}

{₃, ₄, ₅} V(D) {₂, ₃, ₄,
₅}

{₂, ₃, ₄,
₅}

{₁,₂, ₃, ₄} V(D) V(D) V(D)
{₁, ₂, ₃,

₅}
V(D) V(D) V(D)

{₁,₂, ₄, ₅} {₁,₂, ₄,
₅}

V(D) {₁,₂, ₄, ₅}

{₁,₃, ₄, ₅} V(D) V(D) V(D)
{₂, ₃, ₄,

₅}
V(D) {₂, ₃, ₄,

₅}
{₂, ₃, ₄,

₅}
V(D) V(D) V(D) V(D)
   

Table 2.3: Bo(V(H)), Bi(V(H)) and Bm(V(H)) for all H ⊆D. 
V(H) Bo(V(H)) Bi(V(H)) Bm(V(H))
{₁} {₁} {₂, ₃, ₄, ₅} 

{₂} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂}
{₃} {₁,₂, ₄, ₅} {₃} 

{₄} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₄}
{₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₅}

{₁,₂} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂}
{₁,₃} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₁,₄} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₁,₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₂,₃} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₂,₄} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₂,₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₃, ₄} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₄}
{₃, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₄, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}

{₁, ₂, ₃} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₁,₂, ₄} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₁,₂, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₄}
{₁,₃, ₄} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₁,₃, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₁,₄, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₂,₃, ₄} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₂,₃, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₂,₄, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂,₄, ₅}
{₃, ₄, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂}

{₁,₂, ₃, ₄} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₅}
{₁, ₂, ₃, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₄}
{₁,₂, ₄, ₅} {₁,₂, ₄, ₅} {₃} 

{₁,₃, ₄, ₅} {₁,₂, ₄, ₅} {₂, ₃, ₄, ₅} {₂}
{₂, ₃, ₄, ₅} {₁} V(D) 

V(D)   

   
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}  {₃}
}  {₃}

 

}  {₃, ₄,₄,₄ ₅}
} {₁} {₁,₂, ₃, ₄}
} {₁} {₁,₂, ₄,₄,₄ ₅}

{₁,₂, ₄,₄,₄
₅}

{₁,₂, ₄,₄,₄ ₅}

} {₁} {₁,₃, ₄,₄,₄ ₅}
, ₄,₄,₄
}

 {₂, ₃, ₄,₄,₄
₅}

V(D) V(D) V(D)
 

(V(H)) and UmUmU (V(H)) for all H ⊆D. 
(V(H)) UiUiU (V(H)) UmUmU (V(H))

V(D) {₁}
₄,₄,₄ {₂, ₃, ₄,₄,₄

₅}
{₂}

V(D) {₃} {₃}
₄,₄,₄ {₂, ₃, ₄,₄,₄

₅}
{₄}

₄,₄,₄ {₂, ₃, ₄,₄,₄
₅}

{₅}

₄,₄,₄ V(D)V(D)V( {₁,₂}

₅}
{₁,₂, ₄,₄,₄ ₅} {₁,₂, ₄,₄,₄

₅}
{₁,₃, ₄,₄,₄ ₅} V(D)

{₂, ₃, ₄,₄,₄
₅}

V(D) {

V(D) V(D)
 

Table 2.3: Bo(V(H)), Bi(V(H)) and 
V(H) Bo(V(H))
{₁} {₁} {
{₂} {₁,₂, ₄,₄,₄ ₅} {
{₃} {₁,₂, ₄,₄,₄ ₅}
{₄} {₁,₂, ₄,₄,₄ ₅} {
{₅} {₁,₂, ₄,₄,₄ ₅} {

{₁,₂} {₁,₂, ₄,₄,₄ ₅} {
{₁,₃} {₁,₂, ₄,₄,₄ ₅} {
{₁,₄} {₁,₂, ₄,₄,₄ ₅} {
{₁,₅} {₁,₂, ₄,₄,₄ ₅} {
{₂,₃} {₁,₂, ₄,₄,₄ ₅} {
{₂,₄} {₁,₂, ₄,₄,₄ ₅} {
{₂,₅} {₁,₂, ₄,₄,₄ ₅} {
{₃, ₄} {₁,₂, ₄,₄,₄ ₅} {
{₃, ₅} {₁,₂, ₄,₄,₄ ₅} {
{₄,₄,₄ ₅} {₁,₂, ₄,₄,₄ ₅} {

{ } { } {
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Table 2.4: o(V(H)), i(V(H)) and m(V(H)) for all H ⊆D. 
V(H) o(V(H)) i(V(H)) m(V(H))
{₁} 4/5 1/5 1
{₂} 1/5 1/5 4/5
{₃} 1/5 4/5 1
{₄} 1/5 1/5 4/5
{₅} 1/5 1/5 4/5

{₁,₂} 1/5 1/5 4/5
{₁,₃} 1/5 1/5 2/5
{₁,₄} 1/5 1/5 2/5
{₁,₅} 1/5 1/5 2/5
{₂,₃} 1/5 1/5 2/5
{₂,₄} 1/5 1/5 2/5
{₂,₅} 1/5 1/5 2/5
{₃, ₄} 1/5 1/5 4/5
{₃, ₅} 1/5 1/5 2/5
{₄, ₅} 1/5 1/5 2/5

{₁, ₂, ₃} 1/5 1/5 2/5
{₁,₂, ₄} 1/5 1/5 2/5
{₁,₂, ₅} 1/5 1/5 4/5
{₁,₃, ₄} 1/5 1/5 2/5
{₁,₃, ₅} 1/5 1/5 2/5
{₁,₄, ₅} 1/5 1/5 2/5
{₂,₃, ₄} 1/5 1/5 2/5
{₂,₃, ₅} 1/5 1/5 2/5
{₂,₄, ₅} 1/5 1/5 2/5
{₃, ₄, ₅} 1/5 1/5 4/5

{₁,₂, ₃, ₄} 1/5 1/5 4/5
{₁, ₂, ₃, ₅} 1/5 1/5 4/5
{₁,₂, ₄, ₅} 1/5 4/5 1
{₁,₃, ₄, ₅} 1/5 1/5 4/5
{₂, ₃, ₄, ₅} 4/5 0 1

V(D) 1 1 1
 1 1 1

Proposition 2.15 Let D = (V(D), E(D)) be an approximation 
space and Fo, Fi and Fm be the classes of o-closed, i-
closed and m-closed graphs induced by D. Then any o-
closed (or i-closed) d. g. is m-closed. 

Proof. Let H⊆ D be an o-closed d. g., then [V(H) ⊆V(H).
Since [V(H) = {∈V(D) :OD()⋂ (V(H) ⎼ {}) ≠} and 
[V(H) = {∈V(D) : for all MD(), MD()⋂ (V(H) ⎼ {}) 
≠} = {∈V(D) : OD()⋂ (V(H) ⎼ {}) ≠ and ID()⋂
(V(H) ⎼ {}) ≠}.

Consequently, we have [V(H) ⊆[V(H) and so 
[V(H) ⊆V(H) which implies H is m-closed. Therefore any 
o-closed d. g. is m-closed. Similarly, we can prove that any 
i-closed is m-closed. 

Proposition 2.16 Let D = (V(D), E(D)) be an approximation 
space and , and be the supratopologies induced 
by D. Then any o-open (or i-open) d. g. is m-open. 

Proof. Let O⊆D be o-open d. g. and F = D⎼ O. So F is o-
closed d. g. and by using Proposition (2.15), F is m-closed. 
Hence O = D⎼F is m-open. Accordingly, any o-open d. g. is 
m-open. By the same manner we can prove that any i-open 
d. g. is m-open. 

Proposition 2.17 Let D = (V(D), E(D)) be an approximation 
space and H⊆D. Then  
(a) Lm(V(H))⊇Lo(V(H))⋃Li(V(H)), 
(b) Um(V(H))⊆Uo(V(H))⋂Ui(V(H)), 
(c) Bm(V(H))⊆Bo(V(H))⋂Bi(V(H)), 
(d) m(V(H))≥ max {o(V(H)), i(V(H))}.

Proof 
(a) Since Lo(V(H)) = ⋃ {V(O)∈ ; V(O)⊆V(H)}. Hence 

Lo(V(H)) ⊆ V(H) and Lo(V(H)) is o-open since the union 
of any family of o-open d. g. 's is   o-open. Because 
Li(V(H)) = ⋃ {V(N)∈ ; V(N)⊆V(H)}. So Li(V(H))⊆
V(H) and Li(V(H)) is i-open since the union of any family 
of i-open d. g. 's is i-open. Because Lo(V(H)) is o-open, 
then by Proposition (2.16), it is m-open and since 
Li(V(H)) is i-open then, by Proposition (2.16), it is also 
m-open. Hence Lo(V(H)) ⋃Li(V(H)) is m-open and 
Lo(V(H)) ⋃Li(V(H))⊆ V(H). But Lm(V(H)) = ⋃
{V(M)∈ ; V(M)⊆V(H)}. Consequently, Lo(V(H)) 
⋃Li(V(H)) ⊆Lm(V(H)).

(b) Since Uo(V(H)) = ⋂ {V(F)∈Fo; V(H)⊆ V(F)}. Hence 
V(H)⊆ Uo(V(H)) and Uo(V(H)) is o-closed since the 
intersection of any family of o-closed d. g. 's is o-closed. 
Because Ui(V(H)) = ⋂ {V(Z)∈Fi; V(H)⊆ V(Z)}. Thus 
V(H)⊆ Ui(V(H)) and Ui(V(H)) is i-closed since the 
intersection of any family of i-closed d. g. 's is i-closed. 
Because Uo(V(H)) is o-closed then, by Proposition (2.15), 
it is m-closed and since Ui(V(H)) is i-closed then, by 
Proposition(2.15), it is also m-closed. Hence Uo(V(H)) ⋂ 
Ui(V(H)) is m-closed and V(H)⊆ Uo(V(H)) ⋂ Ui(V(H)).
But Um(V(H)) = ⋂ {V(K)∈Fm; V(H)⊆ V(K)}. According 
Um(V(H))⊆Uo(V(H)) ⋂ Ui(V(H)). 

(c) Let  ∈Bm(V(H)), then ∈ (Um(V(H)) ⎼Lm(V(H))) and so 
∈ Um(V(H))∧∉ Lm(V(H)). Since Um(V(H))⊆Uo(V(H)) 
⋂ Ui(V(H)) and Lm(V(H))⊇Lo(V(H)) ⋃Li(V(H)). Then ∈ 
(Uo(V(H)) ⋂ Ui(V(H))) ∧∉ (Lo(V(H)) ⋃Li(V(H))), this 
imply (∈ Uo(V(H)) ∧∈ Ui(V(H))) ∧ (∉ Lo(V(H)) 
∧∉ Li(V(H))), this imply (∈ Uo(V(H)) ∧∉ Lo(V(H)))
∧ (∈ Ui(V(H)) ∧∉ Li(V(H))), this imply (∈ Uo(V(H)) 
⎼Lo(V(H))) ∧ (∈ Ui(V(H))⎼Li(V(H))), this imply ∈ 
Bo(V(H)) ∧∈ Bi(V(H))), this imply ∈ 
(Bo(V(H))⋂Bi(V(H))). Therefore 
Bm(V(H))⊆Bo(V(H))⋂Bi(V(H)).

(d) By using (c) the proof is obvious. 

Remark 2.18 Let D = (V(D), E(D)) be an approximation 
space and H⊆D. Then the following statements are not 
necessarily true. 
(a) Lm(V(H))=Lo(V(H))⋃Li(V(H)), 
(b) Um(V(H))=Uo(V(H))⋂Ui(V(H)), 
(c) Bm(V(H))=Bo(V(H))⋂Bi(V(H)) and 
(d) m(V(H))= max {o(V(H)), i(V(H))}.

The next example shows pervious remark. 
Example 2.19 According to Example (2.14), 
(a) Let V(H) = (V(H), E(H)): V(H) = {₁, ₂, ₅}, E(H) =

{(₁, ₂), (₂, ₁), (₂, ₅), (₅, ₁)}. Then  Lm(V(H))
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 = (V(D), E(D)) be an approximation 
FFF mm  be the classes of o-closed, i-

-closed graphs induced by D. Then any o-
-closed) d. g. is m-closed. 

o-closed d. g., then [V(H) ⊆V(H).
V(D) :OD(OD(OD( )) ⋂ (V(H) ⎼ {⎼ {⎼ }) })  ≠} and } and 

 : for all MD(MD(MD( ), MD(), MD( ), MD(), MD( )) ⋂ (V(H) ⎼ {⎼ {⎼ }) }) 

)) ⋂ (V(H) ⎼ {⎼ {⎼ }) })  ≠ and  and  ID(ID(ID( )) ⋂

{V(M)∈ ; V(M)⊆V(H)}. Consequently, 
⋃Li(V(H)) ⊆Lm(V(H)).

(b) Since UoUoU (V(H)) = ⋂ {V(F)∈
V(H)⊆ UoUoU (V(H)) and UoUoU (V(H)) 
intersection of any family of o
Because UiUiU (V(H)) = ⋂ {V(Z)
V(H)⊆ UiUiU (V(H)) and UiUiU (V(H))
intersection of any family of i
Because UoUoU (V(H)) is o-closed then, by Proposition (2.15), 
it is m-closed and since UiUiU (V(H))
Proposition(2.15), it is also m-closed. Hence 
UiUiU (V(H)) is m-closed and V(H)
But UmUmU (V(H)) = ⋂ {V(K)∈FFF mm

UmUmU (V(H))⊆UoUoU (V(H)) ⋂ UiUiU (V(H

(c) Let  ∈∈ Bm(V(H)), then ∈ ∈  (UmUmU
∈ ∈  UmUmU (V(H))∧∉ ∉  Lm(V(H)). Since 
⋂ UiUiU (V(H)) and Lm(V(H))⊇Lo(V(H)) 
(UoUoU (V(H)) ⋂ UiUiU (V(H))) ∧∉ ∉ 

imply (∈ ∈  UoUoU (V(H)) ∧∈ ∈  U
∧∉ ∉  Li(V(H))), this imply (∈ ∈ 

∧ (∈ ∈  UiUiU (V(H)) ∧∉ ∉  Li(V(H))
⎼L⎼L⎼ o(V(H))) ∧ (∈ ∈  UiUiU (V(H))⎼
Bo(V(H)) ∧∈ ∈  Bi(V(H))
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= {₁, ₂, ₅}, Lo(V(H)) =  and Li(V(H)) = {₁}, 
such that Lo(V(H))⋃Li(V(H)) = {₁} and so 
Lm(V(H))≠Lo(V(H))⋃Li(V(H)). 

(b) Let V(H) = (V(H), E(H)): V(H) = {₂}, E(H) = . Then  
Um(V(H)) = {₂}, Uo(V(H)) = {₁, ₂, ₄, ₅} and 
Ui(V(H)) = {₂, ₃, ₄, ₅}, such that 
Uo(V(H))⋂Ui(V(H)) = {₂, ₄, ₅} and so 
Um(V(H))≠Uo(V(H))⋂Ui(V(H)). 

(c) Let V(H) = (V(H), E(H)): V(H) = {₂, ₄, ₅}, E(H) =
{(₂, ₅), (₄, ₅)}. Then  Bm(V(H)) = {₄}, Bo(V(H))
= {₁, ₂, ₄, ₅} and Bi(V(H)) = {₁, ₂, ₄, ₅}, 
such that Bo(V(H))⋂Bi(V(H)) = {₁, ₂, ₄, ₅} and so 
Bm(V(H))≠Bo(V(H))⋂Bi(V(H)). 

(d) Let V(H) = (V(H), E(H)): V(H) = {₃}, E(H) = . Then  
m(V(H)) = 1, o(V(H)) = 1/5 and i(V(H)) = 4/5, such 
that max{o(V(H)), i(V(H))} = 4/5 and so m(V(H))≠ 
max {o(V(H)), i(V(H))}.

3. Near Supraopend. g. 's 

In this section, we introduce some new notions, definitions 
and propositions about near supraopend. g. 's, near 
supraclosedd. g. 's, near supraboundaryd. g. 's, near 
supraclosure operators and near suprainterior operators. 
These concepts are very essential to develop the theoretical 
foundations of rough set theory. By similar way of 
definitions of regular open set [15], semi-open set [6], pre-
open set [7], -open set [5] (=b-open set [3]), -open set [9]
and -open set [1](=semi-pre-open set [4]), we shall 
introduce the following definitions. 
Definition 3.1Let (D, ) be a supratopology space.H⊆D is 
called 
(a) Regular supraopen (briefly r-supraopen) if V(H) =

Intu(Clu(V(H))), 
(b) -supraopen if V(H)⊆Intu(Clu(Intu(V(H))),
(c) Semi-supraopen (briefly s-supraopen) if 

V(H)⊆Clu(Intu(V(H))), 
(d) Pre-supraopen (briefly p-supraopen) if 

V(H)⊆Intu(Clu((V(H))),
(e) -supraopen (briefly b-supraopen) if 

V(H)⊆Clu(Intu(V(H))) ⋃Intu(Clu(V(H))) and
(f) -supraopen (briefly semi-pre-supraopen) if 

V(H)⊆Clu(Intu(Clu(V(H))).

Definition 3.2Let (D, ) be a supratopological space. The 
complement of an r-supraopen (resp. -supraopen, s-
supraopen, p-supraopen, -supraopen and -supraopen) is 
said to be r-supraclosed (resp. -supraclosed, s-supraclosed, 
p-supraclosed, -supraclosed and -supraclosed). 

Remark 3.3Let (D, ) be a supratopological space, then  
(a) The family of all supracloesdd. g. 's is denoted by F.
(b) The family of all r-supraopen (resp. -supraopen, s-

supraopen,p-supraopen, -supraopen and -supraopen) 
d. g. 's are denoted by R (resp. , S, P,  and 
).

(c) The family of all r-supraclosed (resp. -supraclosed, s-
supraclosed,p-supraclosed, -supraclosed and -
supraclosed) d. g. 's are denoted by RF (resp. F, SF,
PF, F and F).

Example 3.4Let D = (V(D), E(D)): V(D) = {₁, ₂, ₃, ₄,
₅}, E(D) = {(₁, ₂), (₁, ₃), (₂, ₁), (₃, ₄), (₄,
₁), (₄, ₃)} 

Figure 3.1: d. g. D given in Example 3.4

m(₁) = {{₂, ₃}, {₂, ₄}}, m(₂) = {{₁}}, m(₃) =
{{₄}, {₁, ₄}, m(₄) = {{₁, ₃}, {₃}} and m(₅) =
{}.  
m = {V(D), , {₅}, {₃, ₄}, {₃, ₄, ₅}, {₁, ₂, ₃,
₄}}, 
Rm = {V(D), , {₅}, {₁, ₂, ₃, ₄}}, 
m = {V(D), , {₅}, {₃, ₄}, {₁, ₃, ₄}, {₂,₃,
₄}, {₃, ₄, ₅}, {₁, ₂,₃, ₄}, {₁, ₃,₄, ₅}, {₂,
₃,₄, ₅}}and 
Pm = {V(D), , {₃}, {₄}, {₅}, {₁, ₃}, {₁, ₄}, 
{₂,₃}, {₂, ₄}, {₃, ₄}, {₃, ₅}, {₄, ₅}, {₁,
₂,₃}, {₁, ₂,₄}, {₁, ₃, ₄}, {₁, ₃, ₅}, {₁, ₄,
₅}, {₂,₃, ₄}, {₂, ₃, ₅}, {₂, ₄, ₅}, {₃, ₄, ₅}, 
{₁, ₂,₃, ₄}, {₁, ₂,₃, ₅}, {₁, ₂, ₄, ₅}, {₁,
₃,₄, ₅}, {₂, ₃,₄, ₅}}.
Also, the classes of near supraclosedd. g. 's are given as 
follows: 
Fm = {V(D), , {₅}, {₁, ₂}, {₁, ₂,₅}, {₁, ₂,₃,
₄}}, 
RFm = {V(D), , {₅}, {₁, ₃, ₄, ₅}}, 
Fm = {V(D), , {₁}, {₂}, {₅}, {₁, ₂}, {₁, ₅},
{₂, ₅}, {₁, ₂,₅}, {₁, ₂,₃, ₄}} and
PFm = {V(D), , {₁}, {₂}, {₃}, {₄}, {₅}, {₁, ₂}, 
{₁, ₃}, {₁, ₄}, {₁, ₅}, {₂,₃}, {₂, ₄}, {₂, ₅},
{₃, ₅}, {₄, ₅}, {₁, ₂,₃}, {₁, ₂,₄}, {₁, ₂,₅}, 
{₁, ₃, ₅}, {₁, ₄, ₅}, {₂, ₃, ₅}, {₂, ₄, ₅},
{₁, ₂,₃, ₄}, {₁, ₂,₃, ₅}, {₁, ₂, ₄, ₅}}.

Example 3.5Let D = (V(D), E(D)): V(D) = {₁, ₂, ₃, ₄,
₅}, E(D) = {(₁, ₂), (₂, ₁), (₂, ₅), (₃, ₄), (₄,
₃), (₄, ₅), (₅, ₁), (₅, ₃)} 

Figure 3.2: d. g. D given in Example 3.5. 

m(₁) = {{₂}, {₂, ₅}}, m(₂) = {{₁, ₅}, {₁}}, 
m(₃) = {{₄}, {₄, ₅}}, m(₄) = {{₃, ₅}, {₃}} and 
m(₅) = {{₃, ₁}, {₄, ₂}}.  
m = {V(D), , {₁, ₂}, {₃, ₄}, {₁, ₂, ₃, ₄}},
Rm = {V(D), , {₁, ₂}, {₃, ₄}}, 
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Near Supraopend. g. 's 

In this section, we introduce some new notions, definitions 
and propositions about near supraopend. g. 's, near 
supraclosedd. g. 's, near supraboundaryd. g. 's, near 
supraclosure operators and near suprainterior operators. 
These concepts are very essential to develop the theoretical 
foundations of rough set theory. By similar way of 
definitions of regular open set [15], semi-open set [6], pre-

-open set [5] (=b-open set [3]), -open set [9-open set [9 ]
en set [1](=semi-pre-open set [4]), we shall 

introduce the following definitions. 
) be a supratopology space.) be a supratopology space. H⊆H⊆H D is 

Regular supraopen (briefly r-supraopen) if V(H) =

⊆IntuIntuInt (Clu(Clu(Cl (Intu(Intu(Int (V(H))),
Semi-supraopen (briefly s-supraopen) if 

(V(H))), 
-supraopen (briefly p-supraopen) if 

((V(H))),
-supraopen (briefly b-supraopen) if 

(V(H))) ⋃IntuIntuInt (Clu(Clu(Cl (V(H))) and
-supraopen (briefly semi-pre-supraopen) if 

(V(H))).

₄}}, 
Rmm  = {V(D), , {, { ₅}, {₁, ₂, 
mm  = {V(D), , {, { ₅}, {₃, ₄
₄}, {₃, ₄,₄,₄ ₅}, {₁, ₂,₃, 
₃,₄,₄,₄ ₅}}and 
Pmm  = {V(D), , {, { ₃}, {₄}, {
{₂,₃}, {₂, ₄}, {₃, ₄}, {
₂,₃}, {₁, ₂,₄}, {₁, ₃, ₄
₅}, {₂,₃, ₄}, {₂, ₃, ₅}, {
{₁, ₂,₃, ₄}, {₁, ₂,₃, ₅
₃,₄,₄,₄ ₅}, {₂, ₃,₄,₄,₄ ₅}}.
Also, the classes of near supraclosedd. g. 's are given as 
follows: 
FFF mm  = {V(D), , {, { ₅}, {₁, ₂}, {
₄}}, 
RFFF mm  = {V(D), , {, { ₅}, {₁, ₃, 
FF FF mm  = {V(D), , {, { ₁}, {₂}, {
{₂, ₅}, {₁, ₂,₅}, {₁, ₂,₃
PFFF mm  = {V(D), , {, { ₁}, {₂}, {₃
{₁, ₃}, {₁, ₄}, {₁, ₅}, {₂
{₃, ₅}, {₄,₄,₄ ₅}, {₁, ₂,₃}, {
{₁, ₃, ₅}, {₁, ₄,₄,₄ ₅}, {₂
{₁, ₂,₃, ₄}, {₁, ₂,₃, ₅}, {

Example 3.5Let D = (V(D), E(D)):
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m = {V(D), , {₁, ₂}, {₃, ₄}, {₁, ₂,₃, ₄}},
Sm = {V(D), , {₁, ₂}, {₃, ₄}, {₁, ₂, ₅}, {₃,
₄, ₅}, {₁, ₂,₃, ₄}},
pm = {V(D), , {₁}, {₂}, {₃}, {₄}, {₁, ₂}, {₁,
₃}, {₁, ₄}, {₂,₃}, {₂, ₄}, {₃, ₄}, {₁, ₂,₃},
{₁, ₂,₄}, {₁, ₃, ₄}, {₁, ₃, ₅}, {₁, ₄, ₅},
{₂,₃, ₄}, {₂, ₃, ₅}, {₂, ₄, ₅}, {₁, ₂,₃, ₄},
{₁, ₂,₃, ₅}, {₁, ₂, ₄, ₅}, {₁, ₃,₄, ₅}, {₂,
₃,₄, ₅}},
m = {V(D), , {₁}, {₂}, {₃}, {₄}, {₁, ₂}, {₁,
₃}, {₁, ₄}, {₂,₃}, {₂, ₄}, {₃, ₄}, {₁, ₂,₃},
{₁, ₂,₄}, {₁, ₂,₅}, {₁, ₃, ₄}, {₁, ₃, ₅}, 
{₁, ₄, ₅}, {₂,₃, ₄}, {₂, ₃, ₅}, {₂, ₄, ₅}, 
{₃, ₄, ₅}, {₁, ₂,₃, ₄}, {₁, ₂,₃, ₅}, {₁, ₂,
₄, ₅}, {₁, ₃,₄, ₅}, {₂, ₃,₄, ₅}}and
m = {V(D), , {₁}, {₂}, {₃}, {₄}, {₁, ₂}, {₁,
₃}, {₁, ₄}, {₁, ₅}, {₂,₃}, {₂, ₄}, {₂, ₅},
{₃, ₄}, {₃, ₅}, {₄, ₅}, {₁, ₂,₃}, {₁, ₂,₄}, 
{₁, ₂,₅}, {₁, ₃, ₄}, {₁, ₃, ₅}, {₁, ₄, ₅}, 
{₂,₃, ₄}, {₂, ₃, ₅}, {₂, ₄, ₅}, {₃, ₄, ₅}, 
{₁, ₂,₃, ₄}, {₁, ₂,₃, ₅}, {₁, ₂, ₄, ₅}, {₁,
₃,₄, ₅}, {₂, ₃,₄, ₅}}. 

Also, the classes of near supraclosedd. g. 's are given as 
follows: 
Fm = {V(D), , {₁, ₂,₅}, {₃, ₄, ₅}}, 
RFm = {V(D), , {₁, ₂,₅}, {₃, ₄, ₅}}, 
Fm = {V(D), , {₅}, {₁, ₂,₅}, {₃, ₄, ₅}},
SFm = {V(D), , {₅}, {₁, ₂}, {₃, ₄}, {₁, ₂,₅},
{₃, ₄, ₅}}, 
PFm= {V(D), , {₁}, {₂}, {₃}, {₄}, {₅}, {₁, ₃},
{₁, ₄}, {₁, ₅}, {₂,₃}, {₂, ₄}, {₂, ₅}, {₃,
₅}, {₄, ₅}, {₁, ₂,₅}, {₁, ₃,₅}, {₁, ₄, ₅}, 
{₂, ₃, ₅}, {₂, ₄, ₅}, {₃, ₄, ₅}, {₁, ₂,₃, ₅}, 
{₁, ₂, ₄, ₅}, {₁, ₃,₄, ₅}, {₂, ₃,₄, ₅}}, 
Fm = {V(D), , {₁}, {₂}, {₃}, {₄}, {₅}, {₁, ₂}, 
{₁, ₃}, {₁, ₄}, {₁, ₅}, {₂,₃}, {₂, ₄}, {₂,
₅}, {₃, ₄}, {₃, ₅}, {₄, ₅}, {₁, ₂,₅}, {₁,
₃,₅}, {₁, ₄, ₅}, {₂, ₃, ₅}, {₂, ₄, ₅}, {₃, ₄,
₅}, {₁, ₂,₃, ₅}, {₁, ₂, ₄, ₅}, {₁, ₃,₄, ₅},
{₂, ₃,₄, ₅}}and 
Fm = {V(D), , {₁}, {₂}, {₃}, {₄}, {₅}, {₁, ₂}, 
{₁, ₃}, {₁, ₄}, {₁, ₅}, {₂,₃}, {₂, ₄}, {₂,
₅}, {₃, ₄}, {₃, ₅}, {₄, ₅}, {₁, ₂,₃}, {₁,
₂,₄}, {₁, ₂,₅}, {₁, ₃, ₄}, {₁, ₃,₅}, {₁, ₄,
₅}, {₂,₃, ₄}, {₂,₃, ₅}, {₂, ₄, ₅}, {₃, ₄,₅}, 
{₁, ₂,₃, ₅}, {₁, ₂, ₄, ₅}, {₁, ₃,₄, ₅}, {₂,
₃,₄, ₅}}.

Proposition 3.6Let (D,) be a supratopological space, then 
the relation between (resp. F) and the families of near 
supraopen (resp. near supraclosed) d. g. 's are given as 
follows: 

Proof (a)

(1) By definition of  r-supraopren, we have R⊆ .  
 

(2) Let H be open subd. g., implies V(H) = Intu(V(H)), but 
Intu(V(H)) ⊆Clu(Intu(V(H))), so V(H) ⊆ Clu(Intu(V(H)))
and Intu(V(H)) ⊆ Intu(Clu(Intu(V(H)))). Therefore, V(H) ⊆ 
Intu(Clu(Intu(V(H)))) and H is -supraopen. 

(3) Let H be -supraopen, then V(H) ⊆ Intu(Clu(Intu(V(H))))
and V(H) ⊆ Clu(Intu(V(H))). Therefore, H is s-supraopen. 

(4) Clear. 
(5) Let H be -supraopen, then V(H) ⊆ Clu(Intu(V(H))) 

⋃Intu(Clu(V(H))). In general V(H) ⊆ Clu(V(H)), then 
Clu(Intu(V(H))) ⊆ Clu(Intu(Clu(V(H)))) and 
Intu(Clu(V(H))) ⊆ Clu(Intu(Clu(V(H)))), implies 
Clu(Intu(V(H))) ⋃Intu(Clu(V(H))) ⊆ 
Clu(Intu(Clu(V(H))))⋃Clu(Intu(Clu(V(H)))) =
Clu(Intu(Clu(V(H)))). Hence, V(H) ⊆ Clu(Intu(Clu(V(H))))
which means H is -supraopen. 

(b) 
(1) Let H be -supraopen, then V(H) ⊆ Intu(Clu(Intu(V(H)))),

since Intu(V(H)) ⊆ V(H), this implies 
Intu(Clu(Intu(V(H)))) ⊆Intu(Clu(V(H))). Hence, V(H) ⊆ 
Intu(Clu(V(H))). Therefore, H is p-supraopen.  

(2) Clear.  

Remark 3.7Considering Example (3.5), the two classes S
(resp. SF) and P (resp. PF) are not comparable because 
there is no one of them is contained in the other. 

Definition 3.8Let (D, ) be a supratopological space and 
H⊆D, then the near suprainterior of H is denoted by 
Intju(V(H)) and defined by: 
Intju(V(H)) = ⋃ {V(O)⊆V(H); O is j-supraopen}, where j = r, 

, s, p, and . 

Definition 3.9Let (D, ) be a supratopological space and 
H⊆D, then the near supraclosure of H is denoted by 
Clju(V(H)) and defined by: 
Clju(V(H)) = ⋂{V(H)⊆V(F); F is j-supraclosed}, where j = r,

, s, p, and . 

Definition 3.10Let (D, ) be a supratopological space and 
H⊆D, then the near supraboundary of H is denoted by 
Bdju(V(H)) and defined by: 
Bdju(V(H)) = Clju(V(H))⎼Intju(V(H)), where j = r, , s, p, and 

. 

Remark 3.11Since every topological space is a 
supratopological space, then the concepts in Definition (3.2) 
are special cases of those in Definition (3.1).  

Example 3.12 According to Example (3.4). Table (3.1) (resp. 
Table (3.2) and Table (3.3)) shows Intju(V(H)) (resp. 
Clju(V(H)) and Bdju(V(H))) for all H ⊆D and for all j = r, 
and p. 

Table 3.1: According to Example (3.4),Intm(V(H)) and 
Intjm(V(H)), where j ∈ {r, }, for all H ⊆D 

V(H) Intrm(V(H)) Intm(V(H)) Intm(V(H))
{₁}   

{₂}   

{₃}   

Paper ID: ART2017834 DOI: 10.21275/ART2017834 1506

₄}, {₁, ₃, ₅}, {₁, ₄,₄,₄ ₅}, 
₅}, {₂, ₄,₄,₄ ₅}, {₃, ₄,₄,₄ ₅}, 
₂,₃, ₅}, {₁, ₂, ₄,₄,₄ ₅}, {₁,
₅}}. 

Also, the classes of near supraclosedd. g. 's are given as 

₅}, {₃, ₄,₄,₄ ₅}}, 
₂,₅}, {₃, ₄,₄,₄ ₅}}, 

}, {₁, ₂,₅}, {₃, ₄,₄,₄ ₅}},
}, {₁, ₂}, {₃, ₄}, {₁, ₂,₅},

}, {₂}, {₃}, {₄}, {₅}, {₁, ₃},
₂,₃}, {₂, ₄}, {₂, ₅}, {₃,
₂,₅}, {₁, ₃,₅}, {₁, ₄,₄,₄ ₅}, 
₅}, {₃, ₄,₄,₄ ₅}, {₁, ₂,₃, ₅}, 
₃,₄,₄,₄ ₅}, {₂, ₃,₄,₄,₄ ₅}}, 

}, {₂}, {₃}, {₄}, {₅}, {₁, ₂}, 
₁, ₅}, {₂,₃}, {₂, ₄}, {₂,
₅}, {₄,₄,₄ ₅}, {₁, ₂,₅}, {₁,
₂, ₃, ₅}, {₂, ₄,₄,₄ ₅}, {₃, ₄,₄,₄
₁, ₂, ₄,₄,₄ ₅}, {₁, ₃,₄,₄,₄ ₅},

}, {₂}, {₃}, {₄}, {₅}, {₁, ₂}, 
  }, {  }, {  }, {

(1) Let H be -supraopen, then -supraopen, then  V(H) 
since IntuIntuInt (V(H)) ⊆ 
IntuIntuInt (Clu(Clu(Cl (Intu(Intu(Int (V(H)))) ⊆IntuIntuInt (Clu(Clu(Cl
IntuIntuInt (Clu(Clu(Cl (V(H))). Therefore, H is H is H

(2) Clear.  

Remark 3.7Considering Example (3.5), the two classes 
(resp. SF) and F) and F P (resp.  (resp.  PF) are not comparable because F) are not comparable because F
there is no one of them is contained in the other. 

Definition 3.8Let (D, Let (D, Let ( ) be a supratopological space and ) be a supratopological space and 
H⊆H⊆H D, then the near suprainterior of 
IntjuIntjuInt (V(H)) and defined by: 
IntjuIntjuInt (V(H)) = ⋃ {V(O)⊆V(H); O is 

, s, p, , s, p,  and and 

Definition 3.9Let (D, Let (D, Let ( ) be a supratopological space and ) be a supratopological space and 
H⊆H⊆H D, then the near supraclosure of 
CljuCljuCl (V(H)) and defined by: 
CljuCljuCl (V(H)) = ⋂{V(H)⊆V(F); F is F is F j-supraclosed}, where 

, s, p, , s, p,  and and 

Definition 3.10Let (D, Let (D, Let ( ) be a supratopological space and ) be a supratopological space and 
H⊆H⊆H D, then the near supraboundary of 
BdjuBdjuBd (V(H)) and defined by: 
BdjuBdjuBd (V(H)) = CljuCljuCl (V(H))⎼Int⎼Int⎼ juIntjuInt (V(H))
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{₄}   

{₅} {₅} {₅} {₅}
{₁,₂}   

{₁,₃}   

{₁,₄}   

{₁,₅} {₅} {₅} {₅}
{₂,₃}   

{₂,₄}   

{₂,₅} {₅} {₅} {₅}
{₃, ₄}  {₃, ₄} {₃, ₄}
{₃, ₅} {₅} {₅} {₅}
{₄, ₅} {₅} {₅} {₅}

{₁, ₂, ₃}   

{₁,₂, ₄}   

{₁,₂, ₅} {₅} {₅} {₅}
{₁,₃, ₄}  {₃, ₄} {₁,₃, ₄}
{₁,₃, ₅} {₅} {₅} {₅}
{₁,₄, ₅} {₅} {₅} {₅}
{₂,₃, ₄}  {₃, ₄} {₁, ₂,₃, ₄}
{₂,₃, ₅} {₅} {₅} {₅}
{₂,₄, ₅} {₅} {₅} {₅}
{₃, ₄, ₅} {₅} {₃, ₄, ₅} {₃, ₄, ₅}

{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₁, ₂, ₃, ₅} {₅} {₅} {₅}
{₁,₂, ₄, ₅} {₅} {₅} {₅}
{₁,₃, ₄, ₅} {₅} {₃, ₄, ₅} {₁,₃, ₄, ₅}
{₂, ₃, ₄, ₅} {₅} {₃, ₄, ₅} {₂, ₃, ₄, ₅}

V(D) V(D) V(D) V(D)
   

Table 3.2: According to Example (3.4),Clm(V(H)) and 
Cljm(V(H)), where j ∈ {r, }, for all H ⊆D.

V(H) Clrm(V(H)) Clm(V(H)) Clm(V(H))
{₁} {₁,₂, ₃, ₄} {₁,₂} {₁}
{₂} {₁,₂, ₃, ₄} {₁,₂} {₂}
{₃} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₅} {₅} {₅} {₅}

{₁,₂} {₁,₂, ₃, ₄} {₁,₂} {₁,₂}
{₁,₃} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₁,₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₁,₅} V(D) {₁,₂, ₅} {₁, ₅}
{₂,₃} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₂,₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₂,₅} V(D) {₁,₂, ₅} {₂,₅}
{₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₃, ₅} V(D) V(D) V(D)
{₄, ₅} V(D) V(D) V(D)

{₁, ₂, ₃} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₁,₂, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₁,₂, ₅} V(D) {₁,₂, ₅} {₁,₂, ₅}
{₁,₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₁,₃, ₅} V(D) V(D) V(D)
{₁,₄, ₅} V(D) V(D) V(D)
{₂,₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₂,₃, ₅} V(D) V(D) V(D)
{₂,₄, ₅} V(D) V(D) V(D)
{₃, ₄, ₅} V(D) V(D) V(D)

{₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
{₁, ₂, ₃, ₅} V(D) V(D) V(D)
{₁,₂, ₄, ₅} V(D) V(D) V(D)
{₁,₃, ₄, ₅} V(D) V(D) V(D)
{₂, ₃, ₄, ₅} V(D) V(D) V(D)

V(D) V(D) V(D) V(D)
   

Table 3.3: According to Example (3.4),Bdm(V(H)) and 
Bdjm(V(H)), where j ∈ {r, }, for all H ⊆D.

V(H) Bdrm(V(H)) Bdm(V(H)) Bdm(V(H))

{₁} {₁,₂, ₃, ₄} {₁,₂} {₁}
{₂} {₁,₂, ₃, ₄} {₁,₂} {₂}
{₃} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₄} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₅}   

{₁,₃} {₁,₂, ₃, ₄} {₁,₂} {₁,₂}
{₁,₃} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₁,₄} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₁,₅} {₁,₂, ₃, ₄} {₁,₂} {₁}
{₂,₃} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₂,₄} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₂,₅} {₁,₂, ₃, ₄} {₁,₂} {₂}
{₃, ₄} {₁,₂, ₃, ₄} {₁,₂} {₁,₂}
{₃, ₅} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₄, ₅} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}

{₁, ₂, ₃} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₁,₂, ₄} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₁,₂, ₅} {₁,₂, ₃, ₄} {₁,₂} {₁,₂}
{₁,₃, ₄} {₁,₂, ₃, ₄} {₁,₂} {₂}
{₁,₃, ₅} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₁,₄, ₅} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₂,₃, ₄} {₁,₂, ₃, ₄} {₁,₂} 

{₂,₃, ₅} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₂,₄, ₅} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₃, ₄, ₅} {₁,₂, ₃, ₄} {₁,₂} {₁,₂}

{₁,₂, ₃, ₄}   

{₁, ₂, ₃, ₅}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₁,₂, ₄, ₅} {₁,₂, ₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
{₁,₃, ₄, ₅} {₁,₂, ₃, ₄} {₁,₂} {₂}
{₂, ₃, ₄, ₅}{₁,₂, ₃, ₄} {₁,₂} {₁}

V(D)   

   

Example 3.13 According to Example (3.5). Table (3.4) (resp. 
Table (3.5) and Table (3.6)) shows Intju(V(H)) (resp. 
Clju(V(H)) and Bdju(V(H))) for all H ⊆D and for all j = r, , s, 
p, and . 

Table 3.4: According to Example (3.5),Intm(V(H)) and Intjm(V(H)),where j ∈ {s, p, , }, for allH ⊆D.
V(H) Intm(V(H)) Intsm(V(H)) Intpm(V(H)) Intm(V(H)) Intm(V(H))
{₁}   {₁} {₁} {₁}
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₅} {₅} {₅}
₅} {₅} {₅}
₅} {₃, ₄,₄,₄ ₅} {₃, ₄,₄,₄ ₅}
₃, ₄}{₁,₂, ₃, ₄}{₁,₂, ₃, ₄}
₅} {₅} {₅}
₅} {₅} {₅}
₅} {₃, ₄,₄,₄ ₅} {₁,₃, ₄,₄,₄ ₅}
₅} {₃, ₄,₄,₄ ₅} {₂, ₃, ₄,₄,₄ ₅}

V(D) V(D) V(D)
 

 According to Example (3.4),ClmClmCl (V(H)) and 
, where j ∈ {r, }, for all }, for all  H ⊆D.

(V(H)) ClmClmCl (V(H)) Clmm (V(H))
₃, ₄} {₁,₂} {₁}
₃, ₄} {₁,₂} {₂}
₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
₅} {₅} {₅}
₃, ₄} {₁,₂} {₁,₂}
₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}

V(D) {₁,₂, ₅} {₁, ₅}
₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}
₃, ₄} {₁,₂, ₃, ₄} {₁,₂, ₃, ₄}

V(D) {   } {  }

{₁,₄} {₁,₂, ₃, ₄}{₁,
{₁,₅} {₁,₂, ₃, ₄} {
{₂,₃} {₁,₂, ₃, ₄}{₁,
{₂,₄} {₁,₂, ₃, ₄}{₁,
{₂,₅} {₁,₂, ₃, ₄} {
{₃, ₄} {₁,₂, ₃, ₄} {
{₃, ₅} {₁,₂, ₃, ₄}{₁,
{₄,₄,₄ ₅} {₁,₂, ₃, ₄}{₁,

{₁, ₂, ₃} {₁,₂, ₃, ₄}{₁,
{₁,₂, ₄} {₁,₂, ₃, ₄}{₁,
{₁,₂, ₅} {₁,₂, ₃, ₄} {
{₁,₃, ₄} {₁,₂, ₃, ₄} {
{₁,₃, ₅} {₁,₂, ₃, ₄}{₁,
{₁,₄,₄,₄ ₅} {₁,₂, ₃, ₄}{₁,
{₂,₃, ₄} {₁,₂, ₃, ₄} {
{₂,₃, ₅} {₁,₂, ₃, ₄}{₁,
{₂,₄,₄,₄ ₅} {₁,₂, ₃, ₄}{₁,
{₃, ₄,₄,₄ ₅} {₁,₂, ₃, ₄} {

{₁,₂, ₃, ₄} 

{₁, ₂, ₃, ₅}{₁,₂, ₃, ₄}{₁,
{₁,₂, ₄,₄,₄ ₅} {₁,₂, ₃, ₄}{₁,
{₁,₃, ₄,₄,₄ ₅} {₁,₂, ₃, ₄} {
{₂, ₃, ₄,₄,₄ ₅}{₁,₂, ₃, ₄} {

V(D) 

 

Example 3.13 According to Example (3.5). Table (3.4) (resp. 

file:///D:/IJSR%20Website/www.ijsr.net
http://creativecommons.org/licenses/by/4.0/


International Journal of Science and Research (IJSR) 
ISSN (Online): 2319-7064 

Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391 

Volume 6 Issue 2, February 2017 
www.ijsr.net

Licensed Under Creative Commons Attribution CC BY

{₂}   {₂} {₂} {₂}
{₃}   {₃} {₃} {₃}
{₄}   {₄} {₄} {₄}
{₅}     

{₁,₂} {₁,₂} {₁,₂} {₁,₂} {₁,₂} {₁,₂}
{₁,₃}   {₁,₃} {₁,₃} {₁,₃}
{₁,₄}   {₁,₄} {₁,₄} {₁,₄}
{₁,₅}   {₁,₅} {₁} {₁,₅}
{₂,₃}   {₂,₃} {₂,₃} {₂,₃}
{₂,₄}   {₂,₄} {₂,₄} {₂,₄}
{₂,₅}   {₂} {₂} {₂,₅}
{₃, ₄} {₃, ₄} {₃, ₄} {₃, ₄} {₃, ₄} {₃, ₄}
{₃, ₅}   {₃} {₃} {₃, ₅}
{₄, ₅}   {₄} {₄} {₄, ₅}

{₁, ₂, ₃} {₁,₂} {₁,₂} {₁, ₂, ₃} {₁, ₂, ₃} {₁, ₂, ₃}
{₁,₂, ₄} {₁,₂} {₁,₂} {₁,₂, ₄} {₁,₂, ₄} {₁,₂, ₄}
{₁,₂, ₅} {₁,₂} {₁,₂, ₅} {₁,₂} {₁,₂, ₅} {₁,₂, ₅}
{₁,₃, ₄} {₃, ₄} {₃, ₄} {₁,₃, ₄} {₁,₃, ₄} {₁,₃, ₄}
{₁,₃, ₅}   {₁,₃, ₅} {₁,₃, ₅} {₁,₃, ₅}
{₁,₄, ₅}   {₁,₄, ₅} {₁,₄, ₅} {₁,₄, ₅}
{₂,₃, ₄} {₃, ₄} {₃, ₄} {₂,₃, ₄} {₂,₃, ₄} {₂,₃, ₄}
{₂,₃, ₅}   {₂,₃, ₅} {₂,₃, ₅} {₂,₃, ₅}
{₂,₄, ₅}   {₂,₄, ₅} {₂,₄, ₅} {₂,₄, ₅}
{₃, ₄, ₅} {₃, ₄} {₃, ₄, ₅} {₃, ₄} {₃, ₄, ₅} {₃, ₄, ₅}

{₁,₂,₃,₄} {₁,₂,₃,₄} {₁,₂,₃,₄} {₁,₂,₃,₄} {₁,₂,₃,₄} {₁,₂,₃,₄}
{₁,₂, ₃,₅} {₁, ₂} {₁,₂, ₅} {₁,₂,₃,₅} {₁,₂,₃,₅} {₁,₂,₃,₅}
{₁,₂, ₄,₅} {₁, ₂} {₁,₂, ₅} {₁,₂,₄,₅} {₁,₂,₄,₅} {₁,₂,₄,₅}
{₁,₃, ₄,₅} {₃, ₄} {₃, ₄, ₅} {₁,₃₄,₅} {₁,₃, ₄,₅} {₁,₃,₄,₅}
{₂,₃,₄,₅} {₃, ₄} {₃, ₄, ₅} {₂,₃,₄,₅} {₂,₃,₄,₅} {₂,₃,₄,₅}

V(D) V(D) V(D) V(D) V(D) V(D)
     

Table 3.5: According to Example (3.5),Clm(V(H)) and Cljm(V(H)), where j ∈ {s, p, , }, for allH ⊆D.
V(H) Clm(V(H)) Clsm(V(H)) Clpm(V(H)) Clm(V(H)) Clm(V(H))
{₁} {₁,₂, ₅} {₁,₂} {₁} {₁} {₁}
{₂} {₁,₂, ₅} {₁,₂} {₂} {₂} {₂}
{₃} {₃, ₄, ₅} {₃, ₄} {₃} {₃} {₃}
{₄} {₃, ₄, ₅} {₃, ₄} {₄} {₄} {₄}
{₅} {₅} {₅} {₅} {₅} {₅}

{₁,₂} {₁,₂, ₅} {₁,₂} {₁,₂, ₅} {₁,₂} {₁,₂}
{₁,₃} V(D) V(D) {₁,₃} {₁,₃} {₁,₃}
{₁,₄} V(D) V(D) {₁,₄} {₁,₄} {₁,₄}
{₁,₅} {₁,₂, ₅} {₁,₂, ₅} {₁,₅} {₁,₅} {₁,₅}
{₂,₃} V(D) V(D) {₂,₃} {₂,₃} {₂,₃}
{₂,₄} V(D) V(D) {₂,₄} {₂,₄} {₂,₄}
{₂,₅} {₁,₂, ₅} {₁,₂, ₅} {₂,₅} {₂,₅} {₂,₅}
{₃, ₄} {₃, ₄, ₅} {₃, ₄} {₃, ₄, ₅} {₃, ₄} {₃, ₄}
{₃, ₅} {₃, ₄, ₅} {₃, ₄, ₅} {₃, ₅} {₃, ₅} {₃, ₅}
{₄, ₅} {₃, ₄, ₅} {₃, ₄, ₅} {₄, ₅} {₄, ₅} {₄, ₅}

{₁, ₂, ₃} V(D) V(D) {₁,₂,₃,₅} {₁,₂,₃,₅} {₁, ₂, ₃}
{₁,₂, ₄} V(D) V(D) {₁,₂,₄,₅} {₁,₂,₄,₅} {₁,₂, ₄}
{₁,₂, ₅} {₁,₂, ₅} {₁,₂, ₅} {₁,₂, ₅} {₁,₂, ₅} {₁,₂, ₅}
{₁,₃, ₄} V(D) V(D) {₁,₃,₄,₅} {₁,₃,₄,₅} {₁,₃, ₄}
{₁,₃, ₅} V(D) V(D) {₁,₃, ₅} {₁,₃, ₅} {₁,₃, ₅}
{₁,₄, ₅} V(D) V(D) {₁,₄, ₅} {₁,₄, ₅} {₁,₄, ₅}
{₂,₃, ₄} V(D) V(D) {₂,₃,₄,₅} {₂, ₃,₄,₅} {₂,₃,₄,₅}
{₂,₃, ₅} V(D) V(D) {₂,₃, ₅} {₂,₃, ₅} {₂,₃, ₅}
{₂,₄, ₅} V(D) V(D) {₂,₄, ₅} {₂,₄, ₅} {₂,₄, ₅}
{₃, ₄, ₅} {₃, ₄, ₅} {₃,₄, ₅} {₃, ₄, ₅} {₃, ₄, ₅} {₃, ₄, ₅}

{₁,₂,₃,₄} V(D) V(D) V(D) V(D) V(D)
{₁,₂,₃,₅} V(D) V(D) {₁,₂,₃,₅} {₁,₂,₃,₅} {₁,₂,₃,₅}
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  {₁,₄,₄,₄ ₅} {₁,₄,₄,₄ ₅}
{₃, ₄} {₃, ₄} {₂,₃, ₄} {₂,₃, ₄}

  {₂,₃, ₅} {₂,₃, ₅}
  {₂,₄,₄,₄ ₅} {₂,₄,₄,₄ ₅}

{₃, ₄} {₃, ₄,₄,₄ ₅} {₃, ₄} {₃, ₄,₄,₄ ₅}
{₁,₂,₃,₄} {₁,₂,₃,₄} {₁,₂,₃,₄} {₁,₂,₃,₄}

{₁, ₂} {₁,₂, ₅} {₁,₂,₃,₅} {₁,₂,₃,₅}
{₁, ₂} {₁,₂, ₅} {₁,₂,₄,₄,₄ ₅} {₁,₂,₄,₄,₄ ₅}
{₃, ₄} {₃, ₄,₄,₄ ₅} {₁,₃₄,₄,₄ ₅} {₁,₃, ₄,₄,₄ ₅}
{₃, ₄} {₃, ₄,₄,₄ ₅} {₂,₃,₄,₄,₄ ₅} {₂,₃,₄,₄,₄ ₅}

V(D) V(D) V(D) V(D)
   

 According to Example (3.5),ClmClmCl (V(H)) and CljmCljmCl (V(H)), where j ∈ {s, p, ,, }, for all}, for all
ClmClmCl (V(H)) ClsmClsmCl (V(H)) ClpmClpmCl (V(H)) ClClCl mm (V(H))

{₁,₂, ₅} {₁,₂} {₁} {₁}
{₁,₂, ₅} {₁,₂} {₂} {₂}
{₃, ₄,₄,₄ ₅} {₃, ₄} {₃} {₃}
{₃, ₄,₄,₄ ₅} {₃, ₄} {₄} {₄}

{₅} {₅} {₅} {₅}
{₁,₂, ₅} {₁,₂} {₁,₂, ₅} {₁,₂}

V(D) V(D) {₁,₃} {₁,₃}
V(D)V(D)V V(D) {₁,₄} {₁,₄}

{₁,₂, ₅} {₁,₂, ₅} {₁,₅} {₁,₅}
V(D) V(D) {₂,₃} {₂,₃}
V(D) V(D) { } { }
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{₁,₂,₄,₅} V(D) V(D) {₁,₂,₄,₅} {₁,₂,₄,₅} {₁,₂,₄₅}
{₁,₃,₄,₅} V(D) V(D) {₁,₃,₄,₅} {₁,₃,₄,₅} {₁,₃,₄,₅}
{₂,₃,₄,₅} V(D) V(D) {₂,₃,₄,₅} {₂,₃,₄,₅} {₁,₃,₄,₅}

V(D) V(D) V(D) V(D) V(D) V(D)
     

Table 3.6: According to Example (3.5),Bdm(V(H)) and Bdjm(V(H)), where j ∈ {s, p, , }, for all H⊆D.
V(H) Bdm(V(H)) Bdsm(V(H)) Bdpm(V(H)) Bdm(V(H)) Bdm(V(H))
{₁} {₁,₂, ₅} {₁,₂}   

{₂} {₁,₂, ₅} {₁,₂}   

{₃} {₁,₂, ₅} {₃, ₄}   

{₄} {₃, ₄, ₅} {₃, ₄}   

{₅} {₅} {₅} {₅} {₅} {₅}
{₁,₂} {₅}  {₅}  

{₁,₃} V(D) V(D)   

{₁,₄} V(D) V(D)   

{₁,₅} {₁,₂, ₅} {₁,₂, ₅} {₅} {₅} 

{₂,₃} V(D) V(D)   

{₂,₄} V(D) V(D)   

{₂,₅} {₁,₂, ₅} {₁,₂, ₅} {₅} {₅} 

{₃, ₄} {₅}  {₅}  

{₃, ₅} {₃, ₄, ₅} {₃, ₄, ₅} {₅} {₅} 

{₄, ₅} {₃, ₄, ₅} {₃, ₄, ₅} {₅} {₅} 

{₁, ₂, ₃} {₃, ₄, ₅} {₃, ₄, ₅} {₅} {₅} 

{₁,₂, ₄} {₃, ₄, ₅} {₃, ₄, ₅} {₅} {₅} 

{₁,₂, ₅} {₅}  {₅} {₅} 

{₁,₃, ₄} {₁,₂, ₅} {₁,₂, ₅} {₅} {₅} 

{₁,₃, ₅} V(D) V(D)   

{₁,₄, ₅} V(D) V(D)   

{₂,₃, ₄} {₁,₂, ₅} {₁,₂, ₅} {₅} {₅} 

{₂,₃, ₅} V(D) V(D)   

{₂,₄, ₅} V(D) V(D)   

{₃, ₄, ₅} {₅}  {₅}  

{₁,₂, ₃, ₄} {₅} {₅} {₅} {₅} {₅}
{₁, ₂, ₃, ₅} {₃, ₄, ₅} {₃, ₄}   

{₁,₂, ₄, ₅} {₃, ₄, ₅} {₃, ₄}   

{₁,₃, ₄, ₅} {₁,₂, ₅} {₁,₂}   

{₂, ₃, ₄, ₅} {₁,₂, ₅} {₁,₂}   
V(D)     

     

Proposition 3.14Let (D, ) be a supratopological space and 
H⊆D, then  
Intu(V(H)) ⊆Intju(V(H)) ⊆V(H) ⊆Clju(V(H)) ⊆Clu(V(H)) for
all  j = , s, p,  ,and j≠r. 

Proof. The proof of the five case are similar, so we will only 
prove the case     j = s.
Intu(V(H)) = ⋃ {V(O)∈ ; V(O)⊆V(H)}
⊆⋃ {V(O)∈S ; V(O)⊆V(H)} since ⊆S
= Intsu(V(H)) ⊆V(H),                                         (1) 
On the other hand, we have 
V(H)⊆Clsu(V(H)) = ⋂ {V(F); V(F)∈SF and V(H)⊆ V(F)} 
⊆⋂ {V(F); V(F)∈F and V(H)⊆ V(F)} since F ⊆SF 
=Clu(V(H)) .                                                        (2)
From (1) and (2) we get  Intu(V(H)) ⊆Intju(V(H)) ⊆V(H) 
⊆Clju(V(H)) ⊆Clu(V(H))

Remark 3.15 The above proposition is not necessarily true 
in the case of j = r as shown in the next example.  

Example 3.16 According to Example (3.4).  
Fm = {V(D), , {₅}, {₁, ₂}, {₁, ₂,₅}, {₁, ₂,₃,
₄}}, 
m = {V(D), , {₅}, {₃, ₄}, {₃, ₄, ₅}, {₁, ₂, ₃,
₄}}. 
Hence, Rm = {V(D), , {₅}, {₁, ₂, ₃, ₄}} and RFm

= {V(D), , {₅}, {₁, ₃, ₄, ₅}}.
If H = (V(H), E(H)): V(H) = {₂, ₃, ₄}, E(H) = {(₃, ₄), 
(₄, ₃)}, then Intm(V(H)) = {₃, ₄}, Clm(V(H)) = {₁, ₂,
₃, ₄}, Intrm(V(H)) = , Clrm(V(H)) = {₁, ₂, ₃, ₄}. 
Obviously, Intm(V(H))⊈Intrm(V(H)) andClm(V(H)) =
Clrm(V(H)).

Proposition 3.17 Let(D, ) be a supratopological space. 
Then the relations between suprainterior and near 
suprainterior of H⊆D are given by the following diagram:
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{₁,₂, ₅} {₁,₂, ₅} {₅} {₅}
{₅}  {₅} 

{₃, ₄,₄,₄ ₅} {₃, ₄,₄,₄ ₅} {₅} {₅}
{₃, ₄,₄,₄ ₅} {₃, ₄,₄,₄ ₅} {₅} {₅}
{₃, ₄,₄,₄ ₅} {₃, ₄,₄,₄ ₅} {₅} {₅}
{₃, ₄,₄,₄ ₅} {₃, ₄,₄,₄ ₅} {₅} {₅}

{₅}  {₅} {₅}
{₁,₂, ₅} {₁,₂, ₅} {₅} {₅}

V(D) V(D)  
V(D) V(D)  

{₁,₂, ₅} {₁,₂, ₅} {₅} {₅}
V(D) V(D)  
V(D) V(D)  

{₅}  {₅} 

{₅} {₅} {₅} {₅}
{₃, ₄,₄,₄ ₅} {₃, ₄}  

{₃, ₄,₄,₄ ₅} {₃, ₄}  

{₁,₂, ₅} {₁,₂}  

{₁,₂, ₅} {₁,₂}  

   

   

) be a supratopological space and ) be a supratopological space and 

⊆V(H) ⊆CljuCljuCl (V(H)) (V(H)) (V ⊆CluCluCl (V(H)) for
r

Example 3.16 According to Example (3.4).  
FFF mm  = {V(D), , {, { ₅}, {₁, ₂}, {
₄}}
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Proof. By using Proposition (3.14), Intu(V(H)) ⊆Intu(V(H)).
We shall prove Intu(V(H)) ⊆Intsu(V(H)).

Intu(V(H)) = ⋃ {V(O)∈ ; V(O)⊆V(H)} 
⊆⋃ {V(O)∈S ; V(O)⊆V(H)} = Intsu(V(H)), since ⊆S.
Thus, Intu(V(H))⊆Intsu(V(H)). Similarly can prove the other 
cases. 

Remark 3.18Let (D, ) be a supratopological space. Then 
the following statement are not true in general for every 
H⊆D.
(a) Intu(V(H)) = Intu(V(H)) =Intsu(V(H)) =Intu(V(H)) 

=Intu(V(H)), 
(b) Intu(V(H)) =Intu(V(H)) =Intpu(V(H)) =Intu(V(H)) 

=Intu(V(H)).

Example 3.19According to Example (3.5).  
(a) Let H = (V(H), E(H)): V(H) = {₃, ₅}, E(H) = {(₅,

₃)}, then Intm(V(H)) = , Intm(V(H)) = , Intsm(V(H)) 
= , Intm(V(H)) = {₃} and Intm(V(H)) = {₃, ₅}.

(b) Let H = (V(H), E(H)): V(H) = {₃, ₄,₅}, E(H) = {(₃,
₄), (₄, ₃), (₄, ₅), (₅, ₃)}, then Intm(V(H)) = 
{₃, ₄}, Intm(V(H)) = {₃, ₄}, Intpm(V(H)) = {₃,
₄}, Intm(V(H)) = {₃, ₄,₅} and Intm(V(H)) = {₃,
₄,₅}.

Proposition 3.20 Let(D, ) be a supratopological space. 
Then the relations between supraclosure and near 
supraclosure of H⊆D are given by the following diagram:

Proof. By using Proposition (3.14), Clu(V(H)) ⊆Clu(V(H)).
We shall prove Clpu(V(H))⊆Clu(V(H)).
Clpu(V(H)) = ⋂ {V(F); V(F)∈PF and V(H)⊆ V(F)} 
⊆⋂ {V(F); V(F)∈F and V(H)⊆ V(F)} = Clu(V(H)), since 
F ⊆PF.
Thus, Clpu(V(H)) ⊆Clu(V(H)). Similarly we can prove the 
other cases.  

Remark 3.21Let (D, ) be a supratopological space. Then 
the following statements are not true in general for every 
H⊆D. 
(a) Clu(V(H)) =Clu(V(H)) = Clsu(V(H)) =Clu(V(H)) 

=Clu(V(H)), 
(b) Clu(V(H)) =Clu(V(H)) = Clpu(V(H)) =Clu(V(H)) 

=Clu(V(H)). 

Example 3.22According to Example (3.5).  
(a) Let H = (V(H), E(H)): V(H) = {₂,₃, ₄}, E(H) =

{(₃, ₄), (₄, ₃)}, then Clm(V(H)) = V(D),
Clm(V(H)) = V(D), Clsm(V(H)) = V(D), Clm(V(H)) = 
{₂, ₃,₄, ₅} and Clm(V(H)) = {₂,₃, ₄}.

(b) Let H = (V(H), E(H)): V(H) = {₁, ₃, ₄}, E(H) =
{(₃, ₄), (₄, ₃)}, then Clm(V(H)) = V(D),
Clm(V(H)) = V(D), Clpm(V(H)) = {₁, ₃,₄, ₅}, 
Clm(V(H)) = {₁, ₃,₄, ₅} and Clm(V(H)) =
{₁,₃, ₄}.

Remark 3.23TheIntsu(V(H)) (resp. Clsu(V(H))) and the 
Intpu(V(H)) (resp. Clpu(V(H))) are not comparable as shown 
in Example (3.24). 

Example 3.24According to Example (3.5). Let H = (V(H), 
E(H)): V(H) = {₁, ₂, ₃, ₅}, E(H) = {(₁, ₂), (₂,

₁), (₂, ₅), (₅, ₁), (₅, ₃)}. Intsm(V(H)) = {₁, ₂,
₅}, Intpm(V(H)) = {₁, ₂, ₃, ₅}. 

Proposition 3.25Let (D, )be a supratopological space and 
H⊆D. then BdjuV(H)⊆BduV(H) for all j = , s, p,  ,and j≠r
Proof. By using Proposition (3.14), the proof is obvious. 

Remark 3.26According to Example (3.4). Let H = (V(H), 
E(H)): V(H) = {₁,₂}, E(H) = {(₁, ₂), (₂, ₁)}, then  
Bdm(V(H)) = Clm(V(H))⎼Intm(V(H)) = {₁,₂} ⎼= {₁,₂},
Bdrm(V(H)) = Clrm(V(H))⎼Intrm(V(H)) = {₁, ₂, ₃, ₄} ⎼=
{₁, ₂, ₃, ₄}. So, Bdrm(V(H)) ⊈Bdm(V(H)).

4. Near Supra-Lower and Near Supra-Upper 
Approximations 

In this section we study the approximation space D = (V(D), 
E(D)) from a supratopologicalview. By generating the M-
space from the approximation space D = (V(D), E(D)), we 
can obtain . We proved that  is a unique class of 
subd. g. 's of D which forms a supratopology on D. 

Definition 4.1Let D = (V(D), E(D)) be an approximation 
space and  be a supratopology on V(D) induced from D by 
any method. Then D = (V(D), E(D), ) is said to be a supra- 
approximation space. 

Definition 4.2Let D = (V(D), E(D), ) be a supra- 
approximation space. The supra-Lower (resp. supra-upper) 
approximations of H⊆D are denoted by Lu(V(H))
(resp.Uu(V(H))) and defined by:  

Lu(V(H)) = Intu(V(H)), Uu(V(H)) = Clu(V(H)), 
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(V(H)) =IntpuIntpuInt (V(H)) =IntIntInt uu (V(H)) supraclosure of H⊆H⊆H D are given by the following diagram:

By using Proposition (3.14), Cluu (V(H)) ⊆CluCluCl (V(H)).
(V(H))⊆Cluu (V(H)).

V(F)∈PF and F and F V(H)⊆ V(F)} 
 and V(H)⊆ V(F)} = Cluu (V(H)), since 

(V(H)). Similarly we can prove the 

) be a supratopological space. Then 
the following statements are not true in general for every 

(V(H)) = ClsuClsuCl (V(H)) =ClClCl uu (V(H)) 

(V(H)) = ClpuClpuCl (V(H)) =ClClCl uu (V(H)) 

cording to Example (3.5).  

₁), (₁), (₁ ), (), ( ₂, ₅), (₅), (₅ ), (), ( ₅, ₁), (₁), (₁ ), (), ( ₅, ₃)₃)₃
₅}, IntpIntpInt m(V(H)) = {₁, ₂, ₃, ₅

Proposition 3.25Let (D,Let (D,Let ( )be a supratopological space and )be a supratopological space and 

H⊆H⊆H D. then BdjuBdjuBd V(H)⊆BduBduBd V(H) for all 
Proof. By using Proposition (3.14), the proof is obvious. 

Remark 3.26According to Example (3.4). Let 
E(H)): V(H) = {₁,₂}, E(H) = {(((
BdmBdmBd (V(H)) = Clm(V(H)) = Clm(V(H)) = Cl (V(H))⎼Int⎼Int⎼ mIntmInt (V(H)) 
BdrmBdrmBd (V(H)) = Clrm(V(H)) = Clrm(V(H)) = Cl (V(H))⎼Int⎼Int⎼ rmIntrmInt (V(H)) 
{₁, ₂, ₃, ₄}. So, BdrmBdrmBd (V(H)) ⊈

4. Near Supra-Lower and Near Supra-Upper 
Approximations 

In this section we study the approximation space
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Supra-boundary (resp. supra-positive and supra-negative) 
regions of H are denoted by Bdu(V(H)) (resp. POSu(V(H))
and NEGu(V(H))) and defined by:  

Bdu(V(H)) = Uu(V(H)) ⎼Lu(V(H)),POSu(V(H)) = Lu(V(H)),
NEGu(V(H)) = V(D)⎼ Uu(V(H)). 

Definition 4.3Let D = (V(D), E(D), ) be a supra- 
approximation space. The near supra-lower (resp. near 
supra-upper) approximations ofH⊆D are denoted by 
Lju(V(H)) (resp.Uju(V(H))) and defined by:  

Lju(V(H)) = Intju(V(H)), Uju(V(H)) = Clju(V(H)), 
where j = r, , s, p, , . 
Near supra-boundary (resp. near supra-positive and near 
supra-negative) regions of H are denoted by Bdju(V(H))
(resp.POSju(V(H)) and NEGju(V(H))) and defined by:  
Bdju(V(H)) = Uju(V(H)) ⎼Lju(V(H)),POSju(V(H)) = Lju(V(H)),

NEGju(V(H)) = V(D)⎼ Uju(V(H)), 
where j = r, , s, p, , . 

Proposition 4.4Let D = (V(D), E(D), ) be a supra- 
approximation space and H⊆D. Then 
Lu(V(H)) ⊆Lju(V(H)) ⊆V(H) ⊆Uju(V(H)) ⊆Uu(V(H)) for all  j
= , s, p,  ,and j≠r. 

Proof. The proof is immediately derived from Proposition 
(3.2.14). 

Remark 4.5Proposition (4.4) is not necessarily true in the 
case of j = r as the following example illustrates. 

Example 4.6LetD = (V(D), E(D), ) be a supra- 
approximation space which is give in Example (3.11) in [19].
F= {V(D) , , {₁}, {₂}, {₃}, {₄}, {₅}, {₁, ₄}, {₁,
₅}, {₃, ₄}, {₁, ₃, ₄}, {₂, ₃, ₅}, {₂, ₃, ₄,
₅}},
 = {V(D), ,{₁}, {₁, ₄}, {₂, ₅}, {₁, ₂,₅}, {₂,
₃, ₄}, {₂, ₃, ₅}, {₁, ₂, ₃, ₄}, {₁, ₂, ₃, ₅},
{₁, ₂, ₄, ₅}, {₁, ₃, ₄, ₅}, {₂, ₃, ₄, ₅}}. 
If H = (V(H), E(H)): V(H) = {₁, ₃}, E(H) = {(₁, ₁)}, 
then Lm(V(H)) = {₁}, Um(V(H)) = {₁, ₃, ₄}, Lrm(V(H)) =
{₁}, Urm(V(H)) = V(D). Obviously, Lrm(V(H)) = Lm(V(H))
and Urm(V(H))⊈Um(V(H)).

Proposition 4.7Let D = (V(D), E(D), ) be a supra- 
approximation space. Then the relations between supra-lower 
approximation and near supra-lower approximations of H⊆D
are given by the following diagram:  

Proof. The proof is immediately derived from Proposition 
(4.4). 

Proposition 4.8Let D = (V(D), E(D), ) be a supra- 
approximation space. Then the relations between supra-upper 
approximation and near supra-upper approximations of H⊆D
are given by the following diagram:  

Proof. By using Proposition (4.4), the proof is obvious. 

Proposition 4.9Let D = (V(D), E(D), ) be a supra- 
approximation space, and let H⊆D. Then Bdju(V(H)) 
⊆Bdu(V(H)) for all  j = , s, p,  , and j r. 

Proof. By using Proposition (4.4), the proof is obvious. 

Remark 4.10In general, the above proposition is not true in 
the case of j = r. Since in Example (3.11) in [19], if H =
(V(H), E(H)): V(H) = {₂}, E(H) = , then  

Bdm(V(H)) = Um(V(H))⎼Lm(V(H)) = {₂} ⎼= {₂},
Bdrm(V(H)) = Urm(V(H))⎼Lrm(V(H)) = {₂, ₅} ⎼= {₂,

₅}. So, Bdrm(V(H)) ⊈Bdm(V(H)) 
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 = (V(D), E(D), ) be a supra- ) be a supra- 
H⊆H⊆H D. Then 

V(H) ⊆UjuUjuU (V(H)) ⊆UuUuU (V(H)) for all  j

Proposition 4.7Let D = (V(D), E(D), 
approximation space. Then the relations between supra-lower 
approximation and near supra-lower approximations of 
are given by the following diagram:  

The proof is immediately derived from Proposition Proposition 4.8Let D = (V(D), E(D), 
approximation space. Then the relations between supra-upper 
approximation and near supra-upper approximations of 
are given by the following diagram:  

By using Proposition (4.4), the proof is obvious. 

 = (V(D), E(D), ) be a supra- ) be a supra- 
approximation space, and let H⊆H⊆H D. Then BdjuBdjuBd (V(H)) 

, s, p, , s, p,   , ,  and  and  j r. 

Remark 4.10In general, the above proposition is not true in 
the case of j = r. Since in Example (3.11) in [19], if 
(V(H), E(H)): V(H) = {₂}, E(H) =

BdmBdmBd (V(H)) = Um(V(H)) = Um(V(H)) = U (V(H))⎼L⎼L⎼ m(V(H)) 
BdrmBdrmBd (V(H)) = Urm(V(H)) = Urm(V(H)) = U (V(H))⎼L⎼L⎼ rm(V(H)) 

₅}. So, BdrmBdrmBd (V(H)) 
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Figure 4.1: illustrates the relation between Bdu(V(H)) and Bdju(V(H)) of H⊆D in a supra-approximation space D = (V(D), 
E(D), ) 

Proposition 4.12Let D = (V(D), E(D), ) be a supra- 
approximation space. Then the relations between supra-

boundary approximation and near supra-boundary 
approximations of H⊆D are given by the following diagram:  

Proof. By using Propositions (4.7) and (4.8), the proof is 
obvio 

Figure 4.2: Illustrates the relation between Bdju(V(H)), for all j = , s, ,  ofH⊆D in a supra-approximation space D = (V(D), 
E(D), ) 
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 Illustrates the relation between BdjuBdjuBd (V(H)), for all j = , s, , s,  ,,  ofHofHof ⊆H⊆H D in a supra-approximation space 
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Figure 4.3: illustrates the relation between Bdju(V(H)) for all j = , p, ,  ofH⊆D in a supra-approximation space D = (V(D), 
E(D), ).

Definition 4.13Let D = (V(D), E(D), ) be a supra- 
approximation space. The supra-accuracy of the 
approximations of H⊆D is denoted by u(V(H)) and is 
defined by:  

u(V(H)) = 1 ⎼⎼ . 

Definition 4.14 Let D = (V(D), E(D), ) be a supra- 
approximation space. The near supra-accuracy of the 
approximations of H⊆D is denoted by ju(V(H)) and is 
defined by:  

ju(V(H)) = 1 ⎼⎼  for all j = r,, s, p, , . 

Proposition 4.15 Let D = (V(D), E(D), ) be a supra- 
approximation space and let H⊆D. Then u(V(H)) ≤ 
ju(V(H)) for all j = , s, p, ,  and jr. 

Proof. By using Proposition (4.4), the proof is obvious. 

In general, this proposition is not true in the case of j = r as 
the following example illustrates. 

Example 4.16LetD = (V(D), E(D), ) be a supra- 
approximation space which is give in Example (3.11) in [19].
If H = (V(H), E(H)): V(H) = {₁, ₂, ₅}, E(H) = {(₁, ₁), 
(₅, ₂), (₅, ₅)}, then m(V(H)) = 3/5 and rm(V(H)) = 2/5.
Thus, m(V(H)) ≰rm(V(H)).

Proposition 4.17Let D = (V(D), E(D), ) be a supra- 
approximation space. Then the relations between supra-
accuracy approximation and near supra-accuracy 
approximations of H⊆D are given as follows: 

Proof: By using Propositions (4.7) and (4.8), the proof is 
obvious. 
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approximation space. The near supra-accuracy of the 

D is denoted by juju (V(H)) and is 

 for all j = r,, s, p, , s, p,  ,, . 
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approximation space and let H⊆H⊆H D. Then u(V(H)) ≤ 
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accuracy approximation and near supra-accuracy 
approximations of H⊆H⊆H D are given as follows: 

By using Propositions (4.7) and (4.8), the proof is 
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