International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

Goldie Pure Rickart Modules and Duality

Ghaleb Ahmed

Department of Mathematics, College of Educationfor Pure Science/ Ibn-Al-Haitham University of Baghdad, Iraq

Abstract: Let R be a commutative ring with identity and M be an R-module. Let Z:(M) be the second singular submodule of M. In this
research we introduce the concept of Goldie Pure Rickart modules and dual Goldie Pure Rickart modules as a generalization of Goldie
Rickart modules and dual Goldie Rickart modules respectively. An R-module M is called Goldie Pure Rickart iff_l(Zz(M))is a pure( in

sense of Anderson and Fuller) submodule of M for every f €Endr(M ).An R-module M is called dual Goldie Pure Rickart ift~*( Im_f_ )

is a pure( in sense of Anderson and Fuller) submodule of M for every f EEndr(M). Various properties of this class of modules are given
and some relationships between these modules and other related modules are studied.
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1. Introduction

Throughout this research R denotes a commutative ring with
identity. For a right R-module A, § =End x(M) will denote
the endomorphism ring of M ; thus M can be viewed as a left
S- right R-bimodule. For fE€S, the right annihilator of fin
Misra(S ) =ru( 1) =Ker f={m € M |f (m) = 0} .The singular
submodule of Mis Z(M) = { meM| mI = 0 for some essential
ideal / of R }. If M= Z(M) then M is called singular and M is
nonsingular provided Z(M) = 0. The second singular
submodule(or the Goldie torsion submeodule) Z(M) is
defined by Z(M/Z(M)) = Zx(M)/Z(M). The module M is
called Goldie torsion (orZ,-torsion) if M = Z, (M). It is clear
that every singular module is Goldie torsion. An R-module
M is called Rickart if for every fEEndr ( M), Ker fis a direct
summand of M [12]. An R-module M is called dual Rickartif
for every fEEndz ( M ), Im_fis a direct summand of M
[11].According to Ungor, Halicioglu and Harmanci [13], an
R-module M is called Goldie Rickart iff ~*(Zx(M))is a direct
summand of M for every f €S where f~(Z,(M))={ meM | f
(m) €EZy(M)}. Asgari and Haghanyin [5] introduced the dual
concept of Goldie Pure Rickart module under name dual ¢-
Rickart module. An R-module M is called dual /-Rickartif
7Y Imf ) =~} Imf +Zx(M)) = Imf + Zx(M) is a direct
summand of M for every f €S wheref:M — M / Z»(M)is the
homomorphisim defined by f(n) = f (m) +Z2(M) andwis the
canonical epimorphism from M to M / Z,(M)defined by
™ (m)=m+ Zo(M).

Our aim of this work is to give and study a generalization of
Goldie Rickart modules and dual Goldie Rickart modules
respectively. An R-module M is called Goldie Pure Rickart
iff ~X(Za(M)) is a pure (in sense of Anderson and Fuller)
submodule of M for every f €S. An R-module M is called
dual Goldie Pure Rickart if w~=*( Imf) = Im/ +Zx(M) is a
pure(in sense of Anderson and Fuller) submodule of M for
every f €S. A submodule N of an R-module M is called
pure(in sense of Anderson and Fuller)if N N MI = NI for
every ideal 7 of R [4]. An R-module M is called regular if
every submodule of M is a pure submodule[14].1t is obvious
that every Goldie Rickart module is Goldie Pure Rickart and
every dual Goldie Rickart module is dual Goldie Pure

Rickart, but not conversely Remarks and Exampels2.2.(3)and
3.2.(3)respectively.

This research consists of three sections. In Section two we
supply some examples and properties of Goldie Pure Rickart
modules(Remarks and Examples 2.3). We see that Goldie
Pure Rickart modules coincide with Pure Rickart modules in
non singular modules. Tt is shown that the direct sum of
Goldie Pure Rickart modules is Goldie Pure Rickart. Section
three deals with the concept of dual Goldie Pure Rickart
modules. We show that dual Goldie Pure Rickart modules are
exactly dual Pure Rickart modules when the modules are
nonsingular. Many results about these concepts are
investigated.

2. Goldie Pure Rickart Modules

In this section we give the concept of Goldie Pure Rickart
modules. The basic properties are investigated. It is shown
that every direct sum of Goldie Pure Rickart modules is again
Goldie Pure Rickart. We begin by giving our definition.

Definition 2.1.An R-module M is called Goldie Pure Rickart
iff ~*(Z»(M))is a pure submodule of M for every f€S. If M =

R, then' R is called Goldie Pure Rickart ring if R is Goldie
Pure Rickart as R-module.

Lemma 2.2. Let M be an R-module, then for every f € S,
fHZM)) = {m €M |fim) €Zy(M)} and Zx(M) = e
sf1(Z»(M)). Moreover the kernel Kerf is a submodule of

FH(Za(M)).

Proof. It is clear that f~(Zo(M)) = {m €M |f (m) €Zo(M) }.
Let m €Zy(M), then [ (m) € f (Zo(M))for every f €S. It is
known that f (Z(M)) <Z(M), then one can easily see that f
(Zo(M))  <Z(M).Thus [ (m) €Zy(M), implies that
mef~Y(Zy(M)). Then Zo(M) < Ny e sf~*(Zo(M)). For the
reverse inclusion, let m€N; e sf~(Zo(M)). Then
mef~Y(Zy(M)), implies that f (m) € Zo(M) for every f €S.
Taking /=1 the identity endomorphism of M, then we have m
€Z>(M). 1t follows that Nye sf ~*(Z2(M)) < Zo(M) and hence
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Z>(M) =Ny e sf~*(Zo(M)). Further, it is obvious that Ker f
={m € M |f(m) =0} is a submodule off ~*(Z»(M)).

Recall that an R-module M is called Pure Rickart if for every
f €S, Ker fis a pure (in sense of Anderson and Fuller)
submodule of M [1]. If M = R, then R is called Pure Rickart
ring if R is Pure Rickart as R-module. In other words, R is
Pure Rickart ring if anng(a) of R is a pure ideal of R for each
a€ R [1].When M = R, the concept of Pure Rickart modules
coincides with that of PF-rings [1]. R is called aPF-ring if
every principal ideal is a flat ideal in R [10].

Remarks and Examples 2.3

(1)Let M be a nonsingular R-module. Then M is Pure
RickartR-module if and only if it is Goldie Pure Rickart.
Proof. 1t is clear.

(2) If M is Goldie Pure Rickart R-module, then M need not
be Pure Rickart. For example, consider Zs as a Z-module.
Since Zx(Z4) = Z4 thenf ~1(Zx(Z4)) is a pure submodule of
M for every f €Endz(Z4) implies thatZs is Goldie Pure
Rickart. On the other hand, for / €Endz(Zs) with flm) =
m2, Ker f= {0,Z}is not a pure submodule of Z4 for each
m€Zs. Hence Zs is not Pure Rickart.

(3) It is obvious that every Goldie Rickart module is Goldie
Pure Rickart, but the reverse is not true in general. For

example, consider the ring R = (117, 7Z,) / (©,, Z,).

By [15, Example 2.5], every principal ideal of the power
series ring R; = R[[x]] over R is flat implies that R, isa
PF-ring. That is, R; is Pure Rickart and nonsingularR;-
module. So by (1), R is Goldie Pure Rickart butR; is not
Goldie Rickart because if R; is Goldie Rickart then by
[13],it is Rickart which is a contradiction since R, is not
Rickart by [15,Example 2.5].

(4) Clearly Goldie torsion (singular) module is Goldic Pure
Rickart module. The converse is'not true in general. For
example, the Z-module Z is Goldie Pure Rickart since
Zx(Z) = Z(Z) = 0, thenf ~*(Zx(Z))=ker f= 0 is pure in Z
but Z is neither Goldie torsion nor singular.

(5) Of course, every regular module is Goldie Pure Rickart,
but the converse is not true in general. For example, the
Z -module Z is Goldie Pure Rickart module but not
regular. Also, one can easily see that the Z-module Zsis
Goldie torsion then by (1), it is Goldie Pure Rickart but
not regular.

(6) If R is Goldie torsion ring, that is Zo(R) = R. Then every

R-module is Goldie Pure Rickart.
Proof. Let M be an R-module and Z>(R) = R, it is not
hard to see that MZy(R) <Zx(M).Then Z)(M) = M,
implies that f~%(Z»(M))is a pure submodule of M for
every f€S. That is M is Goldie Pure Rickart.

(7)If M/ N is a Goldie Pure RickartR-module for any non-
zero submodule N of an R-module M, then Mmay not be
a Goldie Pure Rickart. For example Zi» as a Z>-module,
it can be easily shown that Z(Z») = {0.6} = Zx(Zn).
Then Zi, is not Goldie Pure Rickart because for the
identity  endomorphism  1€Endz(Z12), we have
1Y ZxZ12)) = { m €Z12| 1(m) € Z(Z12) }= {ﬁ,ﬁ} is not a
pure submodule of Z»,while Zi»/ {0, 6} is regular module
and hence are Goldie Pure Rickart by(5).

The following fact is needed throughout the paper, which can
be found in [3]

Lemma 2.4.letM be an R-module, then we have

(1)If 4 is a pure submodule of &, and N is a pure submodule
of M. then 4 is a pure submodule of M.

(2)If 4 is a pure submodule of M and Nis a submodule of M
containing 4, then 4 is a pure submodule of N.

Recall that an R-module M is called Pure simple if M=<0>
and it has no pure submodules except <0> and M [8].

Proposition 2.5.Every Pure simple Goldie Pure Rickart R-
module is Pure Rickartor Goldie torsion module.

Proof. Let M be pure simple Goldie Pure Rickart R-module
and f'be the identity endomorphism of M. Then f~*(Zo(M)) =
Z>(M) is a pure submodule of M. But M is pure simple,
implies that Zo(M) = M orZ (M) = 0.That is M is Goldie
torsion or it is nonsingular and so by Remark and Example
2.3 (1), M is PureRickart.

Recall that a submodule 4 of an R-module M is called an
essential submodule of M(or M is an essential extension of4 )
if ANB=+ 0, for every submodule B of M. If 4 has no proper
essential extension in M, then A4 is said to be closed[7].An R-
module M is called Purely extending module if every closed
submodule in M is a pure submodule in M[6].

Proposition 2.6.If M is a Pure simple and Purely extending
R-module, then M is nonsingular or Goldie Pure Rickart.

Proof. Let M be a Pure simple and Purely extending R-
module. Since Z>(M) is a closed submodule in M, then Z,(M)
is a pure submodule in M. Hence Z(M) =0 or Zo(M)=M. 1t
follows that M is nonsingular or Goldie Pure Rickart because
F=HZa(M)) = M for every fES.

Recall that a submodule 4 of an R-module M is called y-
closed if M/A is nonsingular module [9].

Proposition 2.7.Every Purely extending R-module is Goldie
Pure Rickart.

Proof. Let M be a Purely extending R-module. Since Z,(M) is
y-closed submodule in M, thenf~%(Z,(M)) is again y-closed
submodule in M for every f €S. Thus f~*(Z»(M)) is closed
submodule in M, and hence F~*(Zx(M)is pure submodule in
M. Hence M is Goldie Pure Rickart.

Remark2.8.The converse of Proposition 2.7 does not hold in
general, for example; Consider Z-module M=Zs @ Z.Clearly
that Zo(M)= M, then Mis Goldie torsion as Z-module, and
hence it is Goldie Pure Rickart. Let N= (2,1} Z be the
submodule generated by( 2,1, it is not hard to see that N is
closed submodule in M. But N is not pure in M,
since(4,0) = (1,0) 4€EM4NN.On the other hand(4.0)¢
N4={(T, 0} }implies thatM4NN#N4. That is M is not Purely
extending.
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Proposition 2.9. Let M be an R-module. Then M is a Goldie
Pure Rickart and Z»(M) a direct summand of M if and only if

M = Z,(M)@® N where N is a nonsingular Pure Rickart
module.

Proof.(=) Assume that M is Goldie Pure Rickart and M =
Zo(M)D N for some submodule N of M. Let fEEndg(N)
andlzpnbe the identity endomorphism ofZ»(M).Then
12200 @ fES. Put g=12001 D f, sog~*(Zo(M)) = { (m1, m2) €
Mlg(mi, my)= (m1f (m2)) € Z(M) } where m € Z>(M) and
my € N, f (my) € N. But Zo(M)NN = 0, it follows that
g (ZaAM))={(m1, m2) € Mlm€ ZxM) andm.€ Ker f}
=7,(M) @ Ker f. But g~*(Z2(M)) is a pure submodule of M,
that isZ,(M )@ Ker fis a pure submodule of M and since
Ker fis a direct summand of Z>(M) @ Ker f, implies that
Kerf'is a pure submodule ofg=*(Z»(M)). Hence by Lemma

2.4(1), Ker f'is a pure submodule of M. ButN is containing
Ker £, thus by Lemma 2.4(2),Ker fis a purc submodule of N.
Hence N is Pure Rickart R-module. Also, N is a nonsingular
R-module because M/Z,(M) is nonsingular.

(&) Assume M = Z(M)@D N where N isa nonsingular
PureRickart R-module. To show that A is Goldie Pure
Rickart, let fESand pnbethe projection map of M on to N.
Then pafiv€Endg(N), implies thatlz sy @ pafineEndr(M).
Sincef ~Y(Zo(M)) = {(m1, ma) € MIf (m1, m2) € Zo(M) '}
where m€ Zo(M),m, € NandZ,(M) AN = 0, then
F Y (ZoM)) ={(m1, m2) € M| where mi€ Zo(M) and m, EKet
f1.Itis easy to see that Ker /=Kerpfix. Hence f~*(Zo(M)) =
Z>(M) @ Kerpyfiv. Since N is Pure Rickart R-module
implies that Ker pafin is a pure submodule of N, but a direct
sum of pure submodules is a pure submodule [3]. It follows
FY(Zo(M)) is a pure submodule of M, therefore A is
Goldie Pure Rickart.

Proposition 2.10.Let M be Goldie Pure Rickart R-module
and Ker fis a pure submodule of f=*(Zy(M)) for any fES.
Then M is Pure Rickart and Z,(M) is a pure submodule of M.

Proof. Let M be a Goldie Pure Rickart R-module and f€S,
then f~Y(Zx(M)) is a pure submodule of A and by
hypothesis, Ker fis a pure submodule of f~*(Zx(M)). So Ker
f is a pure submodule of M. That is M is
PureRickart.FurtherZ>(M) is a pure submodule of M,

because 1! (Zo(M)) = Zx(M) is a pure submodule of M,
wherelis the identity endomorphism of M.

Proposition 2.11.Let M be a Pure Rickart R-module and
Z>(M) be a direct summand of M. Then M is a Goldie Pure
Rickartand Ker fis a pure submodule of f~*(Zx(M)) for any

fes.

Proof: Let M be a Pure Rickart R-module and M =
Zy(M)@ N for some submodule N of M. Then by[l,
Proposition 2.6], N is PureRickart and by Proposition 2.9,M
is Goldie Pure Rickart.In addition, for any f €S, Ker f'is a
pure submodule of M implies that Ker f'is a pure submodule

of f{(Za(M).

Lemma 2.12. Let{M;}.a be a class of R-modules for an
arbitrary index seta. For any f = (f;)ieA€Endg( D ealM,),
thenf=*(  Zy( D icaM,)) =@ eafi( Za(My)
fi €Endr(M,).

where

ProofLet m €f~*(Zo( D aM,)), then m € D eaM;. Let m
=(m;)ien Where m;€ M; for every i €a, implies f{(m;)icr) €
Zo( D ieaM;). But Zo( D eaM;) = D 1eaZo(M,) it follows that f
((mi)ier) € D jeaZr(M;) sofi(m)€  Z»(M;).Thus
m€f~H(Zo(M)) every i €a and hence
(m)ieA€ D@ jerfi ™ (Zo(M)). Similarly for the reverse.

and

for m=

Theorem 2.13.Let {M;}.n be a class of R-modules for an
arbitrary index set A. Then M; is a Goldie Pure Rickart R-
module for all i€ a if and only if @ aM; is Goldie Pure
Rickart.

Proof(=) Assume M; is Goldie Pure Rickart R-module for
all i €a and M =@ «aM;. Let Ibe an ideal of Rand f =
(f)ieA€ENdr( D = AM;) where [ €Endgr(M;).To show that
MINFYNZAM ) = FYZAM)) 1. SinceMIN f~Y(Zo(M)) =
(@ AMDN(D eafi M (Zo(M)) =D eaM; INF™(Zo(My).
Butd; isGoldie Pure RickartR-modulefor all i €a. It follows
that  MINF HZoM)=F *(Zo(M)I, and  hence M
INFHZaM)) =D wenfi™ H(Zo(M) =(D ieafi*( ZAM))I =
f~H7Z2M)). That isf ~*(Z»(M)) is a pure submodule of M.
{&)Similarly.

Corollary 2.14. Every direct summand of a Goldie Pure
Rickart module is again Goldie Pure Rickart.

Proof. Tt follows directly by Theorem 2.13.
The following theorem gives a characterization of Goldie
Pure Rickart rings in terms of Goldie Pure Rickart modules.

Proposition 2.15.L¢t R be a ring. The following statements

are equivalent.

(1) @ 4R is Goldie Pure RickartR-module for each index set
A.

(2) Every projective R-module is Goldie Pure Rickart module.

(3) Every free R-module is Goldie Rickart.

(4) R is a Goldie Pure Rickart ring.

Proof.(1)= (2) Let M be a projective R-module, then there
exists a free R- module F and an R-epimorphismf : F —M,
and F= @ ,R where A is an index set. We have the following
short exact 0——> Ker
f—> ®.R — S M——>0 wherei is the inclusion
mapping. Since M is projective, the sequence is split implies
that @ 1R= Ker f@ M.But @ \R is Goldie Pure Rickart R-

module. Therefore by Corollary 2.14, M is Goldie Pure
Rickart module.

sequence

(2)=(4)Assume that ever projective R-module is Goldie Pure
Rickart module. Since R is a projective R-module, then R is a
Goldie Pure Rickart R-module.
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(4)=(1) Assume that R is a Goldie Pure Rickart ring, then

by Theorem 2.13,for any index set 4 , @ 4R is a Goldie Pure
Rickart R-module.

(1)=(3) and (3)=(4)Follow by similar proof of (1) = (2)
and (2) = (4)

Dual Goldie Pure Rickart Modules

This section is devoted to study the concept of dual Goldie
Pure Rickart modules. Basic properties of this type of
modules are investigated. We start with the following
definition.

Definition 3.1.An R-module Mis called dual Goldie Pure
Rickart if #=*(Imf ) =z~ *(Imf + Z2(M)) = Imf + Zo(M) is a
pure ( in sense of Anderson and Fuller ) submodule of M for
every f€S, wheref :M — M/Z,(M).IfM= R, then R is called
dual Goldie Pure Rickart ring if R is Goldie Pure Rickart as
R-module.

Recall that an R-module M is called dual Pure Rickart if for
every fEEndr( M ), Imfis a pure ( in sense of Anderson and
Fuller ) submodule of M [2]. If M = R, then R is called dual
Pure Rickart ring if R is dual Pure Rickart as R-module.

Remarks and Examples 3.2.

(1) Let M be a nonsingular R-module. Then M is dual Pure
Rickart R-module if and only if it is dual Goldie Pure
Rickart.

Proof.(=) Assume that M is dual Pure RickartR-module.
Then for every fEEndx(M ), =~ Imf) =x ~*( Imf +Z»( M
)) = Imf+ 0 =Imf. But M is dual Pure Rickart, then = =%
Imf)= Imf is pure in M. So M is dual Goldie Pure
Rickart.

(&) By similar proof.

(2)If M is dual Goldie Pure RickartR-module, then M need
not be dual Pure Rickart. For example, the Z-moduleZ;»
is dual Goldie Pure Rickart because Z (Ziy ) = Zis
implies w =Y Imf +Z (Z12 )) = Imf + Zi» = Z2 is pure of
Z, for each f € Endz (Zi> ) while Zi» is notdual Pure
Rickart since Imf'= { (0, &)} is not a pure submodule of
Z2 where f (m)=m 6 for each m €Z; .

(3) It is clear that every dual Goldie Rickart module is dual
Goldie Pure Rickart. But the converse is not true in

general. For example, consider the ring R :H;m:l Zrand

the R-module M = R(®),

By [2, Example 2.2(2)], M isdual Pure Rickart and since
M is nonsingular implies that M is dual Goldie Pure
Rickart by (1). But M is not dual Goldie Rickart module
because if M is dual Goldie Rickart, it follows that M is
dual Rickart.

(4) Obviously every Goldie torsion (singular) module is
dualGoldie Pure Rickart module. The converse is not
true in general. For example, in the Zs-module Zs , for
any f €Endg(M ),m ~*( Imf +Z2(Zs)) = Imf + O =Imfis pure
in Z6.

(5) It is clear that regular module is dual Goldie Pure
Rickart. The converse is not truein general. For example,

the Z-moduleQ is dual Goldie Pure Rickart module but
not regular.

(6) If R is Goldie torsion ring, that is Z>(R ) = R. Then every

R-module is dual Goldie Pure Rickart.
Proof. Let M be an R-module andZ, (R) = R, By the same
argument of Remark and Example 12.3.(6), Zo (M ) = M,
implies that 7 =*( Imf +Zx( M ) ) = Imf + M = Mis a pure
submodule of M for every fEEndg(M ).That is M is dual
Goldie Pure Rickart.

(7)If M / N is a dual Goldie Pure RickartR-module for any
non-zero submodule N of an R-module M, then M need
not be dual Goldie Pure Rickart. For example Zas a Z-
module, for every fEEndgr(Z ), where 0#f #1, thenm™*(
Imf + Zy( Z) ) = Imf + 0 =Imf'is not pure ofZ. It follows
thatZ is not dual Goldie Pure Rickart.On the other hand, Z
/nZ = 7, as Z-module is Goldie torsion module, for each
positive integer n and hence it is dual Goldie Pure Rickart.

Proposition 3.3.Every Pure simple dual Goldie Pure Rickart
R-module is dual Pure Rickartor Goldietorsion module.

Proof. Let M be pure simple dual Goldie Pure Rickart R-
module and f be the zero endomorphism of M. Then =~%(
Imf+Z( M )) =0 +Z( M) = Z,( M) is a pure submodule of
M. But Mis pure simple, implies Zo( M ) =0 or Zo( M ) = M.
That is M is Goldi¢ torsion or it is nonsingular and so by
Remark and Example 3.2 (1), Mis dual PureRickart.

Proposition 3.4.If M is Pure simple and Purely extending R-
module, then M is a nonsingular or dual Goldie Pure Rickart.

Proof. Let M be Pure simple and Purely extending R-module.
Since Zx( M) is a closed submodule in M, then Zo( M ) is a
pure submodule in M. Hence Zy(M) = 0 or Zo(M ) =M. 1t
follows that M is nonsingular or dual Goldie Pure Rickart
becauce.

Proposition 3.5.Let M be an R-module. Then M is dual
Goldic Pure Rickart and Z»(M) a direct summand of M if and
only if M = Z,( M) N where N is a nonsingular dual Pure
Rickart module.

Proof. (=) Assume that M is dual Goldie Pure Rickart and M
= Zo( M) D N for some submodule N of M. Let fEEndgr( N)
andlz ( u)be the identity endomorphism of Z>( M ).Then g =
12 @D fE€Endr (M ). So w~*( Img +Zo( M )) = Img + Zo( M
)=g(M)+Z(M) = (122D WZo( M) D N) +Zo( M) = (
Zo(MYDS(N))H Zo( M)D 0)=Zo( M) D f( N) which is
a pure submodule in M. Since Imf'is a direct summand of Z,
(M)® f(N), then Imfis a pure submodule ofr ~*( Img +Zx(
M ). Hence Imf is pure in M. But N is containing Imf’, thus
Imfis pure in N. Hence N is a dual Pure Rickart R-module.

Also Nisa non singular R-module because M /Z>( M ) is
nonsingular.

(&) Assume M = Z»( M ) @® N where N isa nonsingular dual
Pure Rickart R-module. To show that M is dual Goldie Pure
Rickart, let f€Endr( M), pybethe projection map of M onto N
and 7 be the inclusion map of N into M. Then ( py fi)€EEndr (
N ), implies that 12 ar) D (pn fi)EEndg (M ). Since =~ *( Imf
+Z>( M) = Imf +Zo( M ). 1t is easy to see that Ker f'=Ker
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pafiv. Hence w~( Imf +Zx( M )) = Zo( M ) D Ker pafin .
Since N is dual Pure Rickart, implies that Ker pyfiv is a pure
submodule of N, but a direct sum of pure submodules is pure
submodule. Therefore m~* (Imf +Zx( M ))is a pure

submodule of M, it follows that M is dual Goldie Pure
Rickart.

Proposition 3.6.Let M bedual Goldie Pure Rickart R-
module and Imfis a pure submodule of w~* (Imf'+ Zo( M ))
for any fEEndr(M ). Then M is dual Pure Rickart and Z»(M )
is a pure submodule of M.

Proof. Let M be a dual Goldie Pure Rickart R-module and
fEEndgr ( M ). Thenm~*( Imf'+ Z( M)) is a pure submodule
of M and by hypothesis, Imf is a pure submodule of 7~
Imf +Z,( M )).1t follows that I mf is pure submodule of M,
thus M is dual Pure Rickart. Also Z,(M ) is a pure
submodule of M, since m™*(Im0 + Zy( M )) = Z( M ) is a
pure submodule of M, where0is the zero endomorphism of
M.

Theorem 3.7.Let { M; };c abe a class of R-modules for an
arbitrary index seta. Then M; is dual Goldie Pure Rickart
modules for all i €aif and only if @© ;e AM;is dual Goldic Pure
Rickart module.

Proof. (=) Assume M,; is dual Goldie Pure Rickart R-
module for all i €A and M =€ ;e aAM;. Tet I be an ideal of R
and f = (f; ) ic A€EEndg (D ;= M) where f,i€Endp(M; ). To
show that MINT~*( Imf +Zy( M )) = w~*( Imf + Zo( M )L
Since MINT~Y( Imf+ Zo( M)) = (D je AMDN( D s aA(lmfi+
Zo(M) ) = D je AMINImf; + Z2(M))). But M; is dual Goldie
Pure Rickart R-module for all.7 €a. So MJN(mf; + Z2(M)) )
=(Imf; + Zo(M;) ) = ,and hence MINf " (Z( M) ) =®
A(mfi+ Zo(My) ) I = (D e Allmfi + Zo(M;) ) I= = *( Imf + Zo(
M))I. That ism~*( Imf+ Z2( M ))is a pure submodule in M.
(=)t follows by a similar proof.

Corollary 3.8.Every direct summand of a dual Goldie Pure
Rickart module is again dual Goldie Pure Rickart.

Proof. 1t follows directly by Theorem 3.6.

The following theorem gives a characterization of dual
Goldie Pure Rickart rings in terms of dual Goldie Pure
Rickart modules.

Proposition 3.9. Let R be a ring. The following statements

are equivalent.

(1) @ 4R is dual Goldie Pure Rickart R-module for each
index set A.

(2) Every projective R-module is
Rickartmodule.

(3) Every free R-module is dual Goldie Rickart.

(4) R is a dual Goldie Pure Rickart ring.

dual Goldie Pure

Proof. (1) = (2) Let M be a projective R-module, then there
exists a free R- module F and an R-epimorphism f: FF —M,
and F= @ ,R where A is an index set. We have the following

short exact sequence 0—> Ker

f——> ®,R—L>M—>0 where i is the inclusion
mapping. Since M is projective, the sequence is split implies
that @ sR= Ker f@® M.But @R is a dual Goldie Pure
Rickart R-module. Therefore by Corollary 3.7, M is a dual
Goldie Pure Rickart module.

(2) = (4) Assume that ever projective R-module is dual
Goldie Pure Rickart. Since R is a projective R-module, then R
is a dual Goldie Pure Rickart R-module.

(4) = (1) Assume that R is a dual Goldie Pure Rickart ring,
then by Theorem 3.6,for any index set A, @R is a dual
Goldie Pure Rickart R-module.

(1) = (3) and (3) = (4) by similar proof of (1) = (2) and
(2) = (4) respectively.
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