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Abstract: In this paper, new optic solutions of (2+1)-dimensional generalization of complex nonlinear Schrodinger equations are
obtained via the powerful Extended Jacobian Elliptic functions expansion method. When the modulus m —1or m — 0, the doubly
periodic solutions degenerate soliton solutions including bright or dark solitons.
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1.Introduction

Exact solutions may describe not only the propagation of
nonlinear waves but also spatially localized structure of
permanent shape that may be of interest to experiments [10].
Since the inverse scattering transformation (IST) was
presented [1], there has been increasing interesting in
searching for new soliton equations and the related issue of
the construction of exact solutions to a wide class of
nonlinear soliton equations in soliton theory. Up to now,
many powerful methods have been developed such as inverse
scattering transformation (IST) [10], [1]. Bicklund
transformation [10], [21], Cole-Hopf transformation [35],
Hirota’s bilinear method [26], Tanh method [27], Extended
Sech function method [12], [13], the Weierstrass elliptic
function method [8]. The Jacobi elliptic function expansion
metod and the extended Jacobi elliptic function expansion
metod [3], [23], [24], [25] and so on. Special exact solutions
of evolution equations may be found by using direct ansitz
methods. To construct the proper ansitz, a clue may be given
from Painléve analysis, which is based on seeking solutions
whose movable critical points are poles only. Thus, the use of
elliptic function in the ansitz is rather natural because they
are the most general functions having such singular points
and has the relations with nonlinear equations. Up to now, in
the ansitz, four theta functions [2], three Jacobian elliptic
functions [2], four Jacobian elliptic functions [3], and one
Weierstrass elliptic function [8] has been used. In fact, there
are twelve Jacobian elliptic functions including Jacobian
elliptic sine function, Jacobian elliptic cosine function,
Jacobian elliptic and function of the third as well as nine
Jacobian elliptic functions defined by Glaisher [4], [5].

In this paper, we present an extended Jacobian -elliptic
function method [2] ,[8], [23], [24] and its algorithm with
symbolic computation to construct new doubly-periodic
solutions for the (2+1)-dimensional generalization of coupled

nonlinear Schrodinger equations which was presented by
Maccari [8], [21]:
i, +u, —uv=>0

iw, +w, —wy=0 (1)
v =(uf + 3f) =0

The paper is organized to discuss the extended Jacobian
elliptic function method considered and its algorithm in
section 2. A full analysis of the method considered applied to
(1) is given in section 3. Finally, Illustrations of special cases
of some solutions are plotted with chosen parameters.

2. The extended Jacobian elliptic function
algorithm

For a given system of nonlinear partial differential equation
(NLPDE) of the form:

P(u(x),u'(x),u"(x),"-) =0 2
where the components of the dependent variable wu are
u,v,w,--and the components of the independent variable
xare x,y,z,1t.

Step 1:
We look for travelling wave solution in the form:
() =U,(&), &=hetly+at 3)

where k,/ and A are arbitrary constants. Substituting (3) into
(2) gives rise to a system of nonlinear ordinary differential
equations (NLODEs):

du, d'U,

F(Uia_ly_zlsn')zo (4)
dg dg
which are integrated as long as all terms contain derivatives.

If applicable the constant of integration is not set to zero.

Step 2:
We seek the doubly periodic solution of (4) expressed in the
form:
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U@ =a,+ 2 17 O] 0,/ D +hg (D+eh )] ()

where f(&), g(&) and A(&) are the Jacobian elliptic sine ,

cosine and the Jacobian elliptic function of the third kind,
respectively (see [4], [S]). The considered Jacobian elliptic
functions posses the following properties:

sn’E+en’é=1, dn’E+m’sn’éE=1 (6)
(sn&) =cn&dng, (eng) =-snédn,

, (7
(dn&) =-m’snéené,
v d
where () :%.

We determine the parameter n if we balance the highest
order derivative with the highest nonlinear term in (4).
Defining the degree of U as D[U] = n gives rise to the degree

of other expressions as:

D{i’;‘f]} =n+gq,
D{Uﬂ(zgj } =np+s(n+gq)

Step 3:
Substituting (5) into (4) and setting coefficients of f* g/ A’
(fori, j=0,1,k=0,1,2,...) to zero, will generate an algebraic

(8)

system of equations from which the unknowns
Qs aij,b,.j »C; and the parameters £,/, A can be obtained.
Step 4:

Building the doubly periodic solutions by substituting the
obtained results in step 3 into (5) and reverse step 1we obtain
the explicit solutions in the original variables.

Remark:

It is well known that [34], the modulus m ranging between 0
and 1. As for m—1the Jacobian elliptic functions
sn(é),cn(&)and  dn(E) degenerate as  tanh(&),sech()

andsech(&), respectively. While, sn(£), en(&)and  dn(&)
degenerate as sin($),cos(&) andl, respectively. Therefore
(5) degenerate the solutions in the form:

U, (&) =a,+ itanh”l (&) @, tanh (&) +d, sech(&) | (9)

3.The (2+1)-Dimensional Generalization of cou-
Pled Nonlinear Schrodinger Equation

According to the algorithm described in the previous section,
we apply the transformations:

u(x,y,0) =¥, (&)exp(in)

w(x, y,t) =¥, (&) exp(in)

v(x,y,t) = D(&)
,E=hkx+1ly+ At,

(10)

n=ax+pPy+yt

where k,l, A, a, fand y are nonzero arbitrary constants to

be determined later. Consequently, the (2+1)-dimensional
generalized coupled nonlinear Schrodinger equations (1) are
reduced to the following nonlinear system of ordinary
differential equations (NLODEs):

W, (&) —(a” +7) W, (6) - ¥, (E)D(E) =0
W, (&) —(a +7) W, (£~ W, (H)D(E) =0

10(E) —k(2¥,()Y, (&) +20¥,()¥,(&)) =0
Providing that A =-2ak . Integrating the third equation of
(11), we obtain:

&) =5 (9,6 + 0,67+ (12)

Where C, is constant of integration. Returning the value of

(an

®(&)into (11) and rearranging them to give coupled non-

linear equations:
V(&) —rW () =1 () + ¥ (H)F,(£)) =0
W, (&) =R, ()1 (W ()W, () + W, (£)) =0

1, , 1
where 1 =—|a +y+C ), r,=—.
iR TRy

(13)

Balancing the highest

order derivative with the highest nonlinear term we obtain
ny =n, =1 and the ansitz:

V(&) =a,+a,sn(5)+a, en()+a,dn(S) (14)
\Fz(f) = bo +b1 Sn(f)"'bz Cn(§)+b3 dn($)
Substituting (14) into (13), an algebraic system of the
unknowns 4,,b, (i, j=0,1,2,3) is built by setting the
coefficients of sn* cn’ dn’ for (7, j=0,1, k =0,1,2,3) to zero
as follows:
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—ba,a,a,r, —25a,b,br, —26abb,r, —26a,bb,r, =0,
—2a,a,b,r, —2a,a,b;r, —2a,a,b,r, —65b,bb,r, =0,
—6a,a,a,r, —26a,b,br, —26a,b,b,r, —26a,bb,r, =0,
—2a,a,b,r, —2a,a,br, —2a,a,b,r, —66bbb,r, =0,
—ba,a,a,r, —28a,bb,r, —25a,b,b,r, —25a,b,b,r, = 0,
—6a,a,a,r, —26a,bb,r, —20a,bb,r, —25a,b,b,r, =0,
—2a,a,br, - 2a,a,b,r, —2a,a,b,r, —66b,b,b,r, =0,
—2a,a,br, —2a,a,b,r, —2a,a,b;r, —65bb,b,r, =0,

—a,r, —ayr, —3a,air, = 3a,air, — Sa,byr, — 28a,b,b,r,
75a0b22r2 —26a,b,b,r, — 5a0b32r2 =0,

—3a,a’r, +3a,a;r, +3m’aair, —25abbr, — Sa,b'r,
+28a,bb,r, +Sa,bir, +2m’ Sa,b,b,r, + m*Sayblr, =0,
—a,—m’a, —a;r, -3a,a,r, —3a,a;r, —3a,a;r, — dab,r,
—28a,b,b,r, —28a,bb,r, — Sa,blr, —28a,bb,r, - Sa,bir, =0,
2m’a, —a'r, +3a,a;r, +3m’aalr, — Sab’r, + 28a,bb,r,

2 . % 2 - 2 2 .« —
+dabyr, +2m Sa,b by, +m Sab;r, =0,

2 3 2 ~ 2 ~
—-a, —a,n, —3a,a,r, —a,r, —3a,a,r, —6a,b,r, = 26a,bb,r,
2 - - 2
—oa,b;v, —28a,b,by, —Sa,br, =0,
2 2 3 20 2 2 A 3
2m’a, —3a,a,r, +a,r, +3m a,a;r, —da,h v, 2dabh,r,

Jr5(12l122r2 + 217125a3b2b31‘2 + /1121511211;1*2 =9,

-m’a, —a,r, —3aa,r, —3asar, —air, — da,bor, = Sabir,
—26a,b,b,r, —25a,b,b.r, - c‘?asb;rz =90,

2m’a, —3ala,r, +3a,a,r, + m'a,r, — Sa,blr, + Sa,b; 1,
—26a,bb,r, +26a,b,b.r, + mzﬁa]b}zr2 =90,

~by1; —aibyr, —a,byr, —aib,r, — b1, — 2a,azb,7,

0°1
2
br, =0,

073

—38b,bir, = 2a,a,b,r, —38b

—a’byr, +asbyr, +m’aib,r, = 2a,a,br, —35b,br,
+2a,a,b,r, +38b,bir, + 2m’ a,ab,r, +3m> b by, =0,

~b, —m’b, — b1, —2a,ab,r, —a,br, —a by, —aibr,
—38b,b,r, —2a,a,b,r, —38bb,r, —2a,a.b.r, = 38bbr, =0,
2m’b, —albr, +acbr, +miaibr, —Sb'r, +2a,a,b,r,
+38bbyr, +2m a,ab,r, +3m’ Shbr, =0,

~b, —b,r, —2a,a,b,r, —a,b,r, —a.b,r, —aib,r,

—38bb,r, — b3, — 2a,a,b,r, —36b,bir, =0,

2m’b, —2a,a,b,r, —a.b,r, +a.b,r, + m*a;b,r, —35b}b,r,
+6bir, +2m*a,a.b,r, +3m’Sh,bir, =0,

—-m’b, — by, —2a,a,b,r, - 2a,a,b

~38bb,r, —35b;b,r, — Sbir, =0,

2 2 2
263 _aobarz _azbsrz —a3b3r2

| 2+atr
b, =%F —%,nzZ—mz,
or,

ay=a,=a,=by=b =b=0 (16)
where a,is an arbitrary constant and 7 = kiz(az +y+C )

1 = 1 Thus the solution of (1) will have the form:
K

u(x,y,t)=a, dn[kx+ly—2akt]exp(i(ax+ Ly + 7/t))

2+a32r2
w(x,y,t) =—, |-——=dn[kx + Iy — 2akt]
n

exp(i(ax+,3y + yt))

v(x,y,t) = —2—k dn[kx + Iy — 2akt T
e Ir, (17)

Family 2

2 2
b, =F ~2n :'—az’z, v =—1+2m",

or,

ay=ay=ay=b,=b =b, = (18)

- . 1
where a,is an arbitrary constant and 7 = k—2(a2 + 7+C1),

1 . . .
r = R Thus the solution of (1) will have the form:

u{x,y,t) = a, cnlkx +1ly — 2okt Jexp (i(ax +py+ }/t))

B 2m’ + 51221'2

or,
exp(i(ax+ By+yt))
2

L enfkes Iy — 2akt
Ir, (19)

w(x, y,t) =— enlkx +1ly —2akt]

V(«‘(,y,t) ==

Family 3.

a,=a,=a,=b,=b,=b=0 (20)
. 1
where a, is an arbitrary constant and # =k—2(a2 +7/+C1).
= é . Thus the solution of (1) will have the form:

u(x,y,t) = a, snlkx +1y — 2akt]exp (i(ax+/3y+ 7/t))

dy-2m* +a}
w(x, y,t) = —%sn[lm +1ly —2akt]
n

2m’b, —2a,a,b,r, +2a,a,b,r, — a’b,r, + a:byr, + m*aib,r, exp(z(ax+ﬁy+7t))
2 2 2073 2km?
—36b, b1, +35b,b,1, + m 6b;1, =0, v(x, y, 1) = snfkx +ly — 2akt]?
r,
(15) ?
) (21)
By the aid of Mathematica we solve the above algebraic
system and obtain the following new solutions families:
Family 1.
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Family 4.

s _a i :
a, =F8a, b =F— 5(2‘112 _m_}

(22)

. . 1
where g, is an arbitrary constant and # =p(a2 +7/+C1)

b= é Thus the solution of (1) will have the form:

u(x,y,t) = a (-dcnlkx +1ly — 2akt]+snlkx + Iy — 2akt])
exp(i(ax+/3y+yt))
1’—2m2+4a12r2( e+ Iy — 2ake]
————(en[kx + Iy - 2ckt] +
2,,51’2

dsnlkx +1ly —2akt]) exp(i(ax +pfy+ ;/t))

W(%J’J) ==

km® en[kx + Iy — 20kt T
21Ir,

2
&km” enlkx + Iy — 2okt sn[kx + Iy = 2kt ]
I, (23)
. km® sn[kx + Iy = 2akt]’

V(xay:t) ==

(24)

. . 1
where a,is an arbitrary constant and 7, = P(az + 7/+C1).
b= é . Thus the solution of (1) will have the form:

u(x, y,t) = a—z(im enfkx + v — 2okt F anlkxy + (v — 2o t])
m
exp(i(ax+ﬂy + ;/t))

1 1 2
W(x,y,t)=\/_7 —5(25122 +rZ—J(¢mcn[k\’+ly—2akt]
m 2
Fdnlke+ly —2akt])exp(i(ax+ By +yt))

km® en[kx + Iy = 2akt]’

v p1) = 21,
|, fmenlher +ly — 2arke] dnfs + by — 2acke] (25)
I,
kdn[kx+ Iy - 2akt]’
- 21r,

2

Family 6.

_é& _a 1 :
a3:+ﬂ,b]:+— — 2a]2—m— ,
m 2 \o r

(26)

where g, is an arbitrary constant and 7 = kiz(az +y+C )
= é . Thus the solution of (1) will have the form:

u(x, y,t) = %(—édn[/m Iy —2akt]+

msnlkx +1ly —2akt]) exp(i(ax+ Py+ 7t))

1/—2m2 + 4alzr2
————(dn[kx + Iy — 2c¢kt]

w(x, y,t) =~ =
m.jor,

+dmsn[ke+ Iy —2aki])exp(i(ax+ By +yt))
kdn[kx+ly - 2akT

V()C, Y, [) == 2l
2
_ dkmdnlkx +ly = 2akt]snlkx + Iy = 2aki] (27)
Ir,
. km® sn[kx + Iy — 2akt]’
20,

Finally, as our special case, we may represent the graphs to
have the corresponding solitary wave solutions of the first
solution of (25) as m approaches 1. The chosen values of the
parameters are k=/=a=f=y=1=a,=1,0=r=-1.
Where the corresponding surfaces are:

u(x, y,t) = 2sech[—x — y + t]exp (i (x+y+ t)) ,

w(x, y,t) =2 sech[=x= y + 1] exp(i(x+y+1)),

v(x, y,t) = 2sech[-x—y + ]’

(@ (b)
Figure 1: Exact surface of (25) when ¢ =107
xe[-5,5]and y €[-5,5]: (a) Re[u(x,y,1)] (b)

Im[u(x, ¥, t)] .
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(a) (b)
Figure 2: Exact surface of (25)when¢ =107
x€[-5,5]and y €[-5,5]: (a) Re[w(x, y,1)] (b)
Im[w(x, y,1)]

Figure 3: Exact surface of (25) when ¢=10""
x €[-5,5]and y €[-5,5].

4.Conclusion

In summary, we have presented the extended Jacobian
elliptic function expansion and its algorithm based on three
Jacobian elliptic  functions. The (2+1)-dimensional
generalization of coupled nonlinear Schrodinger equations of
the form is chosen to illustrate our algorithm such that six
families of new exact doubly periodic solutions are obtained.
When the modulus m —1or m— 0, the obtained solutions
degenerate as solitary wave solutions including bright
solitons, dark solitons, new solitonic solutions as well as
trigonometric function solutions. Mathematica software is
used in computations.

References

[1] C.S. Gardner, ef al. ,“Methods for solving the Korteweg-
deVries equations,” Phys. Rev. Lett., (19), pp. 1095-,
1967.

[2] K .W. Chow, “A class of exact, periodic solutions of
nonlinear envelope equations,” J. Math. Phys., 36 (8),
pp- 4125-4137, 1995.

[3] F. Zuntao, et al. “New Jacobi elliptic function expansion
and new periodic solutions of nonlincar wave
equations,” Phys. Lett . A, 290 (1-2), pp. 72-76, 2001.

[4] D. V. Patrick, Elliptic Function and Elliptic Curves,
Cambridge University Press, Cambridge, 1973.

[5] K . Chamdrasekharan , Elliptic Function , Springer-
Verlag , Berlin, 1985 .

[6] A .Maccari, “The Kadomstev Petviashvili equation as a
source of integrable model equation, ”J. Math . Phys.,
37, pp. 6207-6212.

[7] J. Zhang, S. Shen, “Exact solutions of some nonlinear
evolution systems,” ,Physics letters A, pp. 465-467, 2006.

[8] Y. Chen, Z. Yan, “The Weierstrass elliptic function
method and its applications in nonlinear wave
equations,” , Chaos Solitons and Fractals, 29, pp. 948-
964, 2006.

[91 M. A. Abdu, “The extended tanh-method and its
applications for solving nonlinear physical models,”.
Appl. Math. Comput., (190), pp. 988-996, 2007.

[10]M. J. Ablowitz, Clarkson, Nonlinear Evolution
Equations and Inverse scattering transform, Solitons,
Cambridge university press, Cambridge, P A 1991.

[11]C. H. Gu et. al., Soliton Theory and its Applications,
Zhejiang Science and Technology Press, Zhejiang, 1990.

[12]M. M. El-Horbaty, F. M. Ahmed, “The Extended Sech
function method and the Cole-Hopf Transformation for
solving the nonlinear Korteweg —de Vries Equation,”.
International Journal of Sciences and Researches, 5(4),
pp- 2319-7064, 2016.

[13]M. M. El-Horbaty, F. M. Ahmed, “Solitary Wave
Solution of the Nonlinear Modified Korteweg-de Vries
Equation Using the Improved Cole-Hopf Transformation
and the Extended Sech function Method,”. Journal of
Libyan studies, 9 (2), pp. 47-56, 2015.

[14]M. M. El-Horbaty, F. M. Ahmed, “Numerical Solutions

of Some Nonlinear Partial Differential Equations by the

Decomposition Method,”. Journal of faculties of

education, Zawia University, (6), pp. 1-14, 2016.

E. G. Fan., “Extended tanh-function method and its
applications to nonlinear equations,”, Phy. Lett. A. ,
(277), pp. 212-18. 2000.

[16]1R Hirota, “Exact solution of the KdV equation for
multiple collisions of solitons,”, Phys. Rev. Lett., 27, pp.
1192-4, 1971.

[17]M. Inc, M. Ergut, “Periodic wave solutions for the
generalized shallow water wave equation by the
improved Jacobi elliptic function method,”, Appl. Math.
E-Notes, 5, pp. 89 — 96, 2005.

[18]A. H. Khater, e al, “The tanh method, a simple
transformation and exact analytical solutions for
nonlinear reaction diffusion equations,”. Chaos Solitons
Fractals, 14(3), pp- 513— 22, 2002.

[19]N. A. Kudryashov, “On types of nonlinear nonintegrable
equations with exact solutions,”, Phys. Lett. A, (155),
pp- 269-75, 1991.

[20] W. Malfliet, “Solitary wave solutions of nonlinear wave
equations,” Am J Phys, 60(7), pp. 650— 4, 1992.

[21]M. R Miura.,, Bicklund Transformation,
Springer, 1978.

[22]E. Yusufoglu, A. Bekir, “On the extended tanh method
applications of nonlinear equations,”, International
Journal of Nonlinear Science, 1, pp. 10 —16, 2007.

[23]C. Liang, et al., “The extended Jacobian Elliptic function
expansion method and its application to nonlinear wave
equations,” Fizika A, 12(4), pp. 161-170, 2003.

[24]Z. Y. Zhang, “Jacobi Elliptic function expansion method
for the modified Korteweg- de Vries-Zakharov-Kuzntsov
and the hirota equations,”, Rom. Jorn. Phys. , 60, pp.
1384-1394, 2015.

[25]Z. Y. Zhang, et. al. , “Abundant exact travelling wave
solutions for the Klein-Gordon-Zakharov equations via
the tanh-coth expansion method and the Jacobi elliptic
function expansion method,”, Rom. Jorn. Phys. , 58, pp.
749-765, 2013.

[15]

Berlin,

Volume 6 Issue 2, February 2017

Licensed Under Creative Commons Attribution CC BY

Paper ID: ART2017576

DOI: 10.21275/ART2017576 612


file:///D:/IJSR%20Website/www.ijsr.net
http://creativecommons.org/licenses/by/4.0/

International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

[26]R. Hirota, “Exact solution of the KdV equation for
multiple collisions of solitons,”, Phys. Rev. Lett. , 27,
pp-1192-4, 1971.

[27]W. Malfliet, W. Hereman, “The Tanh Method: Eact
solution of nonlinear evolution and wave equations,”,
Physica Scripta, 54, pp. 563-568, 1996.

Volume 6 Issue 2, February 2017

WWwWw.ijsr.net
Licensed Under Creative Commons Attribution CC BY
Paper ID: ART2017576 DOI: 10.21275/ART2017576

613


file:///D:/IJSR%20Website/www.ijsr.net
http://creativecommons.org/licenses/by/4.0/



