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1. Introduction and Preliminaries

To begin with we work in the category of fibrewise sets over
a given set, called the base set. If the base set is denoted by
E then a fibrewise set over E consists of a set H together
with a function F : H — B/ called the projection. For each
point bBof E the fibre over b is the subset Hy = P™*(h)
of H; fibres may be empty since we do not require F to be
surjective, also for each subset E° of B we regard
Hz- =P Y(B*) as a fibrewise set over B™-with the
projection determined by P. Molodtsov [16] generalized
with the introduction of soft sets the traditional concept of a
set in the classical researches. With the introduction of the
applications of soft sets [15], the soft set theory has been the
research topic and have received attention gradually [5, 13,
17, 18]. The applications of the soft sets are redetected so as
to develop and consolidate this theory, utilizing these new
applications;a  uni-int decision-making method was
established [8]. Numerous notions of general topology were
involved in soft sets and then authors developed theories
about soft topological spaces. Shabir and Naz [21]
mentioned this term to define soft topological space. After
that definition, I. Zorlutuna et al. [25], A ygunoglu et al. [7]
and Hussain et al. [11] continued to search the properties of
soft topological space. They obtained a lot of vital
conclusion in soft topological spaces. We studied the
connected between fibrewise topological spaces and soft
topological space also some related concepts such as
fibrewise soft open, fibrewise soft closed, fibrewise soft near
compact and fibrewise locally soft near compact. The
purpose of this paper is introduced a new class of fibrewise
topology called fibrewise soft topological space are
introduced and few of their properties are investigated, we
built on some of the result in [1, 19, 22, 23].

Definition 1.1. [12] Let {1 and K are fibrewise sets over E.
with projections Py : H =+ E and Pz: K — E. respectively, a
function ¢: H — K is said to be fibrewise if Py = g = Py, in
other words if #{H) © Kj for each point b of E.

Note that a fibrewise function & : H = K over B determines,
by restriction, a fibrewise function dz- : Hz» —= Kz- over B~
for each subset B~ of E .

Definition 1.2. [16] Let U be an initial universe and E be a
set of parameters. Let P denote the power set of I and A
be a non-empty subset of E. A pair (F, A4} is called a soft set
over H, where F' is a mapping given by F: A = F(I7). In
other words, a soft set over I is a parameterized family of
subset of the universe U. For ze4, F(z) may be considered
as the set of =_approximate elements of the soft set (F., Al

Note that the set of all soft sets over U7 will be denoted by
S(u).

Example 1.3. Suppose that there are six houses in the
universe U = {u<,uq5 uq,uy us, Uzt under consideration,
and that E ={e,, ;. 65,84,85} is a
parameters. The &; (i = 1,2,3,4,3) stand for the parameters
“‘expensive’’, ‘‘beautiful’’, ‘‘wooden’’, ‘‘cheap’’, and ‘‘in
green surroundings’’, respectively. Consider the mapping Fy
given by “‘houses (.)’’; {.) is to be filled in by one of the
parameters hy € E.For instance, F;(#;)} means‘‘houses

set of decision

(expensive)’’, and its functional value is the set {u € Ut u
is an expensive house}. Suppose that A = {g;, gz,843} E E

and Fy(ey) = {uyg, uyl, F ez} = U, and
Fi(ey) = {ug,uz, us} Then, we can view the soft set Fy as
consisting of the following collection of

apprOXimations:Eﬂ = {{gl, {uza u4}:]5 l:gﬂa U:]a {945 {ula

ug, us}k

Definition 1.4. [9] Let Fy € S(U). A soft topology on Fj,
denoted by %, is a collection of soft subsets of F; having
following properties:

(a) Fy,Fyed

(b) {E; EE:ielc N} cit= U, F;ef

(¢ Ey EFl=i=nneNici= N_1E; et

The pair (£ , ©) is called a soft topological space.

Example 1.5. [9] Let U/ = {uy, uz,uz}, E ={ey. 85,853, 4 =
leyedc EandE, ={(ep{upul), (e, fupul)
Then. ; = {F¢,E4}, ;=P (F)and f;= {F:)aa,{':gr {uz 11,4
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(8. fuz 1) (og. fug 1L {(8y,

topologies on Fj .

fupug}), (g, {uzllare  soft

Definition 1.6. [9]

a)Let (F;,T) be a soft topological space. Then, every
element of Tis called a soft open set. Clearly, F; and Fy
are soft open sets.

b)Let (Fy, ©) be a soft topological space and F; £ F;. Then,
the soft closure of Fz, denoted E, is defined as the soft
intersection of all soft closed supersets of Fz . Note that Fy
is the smallest soft closed set that containing Fz.

¢)Let (F,. ) be a soft topological space and & € Fy . If there
is a soft open set Fz such that & € Fz, then Fz is called a
soft open neighborhood (or soft neighborhood) of &. The
set of all soft neighborhoods of . denoted W{e). is called
the family of soft neighborhoods of ; that is; V(&)
={R:Feitac KL

d)Let [Fy, T} be a soft topological space and F; & F,. Then,

F; is said to be soft closed if the soft set F: is soft open
e)Let (Fy, T) be a soft topologlcal space and F; € F,. Then,
MFgF;etielc "\ ‘15 called

a soft subspace topology on Fz. Hence, (Fz, ) is called

b» tFg

the collection Tz, = {Fy;

a soft topological subspace of {Fj, T) .

Definition 1.7. A soft set (F. A} in a soft topological space

(Fy, T) is called

(a) Soft o-open set [2] if (F, A & int (ci(int(F.A))).

(b) Soft pre-open (briefly soft P-open) set [6] if
(F,A) Eint(cl(F, A)(cl(int (F,A))) € (F, A)).

(¢) Soft sime-open (briefly soft S-open) set [10] if
(F, A) € (el(int (F, A)Y(int(cl(F,A)) € (F, A))

(d) Soft b—open set [4]
if (F, A) & mt{ﬂ't’{f,.—‘t“}“l Jel(int

(e) Soft B-open set [6] if (F, A) & :'h\m*

((F, A)))
el(F, AY))

The complement of a soft g-open (resp. Soft S-open, soft P-
open, soft b-open and soft 3-open) set is called soft a-closed
(resp. Soft S-closed, soft P-clo-sed, soft b-closed and soft -
closed) set. The family of all soft a-open (resp. Soft S-open,
soft P-open, soft b- open and soft B-open) sets of {(Fy, T} are
larger than T and closed under forming arbitrary union. We
will call these families soft near topology (briefly S. j-
topology), where j € {a. 5, P. b, B1.

Definition 1.8. [20] Let H and X be two non-empty sets and
E be the parameter set. Let {ff :H — K, g€ E} be a
collection of  functions. Then a mapping
f: SE(H.E) — SE(K.E) defined by f(e;) = erpmy is
called a soft mapping, where SE(H.E) and SE(K.E) are
sets of all soft elements of the soft sets (&, E ) and (K, E )
respectively.

Definition 1.9. [2, 4, 14, 24] A soft mapping
d:(H.7.E) = (K.o.L) is said to be soft near continuous
(briefly S. j-continuous) if the inverse image of each soft

open set of K is a soft
wherej € {a. 5, P, b, £1.

jopen set in H

Example 1.10. Let H= fhyho b}, E = {e;, ez}
and T, = {¢, H, (1, E), (2 E 1},

2={¢, B (6,,E).(G,.E)} be two soft topologies
deﬁned on H; (F.E), (F.E), (G, E) and (6. E) are soft
sets over H, defined as
following: F, (e,)=1{h,.h,} F (e,)={h} F,(e,)=H,
Fle;) ={h}and G, (e, ) ={h,}, G,le;) = {h:} G,(e) =
{hyhe}, Gile)=1{h, b} If we get the mapping
f:(H %)= (H4) defined asflhy)=F(hy)=hy,
flhy) =hy then since f~*(G,,E) =(F,.E) and f~*(G,,E) =
(F.E), f is a soft continuous mapping.

Definition 1.11. [2, 14, 4, 3]

b :(H.7.E) = (K.0.L) is said to be

(a) Soft near-open (briefly, S. j-open) map if the image of
every soft open set in H is S.j-open set in K,
where j.€ {a,5.P, b, B}.

(b) Soft near-closed (briefly, S. j-closed) map if the image
of every soft closed set in His S. j-closed set in K,
where j € {a.5.P. b, B}.

A mapping

Definition 1.12. [14, 4, 24] Let  : (H.7.E) —= (K. o, L) be
a function.§ is called soft near irresolute(briefly, S. j-
irresolute) if the inverse image of soft j-open set in K is soft
j-open in H, where j € {a.5,P. b, 8.

Proposition 1.13. [2] If ¢ : H — K is a soft pre-continuous
and soft semi-continuous, then & is soft a-continuous.

2. Fibrewise Soft Topological Spaces

In this section, we give a definition of fibrewise soft
topology and its related properties.

Definition 2.1. Assume that (E.12,G) is a soft topology
space the fibrewise soft near topology space (briefly, F.W.S.
j-topological space) on a fibrewise set H over B meany any
Soft j-topology space on H for which the projection P is soft

near  continuous(briefly, S.
jela 5 P b AL

j-continuous)  where

Remark 2.2. In F.W.S. topological space we work over at
soft topological base space E. say. When £ is a point-space
the theory reduces to that of ordinary soft topology. A
F.W.S. topological (resp., S. j-topological) space over B is
just a soft topological (resp., S. j-topological) space H
together with a soft continuous (resp., S. j-continuous)
projection Pr, :(H,7,E) = (B, ,G). So the implication
between F.W.S. topological spaces and the families of
F.W.S. j-topological spaces are given in the following
diagram where j€ {a, 5. P, b, B
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F.W.S. topological space
u

F.W.S. a-topological space = F.W.S. S-topological space
U U
F.W.S.P-topological space = F.W.S.b-topological space
U
F.W.S.5-topological space

Example 2.3. Let H =5 ={am. bc.d}, E ={s.6..8:},
G ={g1.02.9:}, (H.n.E)and let (E.2,K)be a FW.S.
topological space. Definef: H = E and u:E — & as
fla) = {b}, flb) = {d}, fle) ={a}, fld) ={c},
H{FLJ = {3:},“{9:] = {3‘1},“{92] = {g:}.

t = {&.H(F.E)(F.E)(E.E)....(F:.E),(F.E),
(E.E), (R.E),., (Fs.Elare soft sets over (H.T.E),
defined as follows:

(F.E) = {(e..{a. b}). (e {c}). (ez. {@. €]} },

(F.E) = {(e:.{b}). (3. {m. b}). (&3, {@. b})

(B.E) = {(e.{b]}). (2. {a])}.

(K.E) = {(ey.{a.b}).(e1. H). (65 . H)} .

(5. E) = {(e.{c}). (ez{a. c}). (ez. (B])}

(Fs.E)} = {(ez.{c})}.

(F.E) = {(e,.H). (82, {a.c}). (2. H)} .

(F.E) = {(ez.{a}). (e2. {B})}

(F5.E) = {(e.{b.€}). (g7, H) (3. {a, B}) }.

(Fp. E) = {(ey.1b.c}). (e, {a, c}) (o5, Ta, B},

(Ry.E) = {(ey.{a, c}), (e,, {6101,

(Fz.E) = {(e;.{b}). (e;, H), (&g, {a. bD}

(F;.E) = {(e,.{b}). (25, {a}), (&5, {a. D}

(F,.E) = {(ey.{a. b}). (e, {a,c}), (o5, H) Y.

(R, E)={(e,,{b}), (e;. {c]), (5. {a} ).

N={%.B.(F.G)}and (F.G)=

{{ge.{a.c.d}). (g2, {a. b.d}).(gs. {b. d})} and let
projection Fr, : (H.7.E}) = (B.12.G)be a soft mapping.
Then (F.G} is a soft open in (E.1, G} and F:,—;"{{F,H]}:
f{es. {a b, e} (&g (b, dY) (82, {& BY)) is a soft a-open but
not soft open in (H.T.E). Therefore, Fr, is a soft a-

continuous but not soft continuous Thus, (H, 7. E7} is F.W.S.
a-topological space but not F.W.S. topological space.

Example

24.LetH =B ={a.b.c.d},E = {e. 05,63}, G ={g;. 9. g3},
(H.7.E) and let (BE.1L. G} be a F.W.S. topological space.
Define f: H = B and u : E = G as fla) = {6}, fb)=ld),
Fle)=la}, Fld)=lc}, f (b)=1{d},
ule, ) =g}, ule, =g, }, u(e;)={g=} Let us consider the
F.W.S. topological space (H.7.E} over (E.[L G} given in
Example (2.3): that is,
r= {¢,H.(F E).(F, E)(F,E)....(Fs. ED},

2 = ($B.(MG)), and (M.G)={(gs{dD}and Ilet
projection Fry, : (H,7,E) — (B,11.G) be a soft mapping.
Then (M,Glis a soft open in (B..G) and
P (M, G)y={(ez. {b1)} is a soft p-open but not soft a- open
in (H.7.E). Therefore, Fr,is a soft p-continuous but not
softa-continuous. Thus, (H. 7. E) is F.W.S. p-topological
space but not F.W.S.a-topological space.

Example 2.5. Let H = B = {a, b,c.d}, E = {e,. e, 25}, and
G ={g:.9:.9:} and (H.7.E) and let (B.{LK) be a FW.S.
topological space. Define f : H = Bandu : E — & as

fla) = {d}, £ (b) ='{d} £ (c) = {a}, fd) ={ch u(e;) = {g:} ulez) = {g:}/u(e) = {ga}

Let us consider the F.W.S. topological space (H.t, E)

over (E. 11, &) given in Example (2.3);that is,7 ={4, H,
(FLEY (B EY. (B E). ... (Fas. B} 0=(3. B, (.60} and
0.6) = {(g:.{a]), (g2.{d]), (g=.(b.dD} and let
projection Fry * (H.7,E) — (B.[L.G] be a soft mapping.
Then .G) is a soft open in (B.2.G) and
B 60) = {Cow (1), (o2, (D). ez, {@c])} is a soft a-
open but not soft open in (.. E}. Therefore, Fr, is a soft s-
continuous but not soft a-continuous. Thus, (H.7.E)} is

F.W.S. s-topological pace but not F.W.S. a- topological
space.

Example 2.6. Let H =B = {a.b.c.d}, E ={e,.e;.8:}, and
G =1g:,.9:.9:% and (H.7.EJand let (B.12.G) be a F.W.S.
topological space. Define f: H = E and u: E — ( as

(g2, {c.d¥)}and let the projection
Pryi (H, 0 E) — (B, 1, G)be a soft mapping. Then (0.Glisa
soft open in

(B. 0.6) and P ((0, 6N={(e;. {c.a.d}), (e, {B}),
(e;.{d, b})} is a soft b-open but not soft S- open in (H. 7. E).
Therefore, F}-u is a soft b-continuous but not soft s-

continuous. Thus, (H.7. E} is F.W.S. b-topological space but
not F.W.S. S- topological space.

Example 2.7. Let H =B ={a.b.c.d} E ={e.e,. 8.1
G=1g:.9..9:%, (H.7.E) and let (B.2.G)be a F.W.S
.topological space. Define f:H = E and u:E = { as
fla) = {bL fb) ={d}. flc) = {a}.f(d) = {c},

ule,) ={g,} ule,) = {g,}, ule;) = {g:}. Let us consider

the F.W.S. topological space (H.T.E}  over

fla) = {6k fib) =1{d}, flc) ={al. F(d) = {ch ule,) = {g; % ulB, N=GlgiventieExamiple}2.3);that is

. Let us consider the F.W.S. topological space (H.t.E) over
(B.2.G) given in Example (2.3); that is,
t=1{¢,H (F.E)(E.E)(F, E).....(Fs.EJ},

2 =1$.B,(0,6)}, and (0.6) = {(gy.{a. b c}) (go. {d}),

t={d.H(F.E)(E,E)(F.E)....(Fs, ED},
1 ={$,B.(N,6)} and (V.6) = {(g,.{a b)) (g;.{c. d}).
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{( gz {o. b,d¥)}and let the projection
Fry: (H.n.E) = (B, 1. G) be a soft mapping. Then (N, 6 is
a soft open in (B, /2, G} and PJ:J{(N, G}}z {(gz, {a, £}), (B,
{d, b}), (g2, {c. @ b})}. is a soft b-open but not soft p- open
in (H. 7. E). Therefore, P, is a soft b-continuous but not soft

p-continuous. Thus, {H,7.E) is F.W.S. b-topological space
but not F.W.S. p-topological space.

Example 2.8. Let H =8 ={a,b.c.d}, E ={a,.0,.6:},
G =1{g1,92.8:, (Ht.E)and let (B.2,G)be a F.W.S
topological space. Define f:H —=E and u:E =G as
fla) = (b}, fb) ={d} flc) ={al.fld) = {chu(e,) =
[g:) ule;)=1{g,}, ules)={ g=} Let us consider the F.W.S.
topological space (f,7.E} over (E.1. G} given in Example
(2.3); that is, T={¢. H. (F., E). (F;.E) (F3. E)..... (Fys. E)},
0={¢.B.(L.G)}, and (L.6)= {(81, tb, d}), (82, {a, c}), (g2,
{a, b, d})} and let the projection Fyy, : (H.7.E) = (B.12. )
be a soft mapping. Then (L.5) is a soft open in (B, 12,G)
and BH((L. 6))= {(ey {a. bY), (o2, {c,d}), (ex, falc. dN ) is
a soft f-open but not soft b-open in (H.7.E). Therefore,
Fry is a soft F-continuous but not soft b-continuous. Thus,
(H.7.E) is FW.S. f-topological space but not FW.S. b-
topological space.

Proposition 2.9. F.W.S. s-topological space and F.W.S. p-
topological space iff F.W.S. a-topological space.

Proof . (=2} Let (H.7.E) be a F.W.S. s-topological space
over (B.1.G), and be a F.W.S. p- topological space over
(B.1.G) then the projection Pry ¢ (H,7,E) =B, 0G)
exists. To show that P is softa-continuous. Since (H,z,E)
is F.W.S.s-topological space over (B.f2,6) and (H.7,E) be
a F.W.S. p- topological space over (B, 12, GJ, then F;,, is soft
s-continuous and soft p-continuous then Fr, is soft a-
continuous by proposition (1.15). Thus, (H,7,E] is F.W.S.
a-topological space over (B, 2. G).

(<) It obvious.

Let ¢ : (H)} = (K.o.L) be a fibrewise soft function, (H} is
a fibrewise set and (K., L) is a fibrewise topological space
over (E.11,&). We can give (H.7. E) the induced (resp. j-
induced) soft topology, in the ordinary sense, and this is
necessarily a F.W.S. topology (resp. j-topology). We may
refer to it, as the induced (resp. j-induced) F.W.S. topology,
where je{w 5. P.bF}, and note the following
characterizations.

d:(H1.E) = (K.o.L) be a
fibrewise soft function, (.. L} a F.W.S. topological space
over (E.fLG) and (H.7.E)} has the induced F.W.S.
topology. Then for each F.W.S. topological space [Z.¥. M},
a fibrewise soft function w:(Z, ¥, M) — [(H.7.E) is soft j-
continuous iff the composition ¢ = @: (I, y. M) — (K. 7. L)
is soft j-continuous, where j € {er, 5. F. b, 8%,

Proposition 2.10. Let

Proof. (=) Suppose that ¥ is soft j-continuous. Let z € £,
where b € B and (N. L) soft open set of (@ = W)z} =k € K}
in (K.a.L). Since § is soft continuous, ¢&~1(N,L)is a soft
open set containing wiz)=h € Hzin
{(H.7.E). Since ¥ is soft j-continuous, then ¥~ * (&~ (IV , L})
is a soft j-open set containing Z € £z in (Z£.y.M)} and
Wi MW, L)=(d = y) Y (N.L} is a soft j-open set
containing z € Z5 in (Z.y. M), where j € {e. 5, F. b, f}.

(=) Suppose that ¢ =1 is soft j-continuous. Let z € Zp,
where B € B and (F.E) soft open set of @i(z)=h € Hy in
(H.7.E). Since & is open, #(F.E)}is a soft open set
containing  $(h) =d(w(z))=k € Kpin (K, o, L).  Since
i = i is soft j-

continuous. then (4 =y} ~*(d(F, E)) = W-(F,E) is a soft
j-open set containing z€Zyin(Zd, ¥, M),
jE€{a.5.P.b, B},

where

¢:(H..E) = (K.0.L) be a
fibrewise soft function, (K., L} a fibrewise soft topological
space ~over (B,1,G) and (H.7.E) has the j-induced
fibrewise soft topology. If for each F.W.S. topological space
(Z,y. M), a fibrewise soft function
wi(Z, v, M) = (H,t.E)is soft j-irresolute iff the
doy:(Zy.M)—=(K.ol) is soft j-
continuous, where j € {&, 5, P, b, 1.

Proof . The proof is similar to the proof of Proposition
(2.10).

Proposition  2.11. Let

composition

Proposition 2.12. Let & (H.7.E) = (H.a.L) be a
fibrewise soft function, (X, . L} a fibrewise soft topological
space over ((B.12, &) and (H, T, E) has the induced fibrewise
soft topology. If for each fibrewise soft topological space
(Z,y.M), a fibrewise soft function 3 : {(Z,¥. M)} —= (H.1.E)
is soft open, surjective iff the composition
bow:(Zy, M) = (K, 0.L) is soft open.

Proof . The proof is similar to the proof of Proposition
(2.10).

3. Fibrewise Soft Near Closed and Soft Near
Open Topological Spaces

In this section, we introduce the concepts of fibrewise soft
near closed, soft near open  topological spaces. Several
topological properties on the obtained concepts are studied.

Definition 3.1. A F.W.S. topological space (H.7.E} over
(B.1.G) is called fibrewise soft j-closed (briefly, F.W.S. j-
closed ) if the projection Fryis soft j-closed, where
j € {a.5.P.b, B,

Proposition 3.2. Let ¢ : (H.7.E)} = (K.a.L) be a closed
fibrewise soft function, where (H.7.E)} and (K.o.L) are
F.W.S. topological spaces over (5.M2,G). If (K.a.L) is
F.W.S. j-closed, then (H.7.E)} is F.W.S. j-closed, where
j € {a.5.P.b, B},
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Proof. Suppose that ¢ : (H.7.E} = (K.7 L) is closed
fibrewise soft function and (K., L} is F.W.S. j-closed i.e.,
the projection Pg g2y : (K. o, L) = (B, 12, G) is soft j-closed.
To show that {H. 7. E} is F.W.S. j-closed i.e., the projection
Pyiuy: (H.7,E) = (B, .K) is soft j-closed. Now let
(F.C) be a soft closed subset of Hp, where b € B, since &
is soft closed, then $(F.C) is closed subset of K. Since
Py (fuy s soft j-closed, then Py ,:qdj{li-{ﬂ €1y is soft j-closed
in( B, 12, ), but
Py .jqdj{flj{Fa '5-_:]] = (P rgdy ® ¢) (F.C)= PH.;,r‘uj (F.C) is soft
j-closed in (E.{LG). Thus, Py is soft j-closed and
(H.7.E)is F.W.S. jclosed, where j& {&. 5. P, b, f}

Proposition 3.3. Let {H.7. E) be a F.W.S topological space
over (B, G). Suppose that (H; E;) is F.W.S. j-closed for
each member (H E;) of a finite covering of (H. 7. E). Then
(H.7.E)is F.W.S. j- closed.

Proof. Let {(H.T.E} be a F.W.S. topological space
over ( B.12, G), then the projection Pr,: (H, 7, E) — (B, 0,6)
exists. To show that Fr;, is soft j-closed. Now, since (H;. E;}
is F.W.S. j-closed, then the projection
Fiifuy ¢ (Hi E;) = (B.G)is soft j-closed for each member
(H:. E;) of a finite covering of (H.7.E}. Let (F.C) be a soft
j-closed subset of (H,t.E) then
B (F.C)=u ((H,E)NCF.C)) which is a finite union of
soft closed sets and hence Fyy, is soft j-closed. Thus, (.7, E)
is F.W.S. j-closed, where j € {e. 5, P, b, A1

Proposition 3.4. Let (H.7. £ be a F.W.S. topological space
over (B.1,G). Then (H.7.E) is F.W.S. j-closed iff for each
fibre soft (Hy. Ey) of (H.7. E) and each soft open set (F,E)
of (Hz.Ey) in (H.7. E), there exists a soft j-open set (7, G
of b such  that (Hiper Eper) © (FLE),
where j € {a. 5.P, b, B},

Proof : (=) Suppose that (H.7.E) is F.W.S. j-closed i.c.,
the projection Fr, = (H.z,E)} = (B, 12,G) is soft j-closed.
Now, let b € B and (F.E) soft open set of (Hp Ey) in
(H.7.E), then (H.7.E) _(F.E) is soft closed in (H.7.EJ,
this implies Fr, ((H.7.E) — (F.E}} is soft j-closed in
(B.0LE), let (F.G)=(B. 0 G]-F}-u{{H, ©.Ey— (F.EY),
then(F.G) a soft j-open set of & in (B, a,
G) and (H (g 2, Tirey» Ere) *F:r'_ul{Fs G)H,7.E) - ‘Fﬁi

B, (H.7.E)-(F.E)) c (F.E), wherej € {a, 5, P.b, ).
(=) Suppose that the assumption hold and
Fry * (H.1,E) = (B.1.G). Now, let {(F.C) be a soft closed
subset of (H.7.E) and b € B — P(F.C) and each soft open
set (F.E) of fibre soft (Hy. Ey) in (H.7.E). By assumption
there exists a soft j-open (F.GJ) of b such that
(Heeg . Epm) S (F.E) It is easy to show that
(F.¢) = (B.0,G) — P, (F.C), hence (B, 12,G) — P(F,L) is

soft j-open in ( B.12.G) and this implies P(F.L) is soft j-
closed in (B. 1, G) and P, is soft j-closed. Thus, (H,7, EJ is
F.W.S. j-closed, where j € {e. 5.P. b, 81,

Definition 3.5. A F.W.S (H.7.E) over (E.11.G} is called
fibrewise soft near open (briefly, F.W.S. j-open) if the
projection Fy, is soft j-open where jE {e.5.P.b, B},

Proposition 3.6. Let ¢ : (H.7,E) — (K. 2. L) be a soft open

fibrewise function, where (H.7.E} and (K.g. Llare
F.W.S.topological spaces over {E.12. &). If (K.L} is F.W.S.
j-open, then (H.z.E} is F.W.S. j-open, where

jela 5 P b AL

Proof. Suppose that & :(H.7.E}— (K.s.L) is open
fibrewise soft function and (K., L} is F.W.S. j-open i.e., the
1 (K.o.L) = (B.0,G)is soft j-open. To
show that (H.7.E)is F.W.S. j-open i.., the projection
Putpuy (H,t,E) = (B.n,G) is soft j-open. Now let (F,E)

is soft open subset of K, where & € B, since ¢ is soft open,

projection Py (g

then &(F, E) is soft open subset of Ky, since P (g7 18 soft j-
open, then Py gz, (@(F. E))is soft j-open in (B.12.€), but
P tuy (p(F, E:i}:-:P;;:::;:, =$)(F.E) is soft j-open in
(B,2,G). Thus, Py sy, is soft j-open and (H.7.E) is F.W.S.
j-open, where je {&. 5, P, b, L.

Proposition 3.7. Let (H,. 7. E;} be a finite family of F.W.S.
j-open spaces over (E, 1L G} Then the F.W.S. topological
product (H,7.E) =[1;(H,.7,.E) is also F.W.S. j-open,
whete jela, 5, P, b, B}.

Proof. Let (H,.7,. E;) be a finite family of F.W.S. j-open.
Suppose that (H,7 EX[l;(H,.7.E) is a F.W.S over
(B.0,G), then B, : (H,7, E)=[15(H,.7,.E.) = (B.02,G) is
exists. To show that Fr, is soft j-open. Now, since
(H..7.. E.} be a finite family of F.W.S. j-open spaces over
(B, 1, G), then the projection Fr syt (Hpa T B ) — (E,n.6)
is soft j-open for each +. Let (F. E) be a soft open subset of
(H,t.E), then
B (F.E)-

P (I (Hy7r B 0 (FLED)) = T15 Py oy ((H70, E) 0 (FLED)
which is a finite product of soft j-open sets and hence Fry, is
soft j-open. Thus, the F.W.S. topological
(H.z.E)=llz(H.7.E.) is a F.W.S. j-open,
j€{a.5. P b gL

product
where

Remark 3.8. If (H.7.E) is F.W.S. open (resp. FW.S. j-
open) then the second projection
ny: (H.1.E) %z (K.o.L) = (K.0,L) is soft open (resp. Soft
j-open) for all F.W.S. topological space {K.a.L). Because

for every nonempty Soft open (resp. Soft open, Soft j- open
and Soft j-open) set
(F.E) x5 (F,L) c (H,7.E) %5 (K.a.L). we have
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7, ((F.E) %5 (F,L))=(F.L) is soft open (resp. Soft j-open,
Soft open and Soft j-open), where j € {&. 5. P. b, B} We will
use this in the proof of the following results.

Proposition 3.9. Let @ : (H.7,E) — (K.0.L) be a fibrewise
soft function, where (H.7.E)} and (K.o.L)} are F.W.S.
topological spaces over (E.10,G) Let
idy xd:(H,7.E) %z (H,7.E) = (H1,E) x5 (K,e. L), If
idy % & is soft open and that (H.7.E) is F.W.S. open,
(K.o.L) is FW.S. j-open. Then & it self is j- open,
where j € {a.5.P, b, 5.

Proof. Consider the following commutative figure.

idy X &

HXgH >H %z K
I, T,
®
H > K

Figure 1: Diagram of Proposition 3.9

The projection on the left is surjective and soft j-open,
since (K, o, L} is F.W.S. j-open, while the projection on the
right is soft j- open, since (H.T.E} is F.W.S. j- open.
Therefore, 5 @ (idy X ) = & = 7, is soft j-open, and so &
is soft j-open, by Proposition (2.3) as asserted,
where j € {a.5.P, b, 5.

Proposition 3.10. Let ¢ : (H.7,.E) = (K, a.L) be a soft |-
continuous fibrewise surjection, where (H.7.E} and
(K, o,L7) are F.W.S. topological spaces over (E, /2, G).

Proof. Suppose that ¢ :(H.7.E) — (K.0.L) is soft j-
continuous fibrewise surjection and (H.7,E) is FW.S. j-
closed (resp. F.W.S. j-open) i.e., the projection
Bapuy 1 (H.T.E) = (B.11.G) is soft j-closed (resp. Soft j-
open). To show that (K. L} is F'W.S. j-closed (resp.
F.W.S. j-open) ie., the projection
Peigay " (K.,0.L)— (B.1LG) is soft j-closed (resp. Soft j-
open). Let(G.E) be a soft closed (resp. soft open) subset of
Ky, where B £ E. Since & is soft continuous fibrewise, then
¢~ *(G.E) is soft closed (resp. Soft open) subset of Hj.
Since Fy(fyyis soft j-closed (resp. Soft j-open), then
Pacruy (#(G.E)) is soft jclosed (resp. Soft j-open) in
(B.2.L). But

Pas (uy (006, ED)=(Pog g © &™) (6. ED=Py £y (G.E) is soft
j-closed (resp. Soft j-open) in (B, 2, G). Thus Py (fuy 18 Soft
j-closed (resp. Soft j-open) and (.o, L} is F.W.S. j-closed
(resp. F.W.S. j-open), where j € {e. 5. P, 8. bl

Proposition 3.11. Let (H.7.E} be a F.W.S. topological
space over (E,1, G} Suppose that (H,7.E} is F.W.S. j-
closed (resp. F.W.S j-open) over (5,12, &}, Then (Hz-, Ez-)
is FW.S. j-closed (resp. F.W.S. j-open) over (E".12°,G") for

each subspace (B*.12°.G*) of (B.N.G), where

jela 5 P b AL

Proof. Suppose that (H.7.E) is a F.W.S. j-closed (resp.
F.W.S. j-open) i.e., the projection P, : (H,7, E} = (B, 12, 6)
is soft j-closed (resp. Soft j-open). To show that
(Hg.75.E5 ) is FW.S. j-closed (resp. F.W.S. j-open) over
(B*.n*.G") ie., the projection
Pty (Hg 75, E5-) = (B*,00°,G") is soft j-closed (resp.
Soft j-open). Now, let (N.E) be a Soft closed (resp. Soft
open) subset of (H.t.E). then (G.E} N (Hgz. 15, Ez ) is soft
closed (resp. Soft open) in subspace
{HF'JTB'JEB':]andPB":fi.Q' ((G.E)YN (Hz .15, Ez~)

=P+, ((6.E) N (Hgi50, E5- ) =B, (G.E} N (B*.02°,67)
which is soft j-closed (resp. Soft j-open) set in(B*,2*.G*).
Thus Pz-fy is soft j-closed (resp. Soft j-open) and
(He 15, Es)is FW.S. j-closed ( resp. F.W.S.j-open)
over(B*,1*,6°), where j € {e. 5P, b, 5} .

4. Fibrewise Soft Near Compact and Locally
Soft Near Compact Spaces.

In this section, we study fibrewise soft near compact and
fibrewise locally soft near compact spaces as a
generalizations of well-known concepts soft near compact
and locally soft near compact topological spaces.

Definition 4.1. The function & :(H.7.E)} = (K.7.1} is
called soft near proper (briefly S. j-proper) function if it is S.
j-continuous, closed and for each (k} € K,¢ (k) is
compact set, where j € {&, S.P, b. B} .

For example, let (R, 7,E) where t is the topology with basis
whose members are of the form (a. &) and {a.b) — N, N =
{I\n;ne Z7} and E =N Define ¢ : (R, 7.E) — (R, o, L) by
¢ (FLE}=(F,E), then & is soft j-proper function, where
jela SR b B}

If ¢:(H 1,E) = (K o0L) is fibrewise and S. j-proper
function, then ¢ is said to be fibrewise S. j-proper function,
where j € {a.5. P, b, B}

Definition 4.2. The F.W.S. topological space (H.t. E} over
(B.1, G} is called fibrewise soft j-compact (briefly, F.W.S j-

compact) if the projection Fry, is soft j-proper,
where j € {a. 5.P. b, 8}
Proposition 4.3. The F.W.S. topological space

(H.7.E)over (B.1.G) is F.W.S. j-compact iff (H.7.E}is
fibrewise soft closed and every fibre soft of {H.%. E} is soft
j-compact, where j € {e, 5, P, b, B1.

Proof. (=) Let (H.7.E) be a F.W.S. j-compact space, then
the projection Fry, :(H. 7. E} = (BE. 1G] is soft j-proper

function i.e., Py, is soft closed and for each b € B, Hyis soft
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j-compact. Hence {H. 1. E)} is fibrewise soft closed and every
fibre soft of {H. 7. E7} is soft j-compact, where
jela 5 P b AL

(=) Let (H.7.E) be F.W.S. closed and every fibre soft of
(H.t.E) is soft j-compact, then the projection
Pry t (H.1,E) = (B.1,G) is closed and it is clear that Ffy, is
S. j-continuous, also for each & € B, Hy is soft j-compact.
Hence (H.n.E) is F.W.S. j-compact, where
jele5 P b 5L

Proposition 4.4. Let (H.7. E) F.W.S. topological space over
(B, G Then is F.W.S. j-compact iff for each fibre soft H
of (H.7.E) and each covering Iz of Hy by soft open sets of
H there exists a soft nbd (N.G) of b such that a finite
subfamily of Iz covers Hy oy, where j € {e, 5, P, b, £},

Proof . (=) Let (H.7.E) be F.W.S. j-compact space, then
the projection Fy : (H.7.E) — (B.11, G} is soft j-proper
function, so that Hj is soft j-compact for each b € E. Let [z
be a covering of Hjy by soft open sets of H for each b € B
and let Hy 5=U Hy for each & (N, )
compact for each b € (N.G) € B and the union of soft j-
compact sets is soft j-compact, we have Hpy g is soft j-
compact. Thus, there exists a soft nbd (N, &} of b such that a
finite subfamily of Iz covers Hy o), where j € {a. 5, P, b, L

Since Hj is soft j-

(=) Let (H..E) be F.W.S.
(B, n6),

exist. To show that Fr;, is soft j-proper. Now, it is clear that

topological space over
: {H.z. "i—‘l\B-..Gl

then the projection Fry = (.
Fry is soft j- continuous and for each b € B, Hp is soft j-
compact by take Hz=Hy -1. By Proposition (3.4), we have

Fry is closed. Thus, Fry is soft j-proper and (H.7.E) is
F.W.S. j-compact, where j € {@,5,P, b, B

Proposition 4.5. Let ¢ : (H,7,E) — (K, 0, L) be a j-proper,
j-closed fibrewise soft function, where (H,7, EJand (K, &, L)
g, L) is

where

are F.W.S. topological spaces over (B,f2.G) If (X,
F.W.S. j-compact (H.7.E),
_.I: = {RJSJPJ EJ.I_E}I

then so is

Proof : Suppose that ¢ : (H.7,E} — (K.o. L) is j-proper, j-
closed fibrewise soft function and (K.e.L) is F.W.S. j-

compact space ie., the projection
P, (qd) * (K.o.L) = (B.1,G) is j-proper. To show that
(H.7.E) is F.W.S. j-compact space i.e., the projection
PH,:J,-u:,:{H,T, E) = (B.1, Gis soft j-proper. Now, clear that
Py fuy is soft j-continuous. let (F. L) be a soft closed subset

of Hp, where b € B. Since & is closed, then ®(F, L) is soft
closed subset of Kp. Since Pyggay is soft closed, then

Py iy (@(F,L)) is soft closed in (B.f2,G).But
P}{'l:q‘dj{lil{F’ L]}:{Pfelq‘dj = @}{FJ I':]:PHIIAJ{F’ I-:] is soft
closed in (.12, G} so that Py sy, is soft closed. Let b € B,

since Py gq7 is soft j-proper, then Kj is soft j-compact. Now
let {(F,E};:i € I} be a family of soft j-open sets of (H, 7. E)
such that Kyc U;;(F.E);. If k € Kj, then there exist a
finite  soft subset N(k} of I such that
= (k) ClU; e (F. ED;. Since & is soft j-closed function, so
by Proposition (3.4) there exist a soft j-open set (M. L); of

(K.a, L) such that ke (M, L) and
QJ'L{{;H,L:I}-}CLJ[EN(J-:.{,F, E);. Since K3 is soft j-compact,
there exist a finite subsetl of X such that

KycUge (M, L), Hence

P~ L{K :ICUnEr'j:" 1{{‘” I':] E UgecUienie ) (F, E:] Thus if
N=Up Nk, then N is a
finite subset of 7 and &~ *(K; ]ULEN({F E);). Thus, d~*(k;)

=47 ( ;hq'd‘.{b:]) {Pﬁlqd‘\ ° 'j:"} ':b:] ;.r,‘rm':fl:]—H and
HycUiey(F.E); so that Hy is soft j-compact. Thus, P rfuy

is soft j-proper and (H.7.E} is F.W.S. j-compact, where
j€{a,S,P.b, B

The class of fibrewise soft j-compact spaces is
multiplicative, where j &{e. 5. P b}, in the following
sense:

Proposition 4.6. Let (H,.7,.E.} be a family of FW.S. j-
compact spaces over (E.11, &)). Then the F.W.S. topological
product (H, . E}=[1.(H,.7..E. ) is F.W.S. j-compact, where
j€{a.5.P,b,BL

Proof. Without loss of generality, for finite products a
simple argument can be used. Thus, let (H, 7, E) and(X, o, L)
be F.W.S. topological spaces over (B.2.G). If (H.7.E) is
F.W.S. j-compact then the projection
Frppy x idg:(H,7,E) 3K, a/L) =B, N, 0)xzX, o, L
=(K, o, L) is soft j-proper. If (K., L} is also F.W.Sj-
compact then so is (H.7. E) x5 (K.a.L}, by Proposition
(3.5).

A similar result holds for finite coproducts.

Proposition 4.7. Let (H.7.E) be F.W.S. topological space
over (B.11, G). Suppose that (H;. E;J, is F.W.S. j-compact for
each member (H;. E;} of a finite covering of (H.T. E)) Then
(H.7.E)is F.W.S. j-compact, where j € {z, 5. P, b, B1.

Proof. Let (H.7.E) be F.W.S. topological space over
(B.f,G) then the projection Fry, : (H.7.E)—= (B.1.G)
exist. To show that Py, is soft j-proper. Now, it is clear that
Fry is soft j-continuous. Since (H; E;) is F.W.S. j-compact,
then the projection F sy :(HE} — (B.G) is soft closed
and for each b € B, {HL-.E . EL-.E Jis soft j-compact for each
member (H;. E;) of a finite covering of (H.7.E). Let (F.L)
be a soft closed subset of (H.7.E), then
Pr (F,L) = UP; (50 ((H E;)N(F, L) which is a finite union
of soft closed sets and hence F is soft closed. Let b € B,
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then Hp=IU{H;}; which is a finite union of soft j-compact
sets and hence Hj is soft j-compact. Thus, Fry is soft j-
proper and (H.©.E) is F.W.S.
j€{a.5 P b gL

j-compact, where

Definition 4.8. A F.W.S. topological space (H.T.E} over
(E.1,G) is called fibrewise soft j-irresolute (briefly, F.W.S.
j-irresolute ) if the projection Fryis soft j-irresolute, where
jele5 P b 5L

Proposition 4.9. Let & : (H,7.E) = (K, 7. L) be a soft j-
continuous, soft j-irresolute fibrewise surjection, where
(H.7.E) and (K.&.L) are F.W.S. topological spaces over
(B.n,G). If (H.©.E) is FW.S. j-compact then so is
(K.o.L), where j € {a.5.P. b. 8L

Proof. Suppose that ¢ : (H.7.E} = (K., L} is a soft j-
continuous, soft j-irresolute fibrewise surjection and
(H.©.E)}) is F.W.S. j-compact ie., the projection
Fypuy:(H.T.E}) = (B.11. G} is soft j-proper. To show that
(K.o.l} is F.W.S.
P, ,:q.d:,:{K, g, L} = (B.1, &) is soft j-proper. Now, it is clear

j-compact ie., the projection
that Py 44, is soft j-continuous. Let (F. L]} be a closed subset
of K, where b € E. Since & is soft j-continuous F.W.S.
topological space over (B.1LG), then ¢~*(F L) is soft
closed subset of Hp. Since Py sy, is soft closed, then
PH,:‘,-u:,{cl:u'l'iF,L:l}is soft
(B.1,G) But Py sy (472 (F, L])=
(Pafuy @ @2 )F. L) =By o, (F,L) s soft

LGl )

(B.1.G), hence Py 1g27 is soft closed. For any point b € B,

closed in

closed in

we have Kp=b{H ;] is soft j-compact because Hy is soft j-
compact and the image of a soft j-compact subset under soft
j-irresolute function is soft j-compact. Thus, Py .4, is soft j-
proper and (K.o.L) is F.W.S.
jef{a.5 P b gL

j-compact, where

Proposition 4.10. Let (H.7. E) be F.W.S. j-compact space
over (BE.,G). Then (Hz.Tz.Ez) is F.W.S. j-compact
space over (E",12°,G") for each soft subspace (E".12°,G")
of (B, 1, G), where j € {a, 5. P, b, §1.

Proof. Suppose that(H,7.E} is F.W.S. j-compact i.e., the
projection Pry:(H,7,E) = (B,1.G) is soft j-proper. To
show that (Hz.7z.Ez) is F.W.S. j-compact space over
{(B*.11°.G*) i.e., the projection

Patr {(Hg 75+ Eg-) = (B*.12°,G") is soft j-proper. Now,
it is clear that Pﬁ'[fiﬂ is soft j-continuous. Let (F.L) be a
soft closed subset of (H. 7. E), then (F,LIN(Hz.75+.Ez ) is
soft closed in soft
subspace wB'JTB'*EB' Yand PB-':ILC'((F" L) 3 (Hg, 15,
Eg)=Fru (F.L) N (Hg 75, Eg- )= Fry(F, L)N(B", 27, G*)
which is soft closed set in (B".12".G"), hence P5+(fy; is soft
closed. Let b € B*, then (Hz)3=H} M Hz- which is soft -

compact set in{Hz-. Ez-}. Thus, P5- sy is soft j-proper and
(Hz.t5.Ez) is FW.S. j-compact over (B".12°.G"),
where j € {a.5.P. b, 5}

Proposition 4.11. Let (H.7.E) be F.W.S. topological space
over (B.1.,G). Suppose that (Hz; Ez;)is F.W.S. j-compact
over (B G; ) for each member (B (G;) of a soft j-open
covering of (B.f.G) Then (H.7.Elis F.W.S. j-compact
over (B, 1.G). wherej € {a. 5. P. b, B

Proof. Suppose that (H.7.E)is F.W.S. topological space
over (B.1,G), then the projection Fry:(H.n.E) - (B.0.G)
exist. To show that Py, is soft j-proper. Now, it is clear that
Py is soft j-continuous. Since (Hz.Ez) is FW.S. j-
compact  over (B &), then  the
Fioguy * (Hpi Egi) = (B Gy} s
member (B G;) of a soft j-open covering of (B, 12, G) Let
(F.L} be a soft closed sub-set of (H.E),
then we'have P, (F, L1=UP5 (7 ((H 1 E5 )NCF. L)) which

is a union of soft closed sets and hence F; is soft closed.
Let b € B then Hy=U{Hgz)y for every b=[b;} € E;. Since

i

(Hgiy  E5i, Jis soft j-compact in (Hg; Eg;) and the union of

projection
soft j-proper for each

soft j-compact sets is soft j-compact over (B.I (),
wherej € {a.5.P. b, 8.

In fact the last result is also holds for locally finite soft j-
closed coverings, instead of soft j-open coverings.

Proposition 4.12. Let ¢ :(H.T.E) = (K.a.L) be a
fibrewise soft function, where (H.7.E)} and (K.&.L) are
F.W.S. topological spaces over (E.[.G). If (H.©.E) is
F.W.S. j-compact
and

idg ¢ : (Ht,E)Xg (H,7,E) = (H,7.E) % (K,o.L) is
soft j-proper and soft j-closed then & is soft j-proper,
where j €{e.5,2/b, B}.

Proof. Consider the commutative figure shown below

idy X ¢
HxgH Hxg K
d
H K

Figure 1: Diagram of Proposition 4.12.

If (H.7.E) is FW.S. j-compact then m; is soft j-proper.
Ifidy % dis  also soft j-proper and j-closed then
my e (idy x &) =& =m; is soft j-proper, and so & itself is
soft j-proper, where j € {e.5.P.b.3} The second new
concept in this section is given by the following:

Definition 4.13. The F.W.S. topological space {H, 7, E)} over
(B.1, G} is called fibrewise locally soft j- compact (briefly,
F.W. L. S. j-compact) if for each point h of Hp, where

Volume 6 Issue 2, February 2017

Licensed Under Creative Commons Attribution CC BY

Paper ID: ART2017545

DOI: 10.21275/ART2017545 1017


file:///D:/IJSR%20Website/www.ijsr.net
http://creativecommons.org/licenses/by/4.0/

International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

b € B, there exists a soft nbd {IN. &)} of b and an soft open
set (F.E) © H g of h such that the closure of (F.E]} in
Hoye (e, HpygNCUF.E) is FWS.
over (N.G), where j € {e. 5, P, b, B},

j-compact

Remark 4.14. F.W.S j-compact spaces are necessarily
F.W.L.S. j-compact by taken W = E and H, = H. But the
conversely is not true for example, let (M, ;. E} where H
and E is infinite set and Tg;; is discrete soft topology, then
(H.tg;:E) FW.LS. j-compact over (H.[1, &), since for
each h € Hy, where b € R, there exists a soft nbd (N, G} of
b and an soft open (F.E) © Hy 5 of (H. 75 E)such that
CI(F,E} = (F,E}in Hy ¢, is F.W.S. j-compact over (N, G).
But (H.7.E7) is not F.W.S. j-compact space over (i f2,G7,
where j € {&. 5, P. b, 81,

Proposition 4.15. Let & :{H. 7. E}) = (H".T.E") be a
closed fibrewise soft embedding, where (H,7.E) and
(H*,7",E") are F.W.S. topological spaces over (B,2,G). If
(H" 7", E")is FW.L.S. j-compact then so is (H,7, E), where

j€{a.5 P b gL

Proof. Let h € Hy, where b E. Since (H. 7. E"} is
F.W.L.S. j-compact there exists a soft nbd (N.G) of b and
anopen (F.E}C H
of (FLE} in (Hfy .70y 6. Ely e ) is F.W.S j-compact over
(N.G). Then ¢ *(F,E) © Hyz, is an soft open set of
such that the closure
HugNCl(d71(F, E)) = ¢~ (Hiy o NCIF. E) of
$~*(F.Edin H gz is FW.Sj-compact over (F.E). Thus,
(H.7.E) is F.W.L.S. j-compact, where j € {&.5.2.b.8}.

gy Of @(7) such that the-elosure H 7y o

The class of F.W.L.S. j-compact spaces is finitely
multiplicative, where j € {&,5,P,b,8}, in the following
sense.

Proposition 4.16. Let (M. 7..E. ] be a finite family of
F.W.L.S. j-compact spaces over (E.12. G} Then the F.W.S.
topological product (H.7.E) = [I5(H,.7,. E Jis FW.L.S. j-
compact, where j € {a. 5. P, b, 5}

Proof. The proof is similar to that of Proposition (4.6).
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