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Abstract: Graham and Sloane [7] introduced the harmonious graphs and Singh & Varkey [8] introduced the odd sequential graphs.
Gayathri & Hemalatha [2] introduced even sequential harmonious labeling of graphs. We studied even sequential harmonious labeling
of trees in [3]. In [4], we have extended this notion to k-even sequential harmonious labeling graphs. It is further studied in [5]. k-even
sequential harmonious labeling of some cycle related graphs are studied in [6 |. Also, we have introduced k-odd sequential harmonious
labeling of graphs in [5]. In this paper, we investigate k-odd sequential harmonious labeling of some graphs.
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1. Introduction

All graphs in this paper are finite, simple and undirected. The
symbols V(G) and E(G) denote the vertex set and the edge
set of a graph G. The cardinality of the vertex set is called
the order of G. The cardinality of the edge set is called the
size of G. A graph with p vertices and ¢ edges is called a (p,

g) graph.

A graph labeling is an assignment of integers to the vertices
or edges or both subject to certain conditions. If the domain
of the mapping is the set of vertices or edges then the
labeling is called vertex or edge labeling.

Graph labeling was first introduced in late 1960’s. In the
recent years, dozens of graph labeling techniques have been
studied in over 1200 papers.

Labeled graphs serve as useful models for a broad range of
applications such as coding theory, X-ray crystallography,
radar, astronomy, circuit design, communication network
addressing etc. [1]

In [4], we have defined k-even sequential harmonious
labeling. It is further studied in [5,6] .

Also, we have introduced k-odd sequential harmonious
labeling of graphs in [5].

We say that a labeling is a k-odd sequential harmonious
labeling if there exists an injection f from the vertex set V' to
{k—1,k+1, .., k+ 2g— 1} such that the induced mapping
f* from the edge set E to {2k — 1,2k + 1, ..., 2k + 2q — 3}

defined by
f)+ f(v)+1, if f(u)+ f(v) iseven

S ) = . .

S@)+ f(), if f)+ f(v)is odd
are distinct. A graph G is said to be an k-odd sequential
harmonious graph if it admits an k-odd sequential
harmonious labeling.

In this paper, we investigate k-odd sequential harmonious
labeling of some graphs. Throughout this paper, & denote any

positive integer > 1. For brevity, we use k<-ESHL for k-even
sequential harmonious labeling.

2. Main Results

Definition 8.2
We say that a labeling is a k—odd sequential harmonious
labeling if there exists an injection f from the vertex set V to

{k—l, k, k+1, ...,k+2q—1} such that the induced mapping

ST from the edge set E to {2k—1, 2k+1, .., 2k +2¢g -3}
defined by

fr (uv) =
Fu)+ f(v)+1 if f(u)+ f(v) is even
f(”A)"‘f(V) if f(u)+ f(v) is odd

A graph G is said to be a k-odd sequential harmonious
graph if it admits a k-odd sequential harmonious labeling.

Theorem 8.3
Triangular snake T, (n > 2) is a k-odd sequential harmonious
graph for any k.
Proof

Let {vl,vz,... v

sVoils ul,uz,...,un} be the vertices and

{61,62,...,6,,, el,ez,...,ez,l} be the edges of 7, which are

denoted as in Fig. 8.1.

uj Uy us “as Up-1 Uy

Figure 8.1: 7, with ordinary labeling

First we label the vertices as follows:
Definef: Vo> {k—1,kk+1,.,k+2g—1} by
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For1<i<n+1,
f(v) =k+i-2
For1<i<n,

flu) =k+2n+3i-3.
Then the induced edge labels are:

For1<i<n,

f(e) =2k+2i-
For1<i<2n,

f(e) =2k+2n+2i-3

Therefore, f*(E) = {2k—1,2k+1, ..., 2k +2q —3}. So, fis
a k-odd sequential harmonious labeling and hence, the graph

triangular snake 7, (n > 2) is a k—odd sequential harmonious
graph for any £.

Illustration 8.4

(a) 2—-OSHL of T is shown in Fig. 8.2(a).

Figure 8.2(a): 2-OSHL of T}

(b) 3-OSHL of T; is shown in Fig. 8.2(b).
17 23 6 29

Figure 8.2(b): 3—-OSHL of T,

Theorem 8.5
The Festoon graph P, © nK, (m > 3, n > 2) is a k-odd
sequential harmonious graph for any £.

Proof
Let {ui:ISiSm:uij, I1<i<m, 1£j£n} be the vertices
and {el.,lSiSm—l; ey.,lgigm,lsjgn} be the edges of

P, e nK, which are denoted as in Fig. 8.3.

142

cUlp Uy Uy ees Up-11 o=

[ Uy

Upip Uy = Umn

Flgure 8.3: Pm e nK1 with ordinary labeling

First we label the vertices as follows:
Define f: V—> {k— 1,k k+1,..,k+2g—1} by
For1<i<m,1<j<n,

_ [k+2j+i(n+1)-n-3 iodd
f(”"f)_{k+2j+i(n+1)—2n—3 i even

Forl1<i<m,
k+(n+1)i-n-2 iodd

fw) = {k+l~(n+1)—2

Then the induced edge labels are:

i even

For1<i<m-1,
S (e)=2k+2i(n+1)-3

For1<i<m,1<j<n,
[ (ey) =2k+2j+2i(n+1)-2n-5

Therefore, f*(E) = {2k—1,2k+1, ..., 2k +2q - 3}. So, fis
a k-odd sequential harmonious labeling and hence, the
Festoon graph P, ¢ nK (m>3, n>2) is a k—odd sequential

harmonious graph for any £.
Mustration 8.6

{(2) 3-OSHL of F,e 5K, is shown in Flg 8.4(a).

27
23\ 23 29/31/ 33] 34 3 Y43/ 45| 47\ 49

10 1215 17 19 21 23 16 18 20 22

Figure 8.4(a): 3—OSHL of P, e 5K,

(b) 4-OSHL of P, e 4K, is shown in Fig. 8.4(b).

3 12 13
15 25
7 27
9 1|13 1719/ 21| 23 29 31\33
4 06 8 10 5 b 9 1 14 16 18 20

Figure 8.4(b): 4-OSHL of P e 4K,

Theorem 8.7
The spl(Ky,) (n = 3) is a k-odd sequential harmonious graph
for any k.

Proof

Let {v, u, u;, 1 <i<m;v, 1<i<n} be the vertices and {e;, 1
<i < 3n} be the edges of spl(K,,) (n = 3) which are denoted
as in Fig. 8.5.

uy Uy . o Uy 1 u,

Figure 8.5: sp/(X, ,) with ordinary labeling

Volume 6 Issue 2, February 2017

Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20163511

297



International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

First we label the vertices as follows: Proof
Define f: V—> {k— 1,k k+1,..,k+2g—1} by Let {v, v, 1<i<m+n;v, ISiSn} be the vertices and
f(u) =k-1

e, 1<i<m+n; e, ISiSn} be the edges of JE,,,, which

=2n+k—
f(v) 2ntk—1 are denoted as in Fig. 8.7.

For1<i<n,
flu) =k+2i-2

For1<i<n,
f(v,) =k+2n+2i-2.

Then the induced edge labels are:

For 1 <i<3n, yooov, N

n

S (e) =2k+2i-3 Figure 8.7: JE,,, with ordinary labeling

Therefore, /* (E) = (2k—1,2k+1, .., 2k +2g - 3}. So, fis First we label the vertices as follows:

a k-odd sequential harmonious labeling and hence, the  popne SV k- Lk k+1, . k+2g—1} by
spl(K; ) (n = 3) is a k-odd sequential harmonious graph for f(v) k-1 o o
any k.

Illustration 8.8 Forl1 <i<m+n,
f(v[) =k+2i-2
(a) 4-OSHL of spl(K, ¢) is shown in Fig. 8.6(a).
' For1<i<n,
f(h) =k—4i+4n+1

Then the induced edge labels are:
Forl<i<m+n,
Fle) =2k+2i-3

For1<i<n
f*(e;):2k+2(m+n)+2(n—i)~1
Therefore, 1™ (E) ={2k—1,2k+1,..,2k+2q—-3}.So, fis

Figure 8.6(a): 4-OSHL of spl(Ky¢) a k-odd sequential harmonious labeling and hence, the graph

) o JE, (ni,u> 2) is a k-odd sequential harmonious graph for
(b) 3-OSHL of spl(K, 5) is shown in Fig. 8.6(b). any}c
3 5 7 9 11 s

Tlustration 8.10

(a) 3-OSHL of JEs 5 is shown in Fig. 8.8(a).
2

13

12

Figure 8.6(b): 3-OSHL of spl(K s)

Figure 8.8(a): 3-OSHL of JEs ;

Theorem 8.9
The graph JE, , (m,n>2) is a k-odd sequential harmonious ~ (b) 2-OSHL of JE, s is shown in Fig. 8.8(b)

graph for any £.
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19 15 11 7 3

Figure 8.8(b): 2-OSHL of JE4 5

Definition 8.11

The middle graph M(G) of a graph G is the graph whose
vertex set is V(G) U E(G) and in which two vertices are
adjacent if and only if either they are adjacent edges of G or
one is a vertex of G and the other is an edge incident with it.

Theorem 8.12
M(P,) (n = 3) is a k—odd sequential harmonious graph for any k.

Proof
Let {v, v,1<i<n-1;u, 1§i§n} be the vertices and
e, 1<i<n-2; e, ISiSZn—Z} be the edges of M(P,)

which are denoted as in Fig. 8.9.

up Uy U3 ces Uy-1 Uy

V-2 V-1

vy vy e
Figure 8.9: M(P,) with ordinary labeling
First we label the vertices as follows:
Definef: V—>{k—1,k k+1,. k+2g—1} by
f(vl) =k-1
For2<i<n-1,
f(vl.) =k+3i-3

f(w) =k
f(uz) =k+2
For3<i<n,

f(w) =k+3i-5
Then the induced edge labels are:
For1<i<n-2,

f(e) =2k+6i-3
For1<i<2n-2,

L _ [2k+3i-4 iodd

! (ei) {2k+3i—5 i even

Therefore, f*(E) = {2k—1,2k+1, ..., 2k +2q —3}. So, fis
a k-odd sequential harmonious labeling and hence, the graph
M (Pn) (n > 3) is a k—odd sequential harmonious graph for
any k.

Ilustration 8.13
(a) 4—OSHL of M(Pg) is shown in Fig. 8.10(a).

3 7 10 13 16
Figure 8.10(a): 4-OSHL of M(P¢)

(b) 3-OSHL of M(P5) is shown in Fig. 8.10(b).
3 5 7 10 13 16 19

2 6 9 12 15 18
Figure 8.10(b): 3-OSHL of M(P-)

Theorem 8.14
The graph P, @ K;,, (n 2 3, m > 3) is a k-odd sequential
harmonious graph for any k.

Proof

Let  {u.uy,...u,, V,V,,...v,} be the vertices and
{el,ez,.A.,eH, e;,elz,“.,e;ﬂ} be the edges of P, @ K,,, which

are denoted as in Fig. 8.11.

! € €n-1

Up-1

Figure 8.11: P, @ K, ,, with ordinary labeling

First we label the vertices as follows:
Define'f: V— {k—-1,k k+1, ., k+2g—1} by
For1<i<n,

f(v) =k+i-2
For1<i<m,

f(u) =k+2i+n-3
Then the induced edge labels are:
For1<i<n-1,

fie) =2k+2i-3
Forl<i<m,
f(e) =2k+2n+2i-5

Therefore, f* (E) ={2k-1,2k+1,..,2k+2qg—-3}.So, fis
a k-odd sequential harmonious labeling and hence, the graph
P @k, (n,m > 3) is a k-odd sequential harmonious graphs
for any £.

Hlustration 8.15
(a) 4-OSHL of P, @K, ; is shown in Fig. 8.12(a).
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10

27
18

20

Figure 8.12(a): 4-OSHL of Ps @ K, 7

(b) 3-OSHL of P, @K, 4 is shown in Fig. 8.12(b).

o0

Figure 8.12(b): 3-OSHL of P, @ K &

Theorem 8.16
The twig TW(n) (n = 4) is a k-odd sequential harmonious graph
for any .

Proof

Let {v, 1 <i<n, u;, w, 1 <i<n—2)be the vertices and
{a;, 1 <i<n—1,b,c;, 1 £i<n—2} be the edges which are
denoted as in Fig. 8.13.

ug L] 3 Hyy
by by b3 by
v ay (7] y-2 y-1 N
n
V2 V3 o Vi-2 Vil
B @ €3 Cu2
Wy Wy Wp-3 Wy

Figure 8.13: Ordinary labeling of 7W{(n)
First we label the vertices as follows:
fVoilk-1,kk+1,.,k+2g-1} by

For1<i<n,
_ |k+3i-4 iodd
/(%) _{k+3i—6 i even
For1<i<n-2,
_ [k+3i-2 iodd
S (w) _{k+3i—4 i even
| k+3i i odd
f<wi){k+3i—2 i even

Then the induced edge labels are:
For1<i<n-1,

S (a) =2k+6i-7
For1<i<n-2,

f*(bl.) =2k+6i—-5

S (¢) =2k+6i-3
Therefore, f*(E) ={2k—1,2k+1, .., 2k+2q-3}.So, fis
a k-odd sequential harmonious labeling and hence, the twig

TW(n) (n > 4) is a k-odd sequential harmonious graphs for
any k.

Hlustration 8.17
(a) 1-ESHL of TW(4) is shown in Fig. 8.14(a).

2 3

3 9

1 7 13
0 1 6 7
5 11
4 5

Figure 8.14(a): 1-ESHL of TW(4)

(b) 4-ESHL of TW(7) is shown in Fig. 8.14(b).

5 6 11 12 17
9 15 21 27 33
p 7 13 19 25 31 37 21
4 9 10 15 16
11 17 23 29 35
7 8 13 14 19

Figure 8.14(b): 4-ESHL of TW(7)

Theorem 8.18
K, (n 2 3)is a k-odd sequential harmonious graph for any £.

Proof
Let {u, u;, 1 <i < n} be the vertices and {a;, | <i < n} be the
edge which are denoted as in Fig. 8.15.

U uy . U, | u,

Figure 8.15: Ordinary labeling of X ,

First we label the vertices as follows:

Definef: V— {k—1,k, ..., kt2q -1} by
f(u) =k-1
For1<i<n,

fu) =k+2i-3
Then the induced edge labels are:
For1<i<n,
S (a) =2k+2i-3
Therefore, /*(E) = {2k—1,2k+1, ..., 2k + 2q - 3}. So, fis

a k-odd sequential harmonious labeling and hence, K, (n = 3)
is a k-odd sequential harmonious graphs for any £.
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Ilustration 8.19 Therefore, f*(E) = {2k— 1,2k +1, ..., 2k +2¢ — 3}. So, fis

(a) I-ESHL of K5 is shown in Fig. 8.16(a). a k-odd sequential harmonious labeling and hence, the graph

TG(n) (n > 3) is a k-odd sequential harmonious graphs for
any k.
Mlustration 8.21
(a) 1-ESHL of TG/(5) is shown in Fig. 8.18(a).
0

1 3 5 7 9
Figure 8.16(a): 1-ESHL of K| ;5
(b) 4-ESHL of K, g is shown in Fig. 8.16(b).
3

6 2

N 6 § 10 R 16 18 Figure 8.18(a): 1-ESHL of TG,(5)
Figure 8.16(b): 4-ESHL of K, 4

(b) 4-ESHL of TG1(8) is shown in Fig. 8.18(b).
Theorem 8.20 R
The graph TG(n) (n > 3) is a k-odd sequential harmonious
graph for any £.

Proof
Let {u, u;, 1 <i<n, U, U, } be the vertices and {a,, | <i<n,

a,, a, } be the edges which are denoted as-in Fig. 8.17.

Figure 8.18(b): 4-ESHL of TG/ (8)
Theorem 8.22
The graph 7Gy(n) (n = 3) is a k-odd sequential harmonious
graph for any k.
Proof

Let {u, u, 1 <i<n, u,, u,, u, } be the vertices and {a;, 1 <i<n,

u uy

a,, a,, a, } be the edges which are denoted as in Fig. 8.19.

122

u u,

Figure 8.17: Ordinary labeling of 7G{n)

First we label the vertices as follows:
Definef: V— {k— 1,k k+1,..,k+2g—1} by

f(u) =k-1 b ba
For1<i<n,

fu) =k+2i-2

f(w) =k+5
f(uz) =k+1

Then the induced edge labels are: u,
For1 <i<n, Fig. 8.19: Ordinary labeling of 7G,(n)
f (al_) =2k+2i-3 First we label the vertices as follows:
r (a;) okt o+ 1 Deﬁnef.}/(u—)) {ic];_l,lk, k+1,.,k+2q—-1} by
S (a;) =2k+2n-1 Forl<i<n,
f(ul.) =k+2i-2

a
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f(w) =k+5

f(,) =k+1
f(i) =k+2n+2
Then the induced edge labels are:
For1 <i<n,
( ) 2k +2i—
@J:%+m+1
f(a) =2k+2n-1
[ (ay) =2k+2n+3
Therefore, f*(E) = {2k—1,2k+ 1, ..., 2k +2¢g —3}. So, fis
a k-odd sequential harmonious labeling and hence, the graph
TGy(n) (n > 3) is a k-odd sequential harmonious graphs for any .

Illustration 8.23
(a) 1-ESHL of TGy(4) is shown in Fig. 8.20(a).
0

n
Figure 8.20(a): 1-ESHL of TG,(4)
(b) 4-ESHL of TG,(5) is shown in Fig. 8.20(b).

16

Figure 8.20(b): 4-ESHL of TG,(5)
Theorem 8.24
The graph TGs(n) (n > 3) is a k-odd sequential harmonious
graph for any k.
Proof
Let {u, u, 1 <i<n, u, u,, uy, u, } be the vertices and {a;,

1<i<n, a, a,, a,, a,} be the edges which are denoted

as in Fig. 8.21.

u

Figure 8.21: Ordinary labeling of 7G5(n)

First we label the vertices as follows:

Definef: Vo> {k—1,k k+1,..., k+2g—1} by
f(u) =k-1
For1<i<n,
(“,) +2n-2i
ﬁ%)k+1
Sluy) =k+3
f(ug) =k+7
f(u4) =k+9
Then the induced edge labels are:
Forl <i<n,
F(a) =2k+2n-2i-1
S (a) =2k +2m-1
S(ay) =2k+2n+1
f+pz) 2k+2n#3
f*@”rﬂ%+2n+5

Therefore, /' (E) =4{2k—1,2k+1, .., 2k+2q—3}. So, fis
a k-odd sequential harmonious labeling and hence, the graph

TGy(n) (n = 3) is a k-odd sequential harmonious graphs for
any k.

IMustration 8.25
(a) 1-ESHL of TG5(5) is shown in Fig. 8.22(a).
0

Figure 8.22(a): 1-ESHL of TG5(5)
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(b) 1-ESHL of TG5(8) is shown in Fig. 8.22(b). Ilustration 8.27
3

(a) 1-ESHL of TG4(5) is shown in Fig. 8.24(a).
0

5 7 11 13

Figure 8.22(b): 4-ESHL of TG5(8)

Theorem 8.26
The graph TGy(n) (n = 3) is a k-odd sequential harmonious
graph for any £.

2 6 8
Figure 8.24(a): 1-ESHL of TG4(5)

Proof o (b) 4-ESHL of TG4(6) is shown in Fig. 8.24(b).
Let {u, u, 1 <i<nm, u,, u,, u, } be the vertices and {a;, 1 <i<n, 3

a,, a,, a, } be the edges which are denoted as in Fig. 8.23.

u

uy -1 Up 5 9 11

Figure 8.24(b): 4-ESHL of TG4(6)

u u ;

L ’ t ) Theorem 8.28
Figure 8.23: Ordinary labeling of 7Gy(n) The graph 7Gs(n) (n > 4) is a k-odd sequential harmonious
h fi k.
First we label the vertices as follows: ST Ay
Definef: Vo> {k—1,kk+1,.. . k+2g—1} by Proof
flu) =k-1 Let {u, u, 1 <i<n, u,, u,, u, } be the vertices and {a, 1 <i<n,
Forl<i<n, a,, a,, a, } be the edges which are denoted as in Fig. 8.25.
f(ul.)=k+2n—2i ;
f(w) =k+1
f(w,) =k+5
f() =k+7
Then the induced edge labels are:

For1<i<n,
(ai =2k+2n-2i-1 up

I (a)
f(a) =2k+2n-1
f+(a'2) =2k+2n+1

u, u, u,

Figure 8.25: Ordinary labeling of 7Gs(n)
[ (a; ) =2k+2n+3 First we label the vertices as follows:

Therefore, f/*(E) ={2k—1,2k+1, ..., 2k +2q—3}. So, fis Define f: V= tk—1,k k+1, .., k+2g—1} by
a k-odd sequential harmonious labeling and hence, the graph f(u) —k_1
TG4n) (n = 3) is a k-odd sequential harmonious graphs for

any k. For1<i<n,
f(u,) =k+2n-2i
f(w) =k+1
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f(uw) =k+s

f(u) =k+9

Then the induced edge labels are:
For1<i<n,

S (a) =2k+2n-2i-1

[ (a) =2k+2n-1

f(ay) =2k+2n+1

[ (ay) =2k+2n+3

Therefore, f*(E) = {2k—1,2k+1, ..., 2k +2q —3}. So, fis

a k-odd sequential harmonious labeling and hence, the graph Figure 8.27: Ordinary labeling of G(n)
TGs(n) (n 2 4) is a k-odd sequential harmonious graphs for
any k. We first label the vertices as follows:

Define f: (G) > {k— Lk, k+ 1, .., k+2g—1} by
lustration 8.29 fw) =k-1

. - Suy) =k
(a) 1-ESHL of TGs(4) is shown in Fig. 8.26(a). 2
0
For3<i< i ,
2
F(w) =k+i-1

b

+2
For <i<n
2

f(ui) =k+i

10

Figure 8.26(a): 1-ESHL of TGs(4)

For1<i<m,

f(v)=k+2n—-1+2i

(b) 4-ESHL of TGs(7) is shown in Fig. 8.26(b).
3 Then the induced edge labels are:

f*(e) =2k+1

f*(el) =2k—1

For2<i< n—2’
2

S (e) =2k+2i—1

13

Figure 8.26(b): 4-ESHL of TGs(7
& ®) (D For%éiﬁn—l,
Theorem 8.30

One point union of a cycle with one chord and K, ,, in a k-
OSHG for any k when n is even and for any m.

S (e) =2k+2i+1
2k+n—1 1if niseven

/ (e"):{2k+n—2 if 1 is odd
Proof

Let G(n) the cycle C, with one chord as denoted in Fig. 8.27. .
For1<i<m,

f(e) =2k+2n+2i-1
Therefore f*(E)={2k—1, 2k+1, ...,2k+2g -3} . So, fis a

k-odd sequential harmonious labeling and hence G(n) is a k-
OSHG for any k when n is even.
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Ilustration 8.31 Hlustration 8.33
(a) 1-OSHL of G4 is shown in Fig. 8.30(a).
(a) 2-OSHL of G(6) is shown in Fig. 8.28(a). 5 11 17

0 6 12 18

Figure 8.30(a): 1-OSHL of G4
Figure 8.28(a): 2-OSHL of G(6) (b) 1-OSHL of G5 is shown in Fig. 8.30(b).

(b) 3-OSHL of G(7) is shown in Fig. 8.28(b).
24

17

Figure 8.28(b): 3-OSHL of G(7) Figure 8.30(b): [-OSHL of Gs
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S (e) =2k+2i-3

Therefore, f*(E)={2k—1, 2k+1, ..., 2k+2g—-3}. So, fis

a k-odd sequential harmonious labeling and hence, G, is a
k-OSHG for any k, m and n.

Forl1 <i<(n—1)m,
f(vl.) =k+2i-2
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