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Abstract: Graham and Sloane [7] introduced the harmonious graphs and Singh & Varkey [8] introduced the odd sequential graphs. 
Gayathri & Hemalatha [2] introduced even sequential harmonious labeling of graphs. We studied even sequential harmonious labeling 
of trees in [3]. In [4], we have extended this notion to k-even sequential harmonious labeling graphs. It is further studied in [5].  k-even 
sequential harmonious labeling of some cycle related graphs are studied in [6 ]. Also, we have introduced k-odd sequential harmonious 
labeling of graphs  in [5]. In this paper, we investigate k-odd sequential harmonious labeling of some graphs.
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1. Introduction 

All graphs in this paper are finite, simple and undirected. The 
symbols V(G) and E(G) denote the vertex set and the edge 
set of a graph G. The cardinality of the vertex set is called 
the order of G. The cardinality of the edge set is called the 
size of G. A graph with p vertices and q edges is called a (p,
q) graph. 

A graph labeling is an assignment of integers to the vertices 
or edges or both subject to certain conditions. If the domain 
of the mapping is the set of vertices or edges then the 
labeling is called vertex or edge labeling. 

Graph labeling was first introduced in late 1960’s. In the 
recent years, dozens of graph labeling techniques have been 
studied in over 1200 papers. 

Labeled graphs serve as useful models for a broad range of 
applications such as coding theory, X-ray crystallography, 
radar, astronomy, circuit design, communication network 
addressing etc. [1] 

In [4], we have defined k-even sequential harmonious 
labeling. It is further studied in [5,6] . 
Also, we have introduced k-odd sequential harmonious 
labeling of graphs  in [5].  

We say that a labeling is a  k-odd sequential harmonious 
labeling if there exists an injection f from the vertex set V to                      
{k – 1, k + 1, ..., k + 2q – 1} such that the induced mapping 

*f  from the edge set E to {2k – 1, 2k + 1, ..., 2k + 2q – 3} 
defined by 

* ( )f uv =
( ) ( ) 1,  if  ( ) ( ) is even
( ) ( ),  if  ( ) ( ) is odd

f u f v f u f v
f u f v f u f v

  


 

are distinct. A graph G is said to be an k-odd sequential 
harmonious graph if it admits an k-odd sequential 
harmonious labeling. 

In this paper, we investigate k-odd sequential harmonious 
labeling of some graphs. Throughout this paper, k denote any 

positive integer  1. For brevity, we use k-ESHL for k-even 
sequential harmonious labeling. 

2. Main Results 

Definition 8.2 
We say that a labeling is a kodd sequential harmonious 
labeling if there exists an injection f from the vertex set V to 
 1,  ,  1,  ..., 2 1k k k k q     such that the induced mapping 

f   from the edge set E to  2 1,  2 1,  ...,2 2 3k k k q   

defined by 

 f uv =

       

       

1 if   is even
if   is odd

f u f v f u f v
f u f v f u f v

   


 
are distinct 
A graph G is said to be a k-odd sequential harmonious 
graph if it admits a k-odd sequential harmonious labeling. 

Theorem 8.3 
Triangular snake Tn (n  2) is a k-odd sequential harmonious 
graph for any k. 

Proof 

Let  1 2 1 1 2, ,..., ,  , ,...,n nv v v u u u  be the vertices and 

 ' ' '
1 2 1 2 2, ,..., ,  , ,...,n ne e e e e e  be the edges of Tn which are 

denoted as in Fig. 8.1. 

v1 v2 v3 vn-1 vn vn+1

u1 u2 u3 un-1 un

. . .

. . .

'
1e '

2e
'
3e '

4e
'
2 1ne


'
2ne

e1 e2 en-1 en

Figure 8.1: Tn with ordinary labeling 

First we label the vertices as follows: 
Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by 
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recent years, dozens of graph labeling techniques have been 
studied in over 1200 papers. 

Labeled graphs serve as useful models for a broad range of 
applications such as coding theory, X-ray crystallography, 
radar, astronomy, circuit design, communication network 

In [4], we have defined k-even sequential harmonious 
labeling. It is further studied in [5,6] . 

positive integer  1. For brevity, we use 
sequential harmonious labeling. 

2. Main Results 

Definition 8.2 
We say that a labeling is a kodd sequential harmonious 
labeling if there exists an injection 
 1,  ,  1,  ..., 2 1k k k k q1,  ,  1,  ..., 2 1k k k k q1,  ,  1,  ..., 2 11,  ,  1,  ..., 2 1   1,  ,  1,  ..., 2 1k k k k q   k k k k q1,  ,  1,  ..., 2 1k k k k q1,  ,  1,  ..., 2 1   1,  ,  1,  ..., 2 1k k k k q1,  ,  1,  ..., 2 1  such that the induced mapping 

f   from the edge set E to E to E 2 1,  2 1,  ...,2 2 3k k k q2 1,  2 1,  ...,2 2 3k k k q2 1,  2 1,  ...,2 2 3
defined by 

 f uvf uvf uvf uv =

     

     

f u f v f u f vf u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v
f u f v f u f vf u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f vif   is oddf u f v f u f vif   is oddif   is oddf u f v f u f vif   is odd if   is oddf u f v f u f vif   is odd

                          f u f v f u f v   f u f v f u f vf u f v f u f v   f u f v f u f v f u f v f u f v   f u f v f u f v f u f v f u f v   f u f v f u f v f u f v f u f v   f u f v f u f v f u f v f u f v   f u f v f u f v f u f v f u f v   f u f v f u f v1 if   is evenf u f v f u f v1 if   is even   1 if   is evenf u f v f u f v1 if   is even1 if   is evenf u f v f u f v1 if   is even   1 if   is evenf u f v f u f v1 if   is even 1 if   is evenf u f v f u f v1 if   is even   1 if   is evenf u f v f u f v1 if   is even

   

   

f u f v f u f v f u f v f u f vf u f v f u f v f u f v f u f v f u f v f u f v f u f v f u f v if   is oddf u f v f u f vif   is odd if   is oddf u f v f u f vif   is oddif   is oddf u f v f u f vif   is odd if   is oddf u f v f u f vif   is odd if   is oddf u f v f u f vif   is odd if   is oddf u f v f u f vif   is odd




are distinct 
A graph G is said to be a G is said to be a G k-odd sequential harmonious 
graph if it admits a k-odd sequential harmonious labeling. k-odd sequential harmonious labeling. k

Theorem 8.3 
Triangular snake Tn (n  2) is a k-odd sequential harmonious 
graph for any k. 
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For 1  i  n + 1, 
 if v = k + i – 2

For 1  i  n, 
 if u = k + 2n + 3i – 3.

Then the induced edge labels are: 

For 1  i  n, 
 if e = 2k + 2i – 3 

For 1  i  2n, 
 'if e = 2k + 2n + 2i – 3 

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the graph 
triangular snake Tn (n  2) is a kodd sequential harmonious 
graph for any k. 

Illustration 8.4 

(a) 2OSHL of T6 is shown in Fig. 8.2(a). 
14 17 20 23 26 29

15 17 19 21 23 25 27 29 31 33 35 37

3 5 7 9 11 13
1 2 3 4 5 6 7

Figure 8.2(a): 2OSHL of T6

(b) 3-OSHL of T7 is shown in Fig. 8.2(b). 
17 20 23 26 29 32 35

98765432

19 21

5 7

23 25 27 29 31 33 35 37 39 41 43 45

9 11 13 15 17

Figure 8.2(b): 3OSHL of T7

Theorem 8.5 
The Festoon graph Pm  nK1 (m  3, n  2) is a k-odd 
sequential harmonious graph for any k. 

Proof 
Let  :1 : ,  1 ,  1i iju i m u i m j n       be the vertices 

and  ,1 1;ie i m   ,1 ,1ije i m j n     be the edges of 

1mP nKe  which are denoted as in Fig. 8.3. 

u12 u1n u2nu21 u22. . . . . . . . . um-11 um-1n. . . um1 umn. . .

u1 u2 um-1 um
e1 e2

e11 e12

u11

e1n e21 e22
e2n em1 emn

. . .

em-11
em-1n

em-1

Figure 8.3: 1mP nKe  with ordinary labeling 

First we label the vertices as follows: 
Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by 
For 1  i  m, 1  j  n, 

 ijf u =
 

 

2 1 3  odd
2 1 2 3  even

k j i n n i
k j i n n i
     


    

For 1  i  m, 

 if u =
 

 

1 2  odd
1 2  even

k n i n i
k i n i
    


  

Then the induced edge labels are: 

For 1  i  m – 1,
 if e = 2k + 2i (n + 1) – 3 

For 1  i  m, 1  j  n,
 ijf e = 2k + 2j + 2i (n + 1) – 2n – 5 

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the 
Festoon graph  1 3,  2mP nK m n e  is a kodd sequential 
harmonious graph for any k. 

Illustration 8.6 

(a) 3OSHL of 4 15P Ke  is shown in Fig. 8.4(a). 
2 13 14 25

3 5 7 9 11 4 6 8 10 12 15 17 19 21 23 16 18 20 22 24

5 7 9 11 13 17 19 21 23 25 29 31 33 35 37 41 43 45 47 49

15 27 39

Figure 8.4(a): 3OSHL of 4 15P Ke

(b) 4-OSHL of 3 14P Ke  is shown in Fig. 8.4(b). 
3 12 13

4 6 108 5 7 9 11

17 19

16 18

7
9 11 21 23

14

27 29 31 33

15 25

13

20

Figure 8.4(b): 4OSHL of 3 14P Ke

Theorem 8.7 
The spl(K1,n) (n  3) is a k-odd sequential harmonious graph 
for any k. 

Proof 
Let {v, u, ui, 1  i  n ; vi, 1  i  n} be the vertices and {ei, 1 
 i  3n} be the edges of spl(K1,n) (n  3) which are denoted 
as in Fig. 8.5. 

u1 u2 un-1 un

e1 e2 en

u

en+1

v1 v2 vn-1 vn

e2n+1 e3n

e2n

. . .

. . .

v

Figure 8.5: spl(K1,n) with ordinary labeling 
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 is shown in Fig. 8.2(a). 
20 23 26 29

25 2727 29 3131 3333 3535 37

7 9 11 13
4 5 6 7

Figure 8.2(a): 2OSHL of T6T6T

 is shown in Fig. 8.2(b). 
26 29 32 35

98765

29 31 33 35 37 39 41 43 45

11 13 15 17

Figure 8.2(b): 3OSHL of T7T7T

 nK1 (m  3, n  2) is a k-odd k-odd k
sequential harmonious graph for any k. 

:1 : ,  1 ,  1u i m u i m j n:1 : ,  1 ,  1u i m u i m j n:1 : ,  1 ,  1u i m u i m j n     u i m u i m j n:1 : ,  1 ,  1u i m u i m j n:1 : ,  1 ,  1     :1 : ,  1 ,  1u i m u i m j n:1 : ,  1 ,  1  be the vertices 

Illustration 8.6 

(a) 3OSHL of 4 14 154 1P K4 1P K4 15P K54 154 1P K4 154 14 1e4 1P KeP K4 1P K4 1e4 1P K4 1  is shown in Fig. 8.4(a). 
2 13

3 5 7 9 11 4 6 8 10 12 15

5 7 9 11 1313 17 19 21 23 25 2929

15 27

Figure 8.4(a): 3OSHL

(b) 4-OSHL of 3 14P K3 1P K3 1P K3 1P K3 14P K43 143 1P K3 143 13 1e3 1P KeP K3 1P K3 1e3 1P K3 1  is shown in Fig. 8.4(b). 
3 12

4 6 108 5 7 9

17 19
7

9 11 21 23

15

13

Figure 8.4(b): 4OSHL

Theorem 8.7 
The spl(K(K( 1,n) (n  3) is a k-odd sequential harmonious graph k-odd sequential harmonious graph k
for any k. 

Proof 
Let {v, u, ui, 1  i  n ; vi, 1  i  n
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First we label the vertices as follows: 
Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by 
 f u = k – 1 

 f v = 2n + k – 1 

For 1  i  n, 
 if u = k + 2i – 2 

For 1  i  n, 
 if v = k + 2n + 2i – 2.

Then the induced edge labels are: 

For 1  i  3n, 
 if e = 2k + 2i – 3 

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the 
spl(K1,n) (n  3) is a k-odd sequential harmonious graph for 
any k. 

Illustration 8.8 

(a) 4-OSHL of spl(K1,6) is shown in Fig. 8.6(a). 
4 6 8 10 12 14

7 9 11 13 15 17

3

19 21 23 25 27 29

16 18 20 22 24 26

3133 35 37 39 41

15

Figure 8.6(a): 4-OSHL of spl(K1,6) 

(b) 3-OSHL of spl(K1,5) is shown in Fig. 8.6(b). 
3 5 7 9 11

5 7 9 11 13

13 15 17 19 21

2321191715

25 27 29 31 33

12

2

Figure 8.6(b): 3-OSHL of spl(K1,5) 

Theorem 8.9 
The graph  , , 2m nJE m n   is a k-odd sequential harmonious 
graph for any k. 

Proof 
Let  ',  ,  1  ;  ,  1i iv v i m n v i n      be the vertices and 

 ,  1  ;ie i m n   ' ,  1ie i n   be the edges of JEm,n which 
are denoted as in Fig. 8.7. 

v

e1 e2

em+n

v1 v2 vm. . .
'
1e '

2e '
ne

'
1v '

2v '
nv. . .

vm+1 vm+n

Figure 8.7: JEm,n with ordinary labeling 

First we label the vertices as follows: 

Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by 
 f v = k – 1 

For 1  i  m + n, 
 if v = k + 2i – 2 

For 1  i  n, 
 'if v = k – 4i + 4n + 1 

Then the induced edge labels are: 
For 1  i  m + n, 

 if e = 2k + 2i – 3 

For 1  i  n
 'if e = 2k + 2(m + n) + 2(n – i) – 1 

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the graph 

 , , 2m nJE m n   is a k-odd sequential harmonious graph for 
any k. 

Illustration 8.10 

(a) 3OSHL of JE5,3 is shown in Fig. 8.8(a). 
2

5 7 9 11 13 15 17 19

3 5 7 9 11 13 15 17

25 23 21

12 8 4

Figure 8.8(a): 3-OSHL of JE5,3

(b) 2-OSHL of JE4,5 is shown in Fig. 8.8(b) 
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k – 1, 2– 1, 2– k + 1, ..., 2k + 1, ..., 2k k + 2k + 2k q – 3}. So, – 3}. So, – f is f is f
-odd sequential harmonious labeling and hence, the 

-odd sequential harmonious graph for 

) is shown in Fig. 8.6(a). 
6 8 10 12 14

9 11 13 15 1717

3

19 2121 23 25 27 2929

20 22 24 26

313333 3535 37 3939 41

15

 8.6(a): 4-OSHL of spl(K(K( 1,6) 

) is shown in Fig. 8.6(b). 
5 7 9 11

First we label the vertices as follows: 

Define f : V  {k – 1, – 1, – k, k + 1, ..., k + 1, ..., k
 f vf v = k – 1 – 1 –

For 1  i  m + n, 
 if vf v if vi = k + 2i – 2 – 2 –

For 1  i  n, 
 'if vf v = k – 4– 4– i + 4n + 1 

Then the induced edge labels are: 
For 1  i  m + n, 

 if ef e if ei
f ef e = 2k + 2i k + 2i k – 3 – 3 –

For 1  i  n
 'if ef ef ef e = 2k + 2(k + 2(k m + n) + 2(n – i) –

Therefore,  f Ef Ef Ef E = {2k – 1, 2– 1, 2– k + 1, ..., 2k + 1, ..., 2k
a k-odd sequential harmonious labeling and hence, the graph k-odd sequential harmonious labeling and hence, the graph k

 , , 2m n,m n,JE m nJE m n , 2JE m n, 2m nJE m nm n , 2, 2  is a k-odd sequential harmonious graph for 
any k. 

Illustration 8.10 
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1

5 7 9 11 13 15 17 19

4 6 8 10 12 14 16 18

25 23 21

11 7 3

27

15

29

19

3

2

Figure 8.8(b): 2-OSHL of JE4,5

Definition 8.11
The middle graph M(G) of a graph G is the graph whose 
vertex set is V(G)  E(G) and in which two vertices are 
adjacent if and only if either they are adjacent edges of G or 
one is a vertex of G and the other is an edge incident with it.

Theorem 8.12
M(Pn) (n  3) is a kodd sequential harmonious graph for any k.

Proof
Let  ,  ,  1 1 ;  ,  1i iv v i n u i n      be the vertices and 

 ,  1 2 ;ie i n   ' ,  1 2 2ie i n    be the edges of M(Pn)
which are denoted as in Fig. 8.9. 

u1 u2 u3 un-1 un

'
1e '

2e '
3e

'
2 4ne


'
2 3ne



'
2 2ne



e1 e2 en-2
v1 v2 vn-2 vn-1. . .

. . .

Figure 8.9: M(Pn) with ordinary labeling 
First we label the vertices as follows: 
Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by 

 1f v = k – 1 
For 2  i  n – 1,

 if v = k + 3i – 3 

 1f u = k 

 2f u = k + 2
For 3  i  n, 

 if u = k + 3i – 5 
Then the induced edge labels are: 
For 1  i  n – 2,

 if e = 2k + 6i – 3 
For 1  i  2n – 2,

 'if e =
2 3 4  odd
2 3 5  even

k i i
k i i
 


 

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the graph 

    3nM P n   is a kodd sequential harmonious graph for 
any k. 

Illustration 8.13 
(a) 4OSHL of M(P6) is shown in Fig. 8.10(a). 

4 6 8 11 14 17

7 9 13 15 19 21 25 27 31 33

3 7 10 13 16
11 17 23 29

Figure 8.10(a): 4-OSHL of M(P6) 

(b) 3-OSHL of M(P7) is shown in Fig. 8.10(b). 
3 5 7 10 13 16

5 7 11 13 17 19 23 25 29 31

2 6 9 12 15
9 15 21 27

35

33

37

19

18

Figure 8.10(b): 3-OSHL of M(P7)

Theorem 8.14 
The graph Pn @ K1,m (n  3, m  3) is a k-odd sequential 
harmonious graph for any k. 

Proof 
Let  1 2 1 2, ,..., , , ,...,m nu u u v v v  be the vertices and 

 ' ' '
1 2 1 1 2, ,..., ,  , ,...,n me e e e e e

 be the edges of Pn @ K1,m which 
are denoted as in Fig. 8.11. 

v1 v2 vn-1 vn

e1 e2 en-1

u1

u2

um-1

um

'
1e '

2e

'
1me


'
me

. . .

. . .

Figure 8.11: Pn @ K1,m with ordinary labeling 
First we label the vertices as follows: 
Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by 
For 1  i  n, 

 if v = k + i – 2 
For 1  i  m, 

 if u = k + 2i + n – 3 
Then the induced edge labels are: 
For 1  i  n – 1,

 if e = 2k + 2i – 3 
For 1  i  m, 

 'if e = 2k + 2n + 2i – 5 

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the graph 

 1,@ , 3n mP K n m   is a k-odd sequential harmonious graphs 
for any k. 

Illustration 8.15 
(a) 4-OSHL of 5 1,7@P K  is shown in Fig. 8.12(a). 
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odd sequential harmonious graph for any k.

,  ,  1 1 ;  ,  1i i,  ,  1 1 ;  ,  1i i,  ,  1 1 ;  ,  1v v i n u i n,  ,  1 1 ;  ,  1v v i n u i n,  ,  1 1 ;  ,  1,  ,  1 1 ;  ,  1i i,  ,  1 1 ;  ,  1v v i n u i n,  ,  1 1 ;  ,  1i i,  ,  1 1 ;  ,  1v v i n u i n    v v i n u i n,  ,  1 1 ;  ,  1v v i n u i n,  ,  1 1 ;  ,  1    ,  ,  1 1 ;  ,  1v v i n u i n,  ,  1 1 ;  ,  1,  ,  1 1 ;  ,  1i i,  ,  1 1 ;  ,  1v v i n u i n,  ,  1 1 ;  ,  1i i,  ,  1 1 ;  ,  1    ,  ,  1 1 ;  ,  1i i,  ,  1 1 ;  ,  1v v i n u i n,  ,  1 1 ;  ,  1i i,  ,  1 1 ;  ,  1  be the vertices and 

,  1 2 2,  1 2 2e i n,  1 2 2,  1 2 2  ,  1 2 2,  1 2 2e i n,  1 2 2  ,  1 2 2e i n,  1 2 2  be the edges of M(M(M Pn)
which are denoted as in Fig. 8.9. 

u3 un-1 un

'
2 4n2 4n2 4e2 4e2 42 42 4

'
2 32 3n2 3ee2 3e2 32 32 3

'
2 2n2 2n2 2e2 2e2 22 22 2

e2 en-2
vn-2 vn-1. . .

. . .

(Pn) with ordinary labeling 
First we label the vertices as follows: 

k + 1, ..., k + 1, ..., k k + 2k + 2k q – 1} by – 1} by –

i – 3 – 3 –

i – 5 – 5 –

harmonious graph for any k. 

Proof 
Let  1 2 1 21 2 1 2, ,..., , , ,...,1 2 1 2m n1 2 1 2m n1 2 1 2, ,..., , , ,...,m n, ,..., , , ,...,1 2 1 2, ,..., , , ,...,1 2 1 2m n1 2 1 2, ,..., , , ,...,1 2 1 2u u u v v v1 2 1 2u u u v v v1 2 1 2, ,..., , , ,...,u u u v v v, ,..., , , ,...,1 2 1 2, ,..., , , ,...,1 2 1 2u u u v v v1 2 1 2, ,..., , , ,...,1 2 1 2m nu u u v v vm n, ,..., , , ,...,m n, ,..., , , ,...,u u u v v v, ,..., , , ,...,m n, ,..., , , ,...,1 2 1 2, ,..., , , ,...,1 2 1 2m n1 2 1 2, ,..., , , ,...,1 2 1 2u u u v v v1 2 1 2, ,..., , , ,...,1 2 1 2m n1 2 1 2, ,..., , , ,...,1 2 1 2  be the vertices and 

 ' ' '
1 2 1 1 21 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2n m1 2 1 1 2n m1 2 1 1 2, ,..., ,  , ,...,n m, ,..., ,  , ,...,1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2n m1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2e e e e e e1 2 1 1 2e e e e e e1 2 1 1 2, ,..., ,  , ,...,e e e e e e, ,..., ,  , ,...,1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2e e e e e e1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2n me e e e e en m, ,..., ,  , ,...,n m, ,..., ,  , ,...,e e e e e e, ,..., ,  , ,...,n m, ,..., ,  , ,...,1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2n m1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2e e e e e e1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2n m1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 21 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2n m1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 21 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2n m1 2 1 1 2, ,..., ,  , ,...,1 2 1 1 2  be the edges of 

are denoted as in Fig. 8.11. 

v1 v2 v
e1 e2

. . .

Figure 8.11: Pn @ K1,m with ordinary labeling 
First we label the vertices as follows: 
Define f : V  {k – 1, – 1, – k, k + 1, ..., k + 1, ..., k
For 1  i  n, 

 if vf v if vi = k + i – 2 – 2 –

For 1  i  m, 
 if uf u = k + 2i + n – 3 – 3 –

Then the induced edge labels are: 
For 1  i  n – 1,

 if ef e if ei
f ef e = 2k + 2i – 3 – 3 –
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15
17
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23

25
27

Figure 8.12(a): 4-OSHL of P5 @ K1,7

(b) 3-OSHL of 4 1,8@P K  is shown in Fig. 8.12(b). 

2 43

5 7 9

8

5

10

12

14

16

18

20

13 15
17

19

21

23
25

6

11

Figure 8.12(b): 3-OSHL of P4 @ K1,8

Theorem 8.16 
The twig TW(n) (n  4) is a k-odd sequential harmonious graph 
for any k. 

Proof 
Let {vi, 1  i  n, ui, wi, 1  i  n – 2) be the vertices and            
{ai, 1  i  n – 1, bi, ci, 1  i  n – 2} be the edges which are 
denoted as in Fig. 8.13. 

v1
a1

v2

c1

w1 w2

u1

b1

u2

b2

v3

c2

un-3

bn-3

an-2a2
vn-2

cn-3

wn-3

un-2

bn-2

an-1
vn-1

cn-2

wn-2

vn...

Figure 8.13: Ordinary labeling of TW(n) 
First we label the vertices as follows: 
f: V  {k – 1, k, k + 1, ..., k + 2q – 1} by 
For 1  i  n, 

 if v =
3 4  odd
3 6  even

k i i
k i i
 


 

For 1  i  n – 2,

 if u =
3 2  odd
3 4  even

k i i
k i i
 


 

 if w =
3  odd

3 2  even
k i i

k i i



 

Then the induced edge labels are: 
For 1  i  n – 1,

 if a = 2k + 6i – 7 
For 1  i  n – 2,

 if b = 2k + 6i – 5 

 if c = 2k + 6i – 3 

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the twig 
TW(n) (n  4) is a k-odd sequential harmonious graphs for 
any k. 

Illustration 8.17 
(a) 1-ESHL of TW(4) is shown in Fig. 8.14(a). 

0 1

5

4

1
7

2 3

3 9

6

11

5

13 7

Figure 8.14(a): 1-ESHL of TW(4) 

(b) 4-ESHL of TW(7) is shown in Fig. 8.14(b). 

3 7

5

4

11

7

13

9

6

15

9

17

8

11

21

19
10

23

13

12

27

25
15

29

14

17

33

31
16

35

19

37 21

Figure 8.14(b): 4-ESHL of TW(7) 

Theorem 8.18 
K1,n (n  3) is a k-odd sequential harmonious graph for any k. 

Proof 
Let {u, ui, 1  i  n} be the vertices and {ai, 1  i  n} be the 
edge which are denoted as in Fig. 8.15. 

u

a1

u1 u2 un-1 un...

a2
an

Figure 8.15: Ordinary labeling of K1,n

First we label the vertices as follows: 
Define f: V  {k – 1, k, ..., k+ 2q – 1} by 

 f u = k – 1 
For 1  i  n, 

 if u = k + 2i – 3 
Then the induced edge labels are: 
For 1  i  n, 

 if a = 2k + 2i – 3 

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, K1,n (n  3)
is a k-odd sequential harmonious graphs for any k. 
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18

20

25

Figure 8.12(b): 3-OSHL of P4 @ K1,8

 4) is a k-odd sequential harmonious graph k-odd sequential harmonious graph k

, 1  i  n – 2) be the vertices and            – 2) be the vertices and            –

, 1  i  n – 2} be the edges which are – 2} be the edges which are –

2

3

un-3

bn-3

an-2
vn-2

cncnc -3

wn-3

un-2

bn-2

an-1
vn-1

cncnc -2

wn-2

vn...

Ordinary labeling of TW(TW(TW n) 
First we label the vertices as follows: 

Figure 8.14(a): 1-ESHL 

(b) 4-ESHL of TW(7) is shown in Fig. 8.14(b). TW(7) is shown in Fig. 8.14(b). TW

3 7

5

4

11

7

13

9

6

15

9

17

8

11

21

19
10

23

13

25

Figure 8.14(b): 4-ESHL

Theorem 8.18 
K1,n (n  3) is a k-odd sequential harmonious graph for any k-odd sequential harmonious graph for any k

Proof 
Let {u, ui, 1  i  n} be the vertices and {
edge which are denoted as in Fig. 8.15. 

u

a11 a22
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Illustration 8.19 
(a) 1-ESHL of K1,5 is shown in Fig. 8.16(a). 

0

1

1 3 7 95

3
9

5 7

Figure 8.16(a): 1-ESHL of K1,15
(b) 4-ESHL of K1,8 is shown in Fig. 8.16(b). 

3

4 6 8 10 12 14 16 18

7 9 11 13 15 17 19 21

Figure 8.16(b): 4-ESHL of K1,6 

Theorem 8.20 
The graph TG1(n) (n  3) is a k-odd sequential harmonious 
graph for any k. 

Proof 
Let {u, ui, 1  i  n, '

1u , '
2u } be the vertices and {ai, 1  i  n,

' '
1 2,  a a } be the edges which are denoted as in Fig. 8.17. 

u

a1 a2 an-1
an

u1 u2 ... unun-1

'
1a

'
1u '

2u

'
2a

Figure 8.17: Ordinary labeling of TG1(n) 

First we label the vertices as follows: 
Define f: V  {k – 1, k, k + 1, ..., k + 2q – 1} by 

 f u = k – 1 
For 1  i  n, 

 if u = k + 2i – 2 

 '
1f u = k + 5

 '
2f u = k + 1

Then the induced edge labels are: 
For 1  i  n,

 if a = 2k + 2i – 3 

 '
1f a = 2k + 2n + 1

 '
2f a = 2k + 2n – 1 

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the graph 
TG1(n) (n  3) is a k-odd sequential harmonious graphs for 
any k. 
Illustration 8.21 
(a) 1-ESHL of TG1(5) is shown in Fig. 8.18(a). 

0

1 3 5 9

1 3 5
97

7

13

6 2

11

Figure 8.18(a): 1-ESHL of TG1(5) 

(b) 4-ESHL of TG1(8) is shown in Fig. 8.18(b). 
3

7 9 11 13 15 17 19 21

4 6 8 10 12 14 16 18

9 5

25 23

Figure 8.18(b): 4-ESHL of TG1 (8) 
Theorem 8.22 
The graph TG2(n) (n  3) is a k-odd sequential harmonious 
graph for any k. 
Proof 
Let {u, ui, 1  i  n, '

1u , '
2u , '

3u } be the vertices and {ai, 1  i  n,
'
1a , '

2a , '
3a } be the edges which are denoted as in Fig. 8.19. 

u

a1 a2 an-1
an

u1 u2 ... unun-1

'
1a

'
1u

'
2u

'
2a

'
3u

'
3a

Fig. 8.19: Ordinary labeling of TG2(n) 
First we label the vertices as follows: 
Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by 

( )f u = k – 1 
For 1  i  n, 

 if u = k + 2i – 2 
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Figure 8.16(b): 4-ESHL of K1,6 

 3) is a k-odd sequential harmonious k-odd sequential harmonious k

'
2u } be the vertices and {ai, 1  i  n,

} be the edges which are denoted as in Fig. 8.17. 
u

2 an-1
an

... unun-1

'
1a

'
1u '

2u

'
2a

Ordinary labeling of TG1(n) 

First we label the vertices as follows: 

Figure 8.18(a): 1-ESHL

(b) 4-ESHL of TG1(8) is shown in Fig. 8.18(b). 
3

7 9 11 13 15 17

4 6 8 10 12

Figure 8.18(b): 4-ESHL 
Theorem 8.22 
The graph TG2TG2TG (n) (n  3) is a k-odd sequential harmonious k-odd sequential harmonious k
graph for any k. 
Proof 
Let {u, ui, 1  i  n, '

1u , '
2u , '

3u } be the vertices and {
'
1a , '

2a , '
3a } be the edges which are denoted as in Fig. 8.19. 

u

a1 a2
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 '
1f u = k + 5

 '
2f u = k + 1

 '
3f u = k + 2n + 2 

Then the induced edge labels are: 
For 1  i  n,

 if a = 2k + 2i – 3 

 '
1f a = 2k + 2n + 1

 '
2f a = 2k + 2n – 1 

 '
3f a = 2k + 2n + 3

Therefore, ( )f E  = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the graph 
TG2(n) (n  3) is a k-odd sequential harmonious graphs for any k. 
Illustration 8.23 
(a) 1-ESHL of TG2(4) is shown in Fig. 8.20(a). 

0

1 3 5 7

1 3
5 7

6
2

13

11

911

Figure 8.20(a): 1-ESHL of TG2(4) 
(b) 4-ESHL of TG2(5) is shown in Fig. 8.20(b). 

3

7 9 11 13 15

4 6 8
10 12

19

9

17

5

21

16

Figure 8.20(b): 4-ESHL of TG2(5) 
Theorem 8.24 
The graph TG3(n) (n  3) is a k-odd sequential harmonious 
graph for any k. 
Proof 
Let {u, ui, 1  i  n, '

1u , '
2u , '

3u , '
4u } be the vertices and {ai,

1  i  n,  '
1a , '

2a , '
3a , '

4a } be the edges which are denoted 
as in Fig. 8.21. 

u

a1 a2 an-1
an

u1 u2 ... unun-1

'
1a

'
1u '

2u

'
2a

'
3u '

4u

'
3a '

4a

Figure 8.21: Ordinary labeling of TG3(n) 

First we label the vertices as follows: 
Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by 

 f u   = k – 1 
For 1  i  n, 

 if u = k + 2n – 2i

 '
1f u = k + 1

 '
2f u = k + 3

 '
3f u = k + 7

 '
4f u = k + 9

Then the induced edge labels are: 
For 1  i  n,

 if a = 2k + 2n – 2i – 1 

 '
1f a = 2k + 2n – 1 

 '
2f a = 2k + 2n + 1

 '
3f a = 2k + 2n + 3

 '
4f a = 2k + 2n + 5

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the graph 
TG3(n) (n  3) is a k-odd sequential harmonious graphs for 
any k. 

Illustration 8.25 
(a) 1-ESHL of TG3(5) is shown in Fig. 8.22(a). 

0

9 7 1

9 7 5 13

5 3

11 13 15 17

2 4 8 10

Figure 8.22(a): 1-ESHL of TG3(5) 
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Figure 8.20(a): 1-ESHL of TG2(4) 
(5) is shown in Fig. 8.20(b). 

3

11 13 15

8
10 12

19

9

17

5

21

16

For 1  i  n, 
 if uf u = k + 2n – 2– 2– i

 '
1f uf u = k + 1

 '
2f uf u = k + 3

 '
3f uf u = k + 7

 '
4f uf u = k + 9

Then the induced edge labels are: 
For 1  i  n,

 if af a if ai
f af a = 2k + 2n – 2– 2– i – 1 – 1 –

 '
1f af af af a = 2k + 2n – 1 – 1 –

 '
2f af af af a = 2k + 2n + 1

 '
3f af af af a = 2k + 2n + 3

 '
4f af af af a = 2k + 2n + 5

Therefore,  f Ef Ef Ef E = {2k – 1, 2– 1, 2– k + 1, ..., 2k + 1, ..., 2k
a k-odd sequential harmonious labeling and hence, the graph k-odd sequential harmonious labeling and hence, the graph k
TG3(n) (n  3) is a k-odd sequential harmonious graphs for 
any k. 

Illustration 8.25 
(a) 1-ESHL of TG3(5) is shown in Fig. 8.22(a). 
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(b) 1-ESHL of TG3(8) is shown in Fig. 8.22(b). 
3

21 19 17 15 13 11 9 7

18 16
14 12 10 8 6 4

23 25

5 7 11 13

27 29

Figure 8.22(b): 4-ESHL of TG3(8) 

Theorem 8.26 
The graph TG4(n) (n  3) is a k-odd sequential harmonious 
graph for any k. 

Proof 
Let {u, ui, 1  i  n, '

1u , '
2u , '

3u } be the vertices and {ai, 1  i  n,
'
1a , '

2a , '
3a } be the edges which are denoted as in Fig. 8.23. 

u

a1 a2 an-1
an

u1 u2 ... unun-1

'
1a

'
1u '

2u

'
2a

'
3u

'
3a

Figure 8.23: Ordinary labeling of TG4(n) 

First we label the vertices as follows: 
Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by  

 f u = k – 1 
For 1  i  n, 

 if u = k + 2n – 2i

 '
1f u = k + 1

 '
2f u = k + 5

 '
3f u = k + 7

Then the induced edge labels are: 
For 1  i  n,

 if a = 2k + 2n – 2i – 1 

 '
1f a = 2k + 2n – 1 

 '
2f a = 2k + 2n + 1

 '
3f a = 2k + 2n + 3

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the graph 
TG4(n) (n  3) is a k-odd sequential harmonious graphs for 
any k. 

Illustration 8.27 

(a) 1-ESHL of TG4(5) is shown in Fig. 8.24(a). 
0

9 7 3 1

9 7
5 13

5

11 13 15

2 6 8

Figure 8.24(a): 1-ESHL of TG4(5) 

(b) 4-ESHL of TG4(6) is shown in Fig. 8.24(b). 
3

17 15 13 11 9 7

14 12
10 8 6 4

19 21 23

5 9 11

Figure 8.24(b): 4-ESHL of TG4(6) 

Theorem 8.28 
The graph TG5(n) (n  4) is a k-odd sequential harmonious 
graph for any k. 

Proof 
Let {u, ui, 1  i  n, '

1u , '
2u , '

3u } be the vertices and {ai, 1  i  n,
'
1a , '

2a , '
3a } be the edges which are denoted as in Fig. 8.25. 

u

a1 a2 an-1
an

u1 u2 unun-1

'
1a

'
1u '

2u

'
2a

'
3u

'
3a

...

Figure 8.25: Ordinary labeling of TG5(n) 
First we label the vertices as follows: 

Define f : V  {k – 1, k, k + 1, ..., k + 2q – 1} by 
 f u = k – 1 

For 1  i  n, 
 if u = k + 2n – 2i

 '
1f u = k + 1
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2 , 3u } be the vertices and {ai, 1  i  n,
} be the edges which are denoted as in Fig. 8.23. 

u

a2 an-1
an

... unun-1

'
3u

'
3a

Ordinary labeling of TG4(n) 

First we label the vertices as follows: 
k + 1, ..., k + 1, ..., k k + 2k + 2k q – 1} by  – 1} by  –

– 2– 2– i

3

1717 15 13 11

14 12
10

19 2121 23

5 9 11

Figure 8.24(b): 4-ESHL

Theorem 8.28 
The graph TG5(n) (n  4) is a k-odd sequential harmonious k-odd sequential harmonious k
graph for any k. 

Proof 
Let {u, ui, 1  i  n, '

1u , '
2u , '

3u } be the vertices and {
'
1a , '

2a , '
3a } be the edges which are denoted as in Fig. 8.25. 

u
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 '
2f u = k + 5

 '
3f u = k + 9

Then the induced edge labels are: 

For 1  i  n,
 if a = 2k + 2n – 2i – 1 

 '
1f a = 2k + 2n – 1 

 '
2f a = 2k + 2n + 1

 '
3f a = 2k + 2n + 3

Therefore,  f E = {2k – 1, 2k + 1, ..., 2k + 2q – 3}. So, f is 
a k-odd sequential harmonious labeling and hence, the graph 
TG5(n) (n  4) is a k-odd sequential harmonious graphs for 
any k. 

Illustration 8.29 

(a) 1-ESHL of TG5(4) is shown in Fig. 8.26(a). 
0

7 5 3 1

7 5 3 1

9

2

11

6

13

10

Figure 8.26(a): 1-ESHL of TG5(4) 

(b) 4-ESHL of TG5(7) is shown in Fig. 8.26(b). 
3

19 17 15 13 11 9 7

16 14 12 10 8 6 4

21 23 25

5 9 13

Figure 8.26(b): 4-ESHL of TG5(7) 

Theorem 8.30 
One point union of a cycle with one chord and K1,m in a k-
OSHG for any k when n is even and for any m. 

Proof 
Let G(n) the cycle Cn with one chord as denoted in Fig. 8.27. 

e2 e1

ene3

u4

u3

u2

u1

un

un-1
u5

...

e

vm

'
me

v2
'
2e

'
1e

v1

em-1
'

1me 

en-1

Figure 8.27: Ordinary labeling of G(n) 

We first label the vertices as follows: 
Define f : V(G)  {k – 1, k, k + 1, ..., k + 2q – 1} by 
 1f u = k – 1 

 2f u = k

For 3  i 
2
n , 

 if u = k + i – 1 

For 2
2

n 
 i  n, 

 if u = k + i

For 1  i  m, 
 if v = k + 2n – 1 + 2i

Then the induced edge labels are: 
 f e = 2k + 1

 1f e = 2k – 1 

For 2  i  2
2

n  , 

 if e = 2k + 2i – 1 

For 
2
n

 i  n – 1,

 if e = 2k + 2i + 1 

 nf e =
2 1 if   is even
2 2 if   is odd

k n n
k n n
 


 

For 1  i  m, 
 'if e = 2k + 2n + 2i – 1 

Therefore    2 1,  2 1,  ...,2 2 3f E k k k q      . So, f is a 
k-odd sequential harmonious labeling and hence G(n) is a k-
OSHG for any k when n is even. 
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(4) is shown in Fig. 8.26(a). 
0

5 3 1

5 3 1

11

6

13

10

Figure 8.26(a): 1-ESHL of TG5(4) 

(7) is shown in Fig. 8.26(b). 
3

15 13 11 9 7

10 8 6 4

25

Figure 8.26(b): 4-ESHL of TG5(7) 

 1f uf u k  1 

 2f uf u = k

For 3  i 
2
n , 

 if uf u = k + i – 1 – 1 –

For 2
2

n 
 i  n, 

 if uf u = k + i

For 1  i  m, 
 if vf v if vi = k + 2n – 1 + 2– 1 + 2– i

Then the induced edge labels are: 
 f ef ef ef e = 2k + 1

 1f ef e 1f e1
f ef e = 2k – 1 – 1 –

For 2  i  2
2

n  , 

 if ef e if ei
f ef e = 2k + 2i – 1 – 1 –

n
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Illustration 8.31 

(a) 2-OSHL of G(6) is shown in Fig. 8.28(a). 

2 3

1

19

17

15
7

4

11

6

13
15

7

8

9

17
19

21

5

Figure 8.28(a): 2-OSHL of G(6) 
(b) 3-OSHL of G(7) is shown in Fig. 8.28(b). 
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2
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20

18
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13

7
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178 9

19

21
23

25

10

11

24

27

7

Figure 8.28(b): 3-OSHL of G(7) 

Theorem 8.32 
The graph Gmn obtained from the path Pn, by replanting each 
edge by m copies of K1,2 is a k-OSHG for any k. 

Proof 
Let Gmn be a graph whose vertices and edges be denoted as in 
Fig. 8.29. 

vm

em

v2

v1e2

e1

u1 u2

em+1

e2m e3m

e 2m
+2

e 2m
+1

v2m v3m
v(n-1)m

e
(2n-2)m

v(n-2)m+1

un-1 unu3 u4

vm+2

vm+1

v3m+2

v2m+1

Figure 8.29: Ordinary labeling of Gmn

We first label the vertices as follows: 
For 1  i  n, 

 if u = k + 2m(i – 1) – 1 
For 1  i  (n – 1) m, 

 if v = k + 2i – 2 

Then the induced edge labels are: 
For 1  i  (2n  2) m, 

 if e = 2k + 2i – 3 

Therefore,    2 1,  2 1,  ...,  2 2 3 .f E k k k q       So, f is 
a k-odd sequential harmonious labeling and hence, Gmn is a  
k-OSHG for any k, m and n. 

Illustration 8.33 
(a) 1-OSHL of G34 is shown in Fig. 8.30(a). 

5

5
3

13

1

0 6

7

11 17

11 17

12 18

9

7

15

9
15

13 19

21

23 29

27

25 31

13 33

35

Figure 8.30(a): 1-OSHL of G34
(b) 1-OSHL of G45 is shown in Fig. 8.30(b). 
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Figure 8.30(b): 1-OSHL of G45
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Figure 8.28(b): 3-OSHL of G(7) 

 obtained from the path Pn, by replanting each 
 is a k-OSHG for any k. 

 be a graph whose vertices and edges be denoted as in 
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Figure 8.30(b): 1-OSHL
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