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Abstract: In this paper we study composition operators on atomic measure spaces. The behaviour of composition operators on atomic
measure spaces differs from that of composition operators on non-atomic measures spaces. Characterization for compact, fredholm,
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1. Introduction

Let ¢: [0, 00) — [0, ) be a continuous convex function such
that

(1) (x)=0 if and only if x =0

(ii) .rh—]-]l d(r) = exx

Such a function ¢ is known as young function. Let (X, S, p)
be a o-finite measure space and let L(P( p={X—->Cis
measurable:

[ #(€ |f])dp < oo for some €> 0]
If we set _
|f — g'nf{g: =0 j' O fdduy < 1},

then L(P(u) is a Banach space under the norm ||.|o.

if dlx) = 2P, 1 < p <00, then L' (0= L' (n), the

well-known Banach space of p-integrable functions po X.

A young function ¢@: R—R"is said to satisfy the “*2"con-
dition (globally) if ¢(2x) < ke(x).x > x,> 0(x,= 0) for some
absolute constant k> 0. If p(x)= o then ¢ is called “42°
regular. With each young function ¢ we can associate
another convex function y: R—RY defined by wy(y)=
sup{x|y|— o(x): x> 0},y €R which have similar propertics.

The function v is called the complementary function to ¢. In

¢
general, simple functions are not dense in L (i), but in case

¢ satisfy the 2" condition, then the class of simple

¢
functions become dense in L (n). For more literature
concerning orlicz space we refer to Roo [4] Kufner [3] and
Hudzik [7]. Throughout our paper we assume that ¢ satisfy

Zcondition.
A bounded linear operator A: E — E (where E is a Banach

Now
X {Tn]
| [CTX (2, )| |29

}dr"t

f ngy |
L4 %

Hence

-

space) is called compact if A(B,) has compact closure,
where B, denotes the closed unit ball of E. A bounded linear
operator A: E — E is called fredholm if A has closed range,
dim ker A and co dim Ran(A) are finite. The support of a
9
function f € L (n) is denoted by supp f and the Randon
-1
Nidohym derivative of the measure duT — with respect to p
is denoted by f. In this paper we study composite operators

on atomic Orlicz spaces. The compact, Fredholm and
invertible composite operators are also characterized.

2. Bounded Composite Operators on Atomic
Orlicz Space

Theorem 2.1 Suppose ¢, <@, Then C,. L(ﬂ(/l) — L(ﬂ(/l) is a
bounded operator if and only if f,is a bounded function.

Proof: We first assume that fis a bounded function. Then
there exist M > 1 such that [f(x)|< MVx € Q. Since ¢, <o,,
there exists o> 0 such that ¢,(x) < ¢,(0x)Vx. Therefore

£,(x)9,(x) < Mo, (0x)

< ¢,(Mox)
Hence
IC 1], < oMl

which proves that C; is a bounded operator.

Conversely, if f0 is not a bounded function, then for every n
€ N there exists x, € Q such that f(x ) > n.

Hence
no,(ly)) < f(x,)e,(y)
< f(x)o,(layl) Vy € C.

. ; X{zn]
folz)do(———"——)dA
A ICrXtmaillen’
Crxis
f r:)-_:-[#}f”n {_: 1
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n”X{Xn}”‘Pl < oflCy x{xﬂ}”q)z vn

which shows that C;is an unbounded operator. Hence f
must be a bounded function.

3. Compact and Invertible Composite Opera-
tors on atomic Orlicz Space

This section characterizes compact and invertible

composite operators on atomic Orlicz space.

Theorem 3.1: Let C, € B(L(p(/l)). Then C,is compact if and

-1
only if the set ME = {x: AT (x) > EA(x)} is a finite set for
each E> 0.

¢
Proof: Let E> 0 be given. Let {f } be a sequence in L ()
converges weakly to zero. Suppose M, contains k-elements

say m,m,...m,. Since AT"'(x) <€ %(x) for every cM f,
we have
ol fri i alZ) i 1
ol = ez, AR
§AE | —— . FalzN L ocdct
| ———)dAT " " () 4 O ———=—)d A
. L AASTAD
|fr.[f_l| f falz ),
< M d(———)dA(x) +€ [ o — JdA ()
JM. ||f & Jlrl' |f .
. . |fatZ)l, ,
< Mkg(falar)M(zp) + € [ (5= )dA(x)
< mkd(fo(z,)A(z,) +4 |
where
& fulzr)) = max o fulai))
MEp) = El_lm:.‘k-:.: )

-1
and M> 0 is such that AT (x) < MA(x). Now the sequence
{f.} converges to zero pointwise. Thus for some E, > 0 there

exists n, such that
|‘”_—"I:'[fri [.l'.- .| }| *
Hence from (1)

I
SEHTTAT

Wn = ny

€]
mkA(i,)

|| = €1t e€

since E, and E

are arbitrary, we
have

This shows that C.is compact.

Conversely if for some E> 0, My is an infinite set, then for

€ ‘U'-’ ', set

each T

fllk - yriklﬂrikl
Where

,—1 1 4
Uny, = @ [q,

So that ||fnk ll,= 1. Now fnk—> 0. Weakly,

but
o |efml | o]
{ x _VdA< Euf::: 0B
[ TCr Fuulls NICr faulls
i |fr.;,. =1
< [ pl————)dAT
'/ |{:T fng.|
v 1Cr T, 2
< | o————)dA < 1
f Cr fuulle
Thus
IEE, [, <1IC f, I,
or
ICy £, 1,2 E

Hence {C £

contradicts the compactness of C.;..

+ cannot converge strongly to zero which

Theorem 3.2: Let ¢, ~ g, Then C, L' () — L (4) is
invertible if and only if’

(D) Tis invertible

(Il) There exists 0> 0 such that f,(x) > 6 for all x € Q.

Proof: If C,is invertible, then T is invertible. We need only
to prove that condition (II). For if it is false, then for every n

€ N there exists x € € such that f [’“ n) <

. Choose o>

n. Then
; nbCrx 1o/ nb
[ da(= IX(z0) a2 ,' fw*fﬁ_m
B A IX{=a} I l1-| 1"uL1'J-,L:||:-:-J

I - . rF.l 5

J'I Jol xn ol : 1" 7:l,»:!'tl:l';.a:l

]i'l’ [ lr'.I -
= 'f“””h— AMxzn)
< ff.-‘ YA(£n)

| 1"-'|J'11|'||

[

j; d T JA(x,) for some b

2 I ey
= [ (=l ydr <1
| 1 X{zn I-| @

Hence |Cr ||."".{Inl||--": = %”-Y{Iﬂ"'-"lforeveryn.

which shows that C;is not bounded away from zero so that
C; is not invertible. Hence condition (II) must hold.
Conversely if T is invertible then T-'(S)= S a.e. so that C;

has dense range. Suppose the condition (II) holds. We can
assume that 0 <6< 1.

Let f = L:ll{’lj. Consider
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(— 9 (rod
b 7)< h i

= _/;1 ﬂ.ﬁﬁflwﬁﬂ

T n d
€Sk, > 21l
for every f € L” M)

This proves that Cis bounded away from zero. Now C; is
bounded away from zero and has dense range. Therefore C,,
is invertible.

Theorem 3.3: Let C, € B(L(p(/l)). Then C, has closed range
if and only if f, is bounded away from zero on suppf,= s

Proof: Suppose f is bounded away from zero on s. Then

there exists 1 >€>0 such that
f(x) >EVx Es (1)

0
For f € L (s) consider.

< BIE s = b |
1A< | eih[———]d.
e T Koyl

1 4
iﬁ.u[”{_,,ﬁ )

ICr f|
= f.'_,H, ]ff,:‘n < ]
[1Cr £l
This shows that
|Crflls = ell fllsVfeL
But ker C; = L(P(Q|s).It follows that C; has closed range.

Conversely suppose C has closed range. Then there exists
&> 0 such that

[|Cr flls = 8|| f]|s for every feL®(s) (2)

For each n € H, define

i i

1
-1—‘{1]'1 .l}

[ n+ 1)
Set
H={n:AH,) = 0}
Let
B i A
}I._rgr.ft;:| [A[Hn:'!frx”n
Then

A

f{ &(f)dA

1
PR i

= g Tl—
:%IJ{ . .-J“:.Hn]

- ¥

neH -

C'f'lff,,ff}'

= —5 = 0

1
Using (2) we see that f, € Lq) (S), where

1
- 41
= EI & YA XH,
But
f d( fi)du= 3 [c:.n[c:u _i )xm, JdA
neH HJI_}
= Z !lr ”' 1}'~”n dA

nel]
: |
A= FUONC NS 1 =00
et Ha A(Hy) VeH

If H is an infinite set. Hence H must be a finite set. Therefore
there exists n,such that n > nimplies A(H,) = 0. Thus
1 .
Jolx) > — =0 (Say) V.xr € 5
ng

4. Fredholm Composite Operators on Atomic
Orlicz Space

Theorem 4.1: Let C, EB(Lw(/l))‘ Then Cis fredholm if and

only if
(1) Q\T (Q) is a finite sel.

-
(ID {x: pT  (x) > 2} is a finite sel.
(IID)There exists 6> 0 such that f,(x) > WxinS.

Proof: Since ker€, = L'(Q\T (€)), it follows that keC, is
finite dimensional if and only if Q is a finite set. Then C| has
dense range if and only if the condition (III) holds. We need
¢
only to prove that L (QJranCr is finite dimensional if and
-1
only if the condition (II) holds. Suppose T ~ ({x})—{x.X,, ...,
x,} € ranC; for some x € Q. Clearly C; Xamt = Xix ool It
can be easily seen that E = span{x{m:l < i< n} is
n-dimensional. Moreover there are n -1 vectors g,,g,...8_,

which are linearly independent as well as linearly
independental of the vectors Xix, x2...xn}in E. It can be easily

seen that {f; + ranC, , .f_, + ranC;, }are linerly

¢
independental vectors in L (A)[ranC; . Hence it shows that
¢
L (A)[ranC; is finite dimensional if and only if the set {x|| pT

(x) > 2} is a finite set.

Example 4.2: Leta € N, Q=N, S=P (N)
M{n})= 0?0 <a< 1

Define T : N — N by
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(n—1)a fm=nac E
Talm)={ " o gm—ma e
i ifmegkF
where E = {on: n € N\{a}} Then
m ifnéd E

—1ry. okt
I, ({m}) = [ (n+1)a ifm=nac Eforn#1

But N[E is an infinite set. Therefore

{n: AT ({n}) > 5A(n)}

is an infinite set. Hence CTOL cannot be compact.

Example 4.3 Let Q=N,a> 1,a> 1

Al{n}) = a™
Define T, : N =+ N by T,(n) = na
i sv . )@ ifm#Eaa
Te timy)= L if m = na
AT Y ({m}) = 0o —
1
=———— 0 asm— ¢
ﬂ.'.fl—'.l:"l

1

Hence the set {m: AT
o (  {m})
Therefore Cr, is a compact operator for any integer o> 1.

Example 4.4 Let a € N, a > | be an integer, Define A{({n})=
a*foreachn € NLet T : N — N as

.-Tjrz':.f”_:l == {

Then

>€ Mm)} is a finite set.

¥ ._f' m < a
m+1 ifm>a

AT {m a1 |
fo(m) = tm} _= -

A{{m}) a? a®

for all m>a. Hence Cyhas closed range. Clearly dim kerC, =

¢
a and dim L (Q)—ran C;= o — 1 Hence Cr, is fredholm for
each a . Clearly Cs, is not invertible.
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