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Abstract: In this paper, we study the stability of a Jungck-Picard-S iteration method when applied to a pair of Jungck-contraction
mappings under certain condition. Furthermore, we prove a data dependence result for fixed point of a pair of Jungck-contraction
mappings under certain condition with the help of the Jungck-Picard-S iteration method.
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1. Introduction and Preliminaries

Fixed point theory is concerned with investigating a wide
variety of issues such as the existence (and uniqueness) of
fixed points, the construction of fixed points, etc. One of
these themes is data dependency of fixed points. Data
dependency of fixed points has been the subject of research
in fixed point theory for some time now, and data
dependence research is an important theme in its own right.
Several authors had made contributions to the study of data
dependence of fixed points such as Berinde [2] and others.

In the study of iterations, it is also important to examine
their stability. The concept of stability was introduced by
Harder [5], Harder and Hicks [6], [7] and roughly speaking
of a fixed point iteration procedure is numerically stable if
small modification in the initial data involved in the
computation process will produce a small influence on the
computed value of the fixed point.

In this paper, we establish data dependence result of Jungck-
Picard-S iterative scheme[1]. Also, we prove the stability of
this iteration. Throughout this paper the set of all positive
integers and zero is shown by N. Let B be a Banach space, C
be a nonempty closed convex subset of B and T a self-map
of C. An element u* of C is called a fixed point of T if and
only if Tu* =u* [3]. The set of all fixed point of T is
denoted by Fy.

Recently, Badri [1] defined the following Jungck-Picard-S
iterative scheme.

Definition (1.1) [1]:
Let B be a Banach space and C be a nonempty subset of B.
Let T,S:C — C be two self mappings such that T(C) <
S(C). For x; € C, the Jungck-Picard-S iterative scheme is
the sequence {Sx,, }o—, defined by
an+1 = TYn
Sy, = (1 - ﬁn)Txn + .BnTZn

Sz, =1 —v,)Sx, +¥,Tx, n €N (1.1)
where {8,}>_; and {y, }>_; are real sequences in [0,1) such
that Z;?:l ﬁnyn = .

We have proved in [13] that the Jungck-Picard-S converges
to a unique common fixed point when applied to a pair of
Jungck-contraction mappings. Also, we have shown that the
Jungck-Picard-S iterative scheme converges to the fixed
point faster than each of Jungck-Noor [10], Junck-SP[4] and
Jungck-CR [9] iterative schemes.

Definition (1.2) [8]: Let B be a Banach space and C be a
nonempty subset of B. Let T, S: C — C be two self mappings
such that T(C) < S(C). The Jungck-contraction mapping is
defined by:

d(Tx,Ty) < 8d(Sx,S5y),0<5 <1

(1.2)
2. Stability

Now we prove that Jungck-Picard-S iterative scheme (1.1) is
stable with respect to (S, T).
First we need the following definition:

Definition (2.1) [11]:

Let (X,d) be a metric space and let T,S:X — X be self
mappings. Let z € C(S,T) that is there exists u* such that
Sz=Tz=u". For any x; € X, the sequence {Sx,}r—;
generated by the general iterative procedure

x1 €X

Sxpi1=f(T,x,),n€EN (2.1)
where x, is an initial approximation and f (T, x,,) denotes to
any iteration and suppose that it converges to u* € X. Let
{Sy,}v_ocX be an arbitrary sequence and ¢, =
d(Syp11,f(T,y)), n € N. Then the iterative procedure
(2.1) is (S, T)-stable or stable with respect to (S, T) if we
have

lim,, ., &, = 0 ifand only if lim,,_,., Sy, = u".

The following lemma will be needed in the next theorem.

Lemma (2.2) [12]:
Let {r, }y=; and {p,}>-; be nonnegative real sequences
satisfying the following inequality:
Tn+1 < (1 _An)‘[n + Pn,
where 1, (0,1) for all n>n; Y2, 4, = o and ;’—”—>0 as

n

n—co. Then lim,, _, T, = 0.
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Theorem (2.3):

Let C be a nonempty closed convex subset of a Banach
space B, S,T:C —» C be two self-mappings satisfying
Jungck-contraction condition (1.2) assume T(C) < S(C),
let {Sx,};_; be the Jungck-Picard-S iterative scheme
generated by (1.1) converges to u* € F such that
Y1 Bn¥n = . Then the Jungck-Picard-S iterative
scheme is stable with respect to (S, T).

Proof:
Let {Sx, };—; converges to u* and {Sa, }; be an arbitrary
sequence in C.

Define ¢, = |[Sa,41 — Th, || where
Sb, = (1 = B )Tay + BT,
Sep = (A =v)Sa, +v,Ta,
Now for some 0 < § < 1 such that
[ITx — Tyl < 6||Sx — Sy|| we get:
”San+1 - U*” = ”San+1 - Tbn + Tbn - u*”
< ISans1 = Thyll + ITh, — u’|
<e¢, +||ITh, —u*||
< ¢, +6|Sb, —u”||
(2.2)
On the other hand
ISb,, — w*ll = (1 = B )Ta, + B, Te, — u'l|
= (1 _ﬁn)”Tan _U*” + ﬁn”TCn - u*”
Also we get
ISc, —ull < (1 = B)dISa, —w”ll + B, 6lISc, —ul|
(2.3)
= ”(1 - yn)San + ynTan - u*”
=< (1 - yn)llsan - u*” + yn”Tan - u*”
Thus
ISc, —uwll =[1 -y, (1 = OllSa, —u”l|
(2.4)
Substituting (2.3) and (2.4) in (2.2), we have
”San+1 - u*” <& + 52[(1 - .Bn) + ,Bn[l - Vn(l -
dSan—iux
=&, + 6°[1 = B,y (1 = O]lISa, — vl
By hypothesis we have lim,,_,., &, = 0 and B, y,,, 6§ € [0,1)
then using Lemma (2.2) we get lim,_||Sa, —u*|| = 0.
Hence, we get lim,, _,,Sa, = u".
Now suppose that lim,,_,,Sa, = u* and we have to show
that lim,,,,, &, = 0.
We have that
& = ”San+1 - Tbn”
< Sapy — 'l + ITh, —u||
< ISany1 —uw'll + 6lISb, — w”|
= ISan 1 — 'l + 6111 = B)Tay + B Te, — 'l
< Sanpyr —uw'll+6(1 = B)lITa, —u’|l +
8B lITc, —u’ll
S Sapq =l + (1 = B)6%ISa, — u'|l +
Br821ISc, — u|l
= 1Sa,q —u'll + (1 = B,)8%(ISa, — u*||
+ﬂn62”(1 - yn)san + ynTan - u*”
< ISay4q —u'll + (1 = B,)8%|1Sa, — u'|l
+B,8°(1 = y)lISa, — u*ll + Buyva62ITa, — u’l|
< ISapiq — uw'll + (1 = Buya)8°lISa, — u'll +
ﬁn]/n63llsan - u*”
= ”San+1 - u*” + 52[1 - Bn]/n(l - 6)]”5(1” - u*”
By taking n goes to infinity we get:

lim,, ., &, = lim,_[|Sa,+1 — Th,|| = 0. Then the
Jungck-Picard-S iterative scheme (1.1) is stable with
respect to (S, T).

3. Data Dependence

In the following theorem, we establish data dependence
result of Jungck-Picard-S iterative scheme but first we need
the following definition.

Definition (3.1) [3]:

Let X be a Banach space, (S,T),(S5,T):X - X be self
mappings on X such that T(X) € S(X) and T(X) € S(X).
We say that the pair (§ T) is an approximate mapping pair
of (S, T) if for all x € X and for fixed & > 0 and &, > 0, we
have

|Tx = Tx|| < &, ||Sx —Sx|| <&,  (3.1)
Lemma (3.2), [11]:
Let {a,}-; be a nonnegative sequence for which one
assumes there exists n; eN, such that for all n>n; one has
satisfied the inequality

py1 = (1 - An)an + Anpn
where 4, €(0,1), for all neN, Yy_,1, = o and p, = 0, for
all neN. Then the following inequality holds

lim supa, < lim supp,

n—>0 n—>0

Theorem (3.3):
Let X be a Banach space and (5,T):X—>X, be an

approximate mapping of the pair (S,T): X — X satisfying
Jungck-contraction condition (1.2). Let z € C(S,T) and
7€ C(S,T) be the coincidence points of S,T and S, T
respectively that is Sz=Tz =u* and S22 =TZ = @i*. Let
{Sx,}>_; be the Jungck-Picard-S iterative scheme generated
by (1.1) with

1) <Py forall nen.

2) X1 Bp¥a =0,

Let {an}:z | be a sequence defined by
% €X
€En+l = T}Nln _ _
Si’n = (1 - ,B‘r_L')Txn + .BnTZNn~ 5
Sz, =(1—-y,)5%, +y,T%,neN (3.2)
Assume that {Sx,,}*_, and {59?,1}:: , converges to u” and &*
respectively.
Then we have

5(eg + ¢
e — ) < 2822

Proof: It follows from Jungck-Picard-S iteration (1.1) and
Jungck-contraction condition (1.2), (3.1) and (3.2) that
152041 = % sall = (| Tyn — T30 |

= |7y, = T3, + T, = T3,

<Ny = Tl + |75 — T30

Thus
1S%41 = $%sa || < & + 8ISy, — ST
< & +8||Syn = 5P + 55, — ST |
< & + SHSyn _S~}7n|| + 6||S~37n - 5}7"“

< &1 + 582 + 6||Syn - gyn” (33)
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But
”Syn - gyn“ = "(1 - .Bn)Txn + ﬁnTZn - (1 - .Bn)’fvfn +
fnlzn

< (- BI|Tx, = T, || + Bu||T2z, — Tz,|| (3.4)
Substitute (3.4) in (3.3) we get:
1Sxp11 — S%pial| < & + 8, + 81 = B)||Tx, — T, ||

+ 8B, ||Tz, — T2, ||

=& + 8 + 81— B)||Tx, — TH, + TX, — T%,|

+ 8B, ||T2z, — T2, + Tz, — TZ,||

<& +68e+ 80— B)ITx, —TX,l

+6(1 - ﬂn)“Tfn - Tfn" + Sﬁn”TZn - TZn”

+ 6B, ||T2, — Tz, ||

< &+ 8e + 6(1 = B)e + 82(1 = B)IISx, — 5%, ||

+ﬁn6€1 + ﬁnazllszn — 52, ”

=& +98)+d¢

+6%2(1 — B)||Sx, — S%, + S%, — S%,||

+B,0%||Sz, — Sz, + 52, — Sz, ||

Therefore

ISxn+1 — SZpia1]| < &1(1 +8) + S&2 + 62(1 = B,)||Sxn — 5%, |
+82(1 = B)||S%, — Sx, || + Bn6?||Sz, — 52,
+B,6%||5z, — Sz, ||
<e(1+6)+6e+8%(1—B,)e; + B,0%,
+82(1 = B)||Sxn — SE || + Bn6?||Sz, — 52,
=A+8)+61+d)e,
+82(1 = Bo)||Sxn — SE. || + Bn6?||Sz, — 52, || (3.5)

But
”SZn - S:ZNrL” = ||(1 - yn)an + ynTxn - (1 - Vn)gfn + Vannll
< (1 =) ||Sxn = S || + v || Txn — T2, ||
=1 =y ||Sxn = % || + v || Txn — TR, + TX, — T%,||
< (1 - yn)stn - S~in|| + yn”Txn - szn”
+Vu|| TR, — T%, ||
=< (1 - Vn)stn _S"fn” + ¥n€1 +Vn6”5xn _an”
= (1 - yn)llsxn - S~in|| + Yné1
+¥20||Sx, — S%, + S%, — S%, ||
< (1 - yn)stn - S~in|| +ma
112812 — S5 + 1281570 — S|
<1 =1 @ = O)|Sxn = %o || + va&1 + 12 8e2 (3.6)

Substituting (3.6) in (3.5), we obtain:
1Sxn11 = SEpia]| < €1(1 +8) + 6(1 + &),

+8%2(1 = Bo)||Sx — S%,|

+ﬁn52 [Yngl + %1582 + [1 ~— T (1 - 8)]”an - gin”]

= 62[1 = Bnyn(1— 6)]”an - §fn”

+(1+ 8+ Bnyn62)e + 81 + 6 + Br¥nb)e;

< [1 - ﬁnyn(l - 6)]“an - gfn”

+(1+ 8+ Bryn6D)e

+5(1+ 6 + Boyn0)e; (3.7)

Since B,,v, €[0,1] and % < B,v, for all n € N and using of

the fact § € (0,1)in (3.7)

Yields:

”an+1 - gfn+1|| < [1 - .Bnyn(l - 5)]”an - gin“
o1 (1 - 8) 2] (38)

Put

a, = ||Sx, — S%,||
An = ﬁnyn(l - 5) € (0'1)

5(e1+ &)
Pn =" _5
Hence, the inequality (3.8)perform all assumptions in lemma
(3.2) and thus an application of lemma (3.2) to (3.8)yields
0 < lim, o, sup||Sx, — S%,||
5(e1+ez)

< lim, . sup -

Since lim,,_,,S x,, = u* and lim,,_,,, $%, = ", then
5(g + &)
* —_ o~k < - - a7

lu" — @] < 1-5
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