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Abstract: This paper is devoted to investigate the peristaltic flow of MHD Powell- Eyring model through porous medium during two 

dimensional symmetric channels. Slip conditions on the walls are taken into consideration. The basic governing equations; mass and 

momentum equations modeled with respect to wave frame. Solution technique to find the closed form solution for the resulted 

dimensionless differential equation is hold depending on long wavelength approximation and low Renold assumption. The influences 

of various involved parameters are illustrated via graphs in details. All the mathematical results are obtained by applying Mathematica 

9 program. 
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1. Introduction 
 

The phenomenon in which the fluid transport as a contraction 

or expansion progressive waves along the length of a 

distensible tube is called peristalses. It can be recognized in 

physiological processes like chime movement in intestinal 

tract, blood flow in lymphatic, urine passage from kidney to 

the bladder, blood flow in small vessels. Also it is a key role 

in biomedical engineering, chemical processes, medical 

industry and locomotion of worm. The essential studies in 

this topic are done by Latham [1], and Shapiro et al.[2] 

through theoretical and experimental approaches. An 

important observation can be made from the aforementioned 

application that is the fluid used in these applications is non 

Newtonian fluids. Moreover non- Newtonian fluids as 

polymer melts, blood, fruit juices, ceramics, multigrade oil, 

and a lot others [3] can be characterize according to its own 

“constitutive equation” the relationship between the shear 

stress and the rate of deformation. Eyring –Powell model is 

considered as an advantageous model than the other non-

Newtonian fluid model since it is deduced from kinetic 

theory of liquids not the empirical relation, also it correctly 

reduces to Newtonian behavior for low and high shear rates. 

For this purpose many researchers adopted the connection of 

peristaltic transport and Non-Newtonian fluid as a title for 

their works (see [4], [5], [6]). A magnetic field when applied 

to a moving conducting fluid it will induce electromagnetic 

field which produces a force named by Lorentz force 

opposite the fluid motion. In connection with peristaltic flow 

is based of applications and process like blood pumping 

machines, cancer therapy, biomedical engineering, industry, 

power generators, electrostatic precipitation, magnetic 

resonance imaging (MRI) for brain diagnosis, geophysics and 

many others. Attempted related the peristaltic flow under the 

effect of magnetic fluid in different situations consulted by 

the studies [4], [6]-[9]. On the other hand transport through 

porous medium is also helpful and applicable in different 

aspect such as geomechanics, biomechanics, industry 

filtration of fluids, seepage of water in river beds, functioning 

of human lung and others. These applications inspired 

numerous researchers to investigate the combine effect of 

porous medium and magnetic field on the fluid flows in 

various geometries and situations.(see [10],[11]). Slip 

conditions has a vital role in many applications rather than 

the no- slip condition like modern material industry (polymer 

industry) which given as a microscopic wall slip, 

engineering, medical application (polishing artificial heart), 

and technological process. Aforementioned application 

reported through studies discussed the influences of slip 

conditions on peristaltic flow of non- Newtonian fluids. Hina. 

[12] discussed the effect of heat and mass transfer on the 

peristaltic flow for MHD Eyring- Powell fluid taken into 

consideration slip condition. Hayat et al.[13] analyzed the 

effect of slip condition on peristaltic flow of Eyring- Powell 

fluid. Veerakrishna. et al. [9] detected the heat transfer on 

peristaltic flow of Williamson fluid model in an inclined 

symmetric channel with slip condition. Abbas et al.[7] 

investigate the simultaneous effect of slip and MHD on 

peristaltic blood flow of Jeffery fluid model in a non- 

uniform porous channel. Tanveer et al.[8] studies the 

influence of an inclined magnetic field on peristaltic transport 

of hyperbolic tangent nanofluid in inclined channel having 

flexible walls. The aim of this study is to investigate the 

combination effects of magnetic field and porous medium on 

peristaltic transient of Non-Newtonian fluid in a symmetric 

channel with slip condition depending on shear stress. The 

non- Newtonian fluid is obeying Powell- Eyring fluid model. 

The investigation is done by implementing the assumption of 

long wavelength and low Renold number. The flow's 

governing equation formulated by employing the wave frame. 

Closed expression for stream function, velocity axial and 

pressure gradient have been determined also numerical 

integration of pressure rise per unit wave obtained with help 

of series approximation. Finally graphical analysis has been 

done to figure out the effect of some interesting parameters 

involving in the above functions in details. 
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2. Mathematical Formulation of the Problem 
 

Consider the peristaltic transport of an incompressible 

viscous fluid flows through a porous medium in a symmetric 

horizontal channel of width d2 . The fluid is under the effect 

of magnetic field of constant strength
0  applied in 

transverse direction to the flow. The magnetic Renold 

number is taken small and thus the induced magnetic field is 

neglected. The flow is induced by a sinusoidal peristaltic 

wave along the channel flexible walls with wave speed c . 

The Cartesian coordinates are considered in such manner that 

the X - axis was taken along the central line of the channel 

while the Y - axis is normal to it. Let ),,( tYXU  

and ),,( tYXV  are represent the components of velocity in 

the axial X and Y  directions respectively. The structure of 

wall geometry is described as  

  
Here t  is the time, b  the wave amplitude, d  the mean half 

width of the channel,   is the wavelength, c  the velocity of 

the peristaltic wave, ),( tXH  the displacement of upper 

and lower walls respectively. 

 
The fluid is obeying the Powell- Eyring model and the 

Cauchy stress tensor   of it is given as follows [13] 

 

Where S  express the extra stress tensor,  I  the identity 

tensor, )0,,( YX 


the gradient vector, ),( 1c  the 

material parameters of Powell-Eyring fluid, P  the pressure 

of the fluid, and    the dynamic viscosity. The term
1sinh 
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The formulation of governing equations (i.e. the continuity 

and the motion equations) with respect to laboratory frame 

),,( tYX  are given by 
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The X  - component of momentum equation  
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The - component of momentum equation  
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While the extra shear stress components are 
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Where  ,U ,V  , Y  , P ,  , 0 , 0 ,  ,
1c ,  , are the 

fluid density, axial velocity, transverse velocity, transverse 

coordinate, the pressure, electrical conductivity, permeability 

parameter, constant magnetic field, the material constant of 

Powell-Eyring fluid, dynamic viscosity respectively, and 

XX
S , 

YX
S , 

YY
S  are the components of extra stress tensors. 

 

The subscripts denote the partial derivatives. The flow is 

time dependent in the laboratory coordinate system 

),,( tYX (i.e. the flow is unsteady). However in a 

coordinate system ),( yx  moving with the wave speed  in 

the positive x  - direction the motion is stationary. Defining 

the following transformation  

 

),,(),(,,,, tYXPyxpVvcUuYytcXx    (13) 

 

Here , designate the velocity component and the 

pressure in wave frame. 

Hence the governing equations in wave frame is scripted as 
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To figure out the non- dimensional analysis we consider the 

non- dimensional quantities as follows: 
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 , Re , M ,  , W , , A , are the wave number, Renold 

number, the Hartman number, amplitude ratio, the 

dimensionless permeability of the porous medium parameter 

and the two last parameters denote the material fluid 

parameters. 

 

By introducing the relationship between the stream function 

),( yx  and the velocity components as 
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By employing the above quantities listed in Eqs .(17), (18) 

the continuity equation (14) is automatically satisfied while 

the  non- dimensional form of the momentum equations, 

Eqs.(15),(16) in terms of stream function under the 

assumption of long wavelength and low Renold  are  
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The non- dimensional boundary conditions with respect to 

long wavelength and low Renold number are 

00,0  yatyy                                     (22) 

)(,1 xhyatFS xyy             (23) 

and  

  )sin1()( xxh                                                  (24)  

Where   is the slip parameter, F  is the dimensionless time 

mean flow rate in the wave frame, )(xh  non- dimensional 

wall equation. 

 

3. Rate of Volume Flow 
 

The instantaneous volume flow rate in the fixed frame of 

coordinate ),,( tYX   is given by 
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While in the wave frame the flow becomes steady with 

respect to the reference  . The expression of the 

volumetric flow rate becomes 
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Using the transformations in Eq.(13) into Eq.(25) and with 

aid of Eq.(26) the relation between the volumetric flow rate 

in two frames is 
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The time- mean flow over one period  of the 

peristaltic wave is defined as  
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By using Eq.(27) , Eq. (28) will be  

cdqQ 
*

                                                                  (29) 

 

Introducing the non- dimensional time- mean flow   and F  

respectively in the fixed and wave frames of coordinate as 

cd

q
Fand

cd

Q


*

                                           (30) 

where 

)0()(

0








  h

h

dy
y

F                                       (31) 

The non- dimensional form of Eq.(27) is 
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Employing Eq.(30) we derive the following dimensionless 

relationship   
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 The expression of non- dimensional pressure difference P   

per wavelength is 
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4. Solution Technique  
 

Employing the perturbation technique for obtaining the 

solution of the system for a small Powell- Eyring fluid 

parameter A   

  
On differentiating Eq.(19) w.r.t y and take into consideration 

Eq.(20), a non- linear system of partial differential equation 

deduced as 

 
Now substituting Eq.(35) into Eq.(37), one can obtain the 

following system of partial differential equations associated 

with boundary conditions as below 
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4.1 Zeroth Order System 

 

The corresponding system at zero order is  
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Associated with the boundary conditions 

00,0 00  yatyy                          (39) 
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Solving Eq.(38) , the solution is taken the below form 
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4.2 First Order System 
 

The concluded first order system is  

0
3

)
0

(
2

2

1

2

4

1
4

)1( 











yy
y

yy
m

y

W 


             (42) 

 

Companied with the boundary conditions 

00,0 11  yatyy                                (43) 
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In solving the above system the first order solution is 

determined as 
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In which              

 can be calculated by applying Mathematica 9 programs. 

 

5. Results and Discussion 
 

In this section the graphical and numerical results of all the 

pertinent parameters are discussed and plotted for velocity 

profile, pressure rise, pressure gradient, the local shear stress 

on the wall hy  and the trapping phenomenon of the 

peristaltic flow through the following subsections. 

 

5.1 Velocity Profile 

 

The outcomes of axial velocity )(yu   for a fixed value of  

2.0x  in terms of emerging parameters have been plotted 

in this part, and it is clear from the graphs that the velocity 

profile attains parabolic in nature, also another observation 

can be made which is the maximum value of the velocity 

attains in the central part of the channel whereas the situation 

is reversed toward the walls of the channel. Figure.1(a). 

Describes the behavior of axial velocity with variation of 

velocity slip parameter )( , it shown that any intensification 

in )(  amount produce decreasing in the velocity profile. 

Figure 1(b), and Figure 2(a), study the effect of Eyring- 

Powell fluid parameters A  and W  on velocity axial. The 

graphs show the two parameters have the same effect on the 

velocity (i.e. increasing their amount reduces the velocity in 

return). Figures 2(b) and Figure 3(a), transmit reduction in 

the velocity as the magnitude of magnetic field ( M ) and the 

amplitude ratio   parameters enlarge which means the 

magnetic field acts as a retarded force. Increasing behavior of 

velocity axial is noticed as the porosity parameter   

enhances due to Figure 3(b). 

 
Figure 1: Velocity profile via variation of (a) Slip parameter 

(b) Fluid parameter , and fixed data 
)2.0,7.1,6.0,7.0,4.0(  WM   

 
Figure 2: Velocity profile via variation of (a) Fluid 

parameter (b) Magnetic field parameter, and fixed data 
)01.0,7.1,6.0,7.0,1.0(  A  

 
Figure 3: Velocity profile via variation of (a) Amplitude 

ratio parameter (b) Porosity parameter, and fixed data 
)01.0,7.1,4.0,7.0,1.0(  AMW   

 

5.2 Pressure gradient 

 

In this part of the discussion we recorded the reaction of 

pressure gradient with the variation of different interesting 

parameters. Figure 4(a), demonstrate that when the amount of 

)(  coefficient arises the pressure gradient value in return 

get smaller in the central part of the channel this means a 

),,,,,,,( 87654321 cccccccc
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great flow can pass with no need to impose large pressure in 

the central part of the channel. Whereas larger pressure 

gradient imposed near the walls of the channel to attains the 

same flow to pass through it. Figure 4(b), and Figure 5(a), 

reflect totally opposite influences of fluid parameters )(W   

and )(A  upon the pressure gradient profile. (i.e. when )(W  

increases the amount of 
dx

dP increases to reach a fixed values 

at 11  y  in the central part of the channel while 

increasing in )(A values decreases the pressure gradient. 

Figure 5(b), portrays that for ascending value of magnetic 

parameter )(M  provides resistance to flow rate and hence 

pressure gradient increases to a certain value in the center 

while the result reversed near the walls. Figure 6(a), and 

Figure 6(b), illustrate the impact of amplitude ratio )(   and 

porosity parameter  on pressure gradient. It can be observed 

larger values of )(  and )(  values cause decreases in
dx

dP    

value in the central part of the channel while reduction 

function of pressure is seen near the walls. 

 

 
Figure 4: Pressure gradient for variation of (a) Slip 

parameter (b)Fluid parameter, and for fixed data 
)2.0,26.0,2.0,5.1,2.0(  AM   

              
Figure 5: Pressure gradient for variation of (a) Fluid 

parameter (b) Magnetic field parameter, and for fixed data 
)1.0,26.0,2.0,5.1,1.0(  W  

 
Figure 6: Velocity profile via variation of (a) Amplitude 

ratio parameter (b) Porosity parameter, and fixed data 
)2.0,26.0,2.0,1.0,1.0(  AMW   

 

 

 

 

5.3 Shear Stress  

 

The purpose of this subsection is to investigate the influence 

of various parameters on local shear stress on the 

wall hy  . Figure 7(a), exhibits the effect of slip coefficient 

)(  on absolute value of shear stress )( xyS . It is shown 

that when )(  increases for 9.10  y   the value of 

)( xyS decreases while for 32  y the value of )( xyS  

increases. Figure 7(b), and Figure 8(a), indicate an opposite 

impact for fluid parameters )(A and )(W  on magnitude of 

)( xyS . Ascending value of )(A parameter reduces )( xyS  

magnitude, while for larger magnitude of )(W  enhances the 

shear stress on the wall. Figure 8(b), discloses the impact of 

amplitude ratio )( quantity on local shear stress. It is noticed 

that an increase in )( causes decreasing in the shear stress 

on the wall in the region 20  y  while it is increasing 

after this values till the wall hy  . Mixed behavior for 

axial shear stress deduced from Figure 9 (a), and (b) upon 

increasing of magnetic field parameter )(M and porosity 

parameter )( . 

 
Figure 7: Shear Stress via Variation of (a) Slip parameter 

(b)Fluid parameter, and for fixed data  
)1.0,26.0,2.0,5.1,02.0(  AM   

   
Figure 8: Shear Stress via Variation of (a) Amplitude ratio 

parameter (b)Fluid parameter, and for fixed data  
)1.0,26.0,2.0,5.1,02.0(  WM   

 
Figure 9: Shear Stress via Variation of (a) Magnetic field 

parameter (b) Porosity parameter, and for fixed data  
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)1.0,26.0,2.0,2.0,2.0(  WA   

 

5.4 Trapping Phenomenon 

 

Figure 10, deduced that for larger values of slip parameter 

)(  the size and the number of trapped bolus is seen to 

increase in the central part of the channel. Figure 11, displays 

the impact of fluid parameter )(A  on the streamlines. The 

size and the number of the bolus decreases with an increase 

value of )(A . Moreover an opposite effect is observed on 

the streamlines with ascending value of fluid parameter )(W  

see Figure 12. However Figure 13 is sketched to study the 

impact of magnetic field parameter )(M  on the trapping. It 

is clear from the plots that larger magnitudes of )(M  

reduces the flow and hence the size of the bolus get smaller 

and then disappear. Figure 14, portrays the enhancing 

reaction on streamlines as the amplitude ratio )(  increases 

(i.e. the size of the bolus becomes bigger with ascending 

value of )( ) Moreover the size and the number of trapped 

bolus increase as the porosity parameter )( increase via 

Figure 15. 

    

Figure 10: Streamlines for variation of slip parameter 

(a) 3.0  (b) 9.0  and for fixed parameters            
)9.0,8.0,26.0,1.0,2.0,01.0(   WAM

 

 
Figure 11: Streamlines for variation of Fluid parameter 

(a) 1.0A    (b) 6.0A  , and for fixed parameters            

)9.0,8.0,26.0,3.0,2.0,01.0(   WM

 
Figure 12: Streamlines for variation of fluid parameter 

(a) 19.0W  (b) 7.0W  ,and for fixed parameters            
)9.0,1.0,26.0,1.0,2.0,01.0(   AM

 

Figure 13: Streamlines for variation of magnetic field 

parameter (a) 01.0M  (b) 06.0M  ,and for fixed 

parameters )9.0,2.0,26.0,1.0,2.0,8.0(   AW  

 

 
Figure 14: Streamlines for variation of amplitude ratio 

parameter (a) 13.0  (b) 21.0  ,and for fixed 

parameters )9.0,2.0,26.0,1.0,01.0,8.0(  AMW  

 

 
Figure 15: Streamlines for variation of porosity parameter 
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(a) 13.0  (b) 21.0  , and for fixed 

parameters )2.0,2.0,26.0,1.0,01.0,8.0(  AMW  

 

5.5 Pressure Rise 

 

In this subsection we testify the relationship that relates the 

non- dimensional average pressure rise per wavelength and 

dimensionless mean flow rate )(  versus variation in 

interesting parameters included in )( P . The final 

expression for )( P   is obtained by a numerical integration 

of a series approximation for 
dx

dP using Mathematica 

program. Plots show a linear relationship between the flow 

rate and )( P  also the pumping region divided into four 

partitions The positive pumping with )0,0(  P  

which represents the peristaltic pumping. The second region 

is called co-pumping region or (augmented flow) creates for 

)0,0(  P . The third region where there is no flow 

recognized when )0,0(  P , and free pumping 

region achieved when )0(  P . Figure 16(a), shows that 

when the magnetic field parameter )(M increases the 

pumping rate decreases in all regions. It visualized from 

Figure 16(b), that when the slip coefficient )( increases the 

pumping rate enhances in the co-pumping region however 

opposite result noticed in peristaltic flow i.e. the pumping 

decreases. Figure 17(a), illustrates the effect of amplitude 

ratio )(  on pumping. It has seen for larger value of )(  the 

pumping decreases. Figure 17(b), deduces the reaction on the 

pumping via variation of fluid parameter )(W . The co-

pumping region and free pumping decreases for ascending 

value of )(W whereas enhances the peristaltic flow. For 

larger values of )(A  the peristaltic flow increases however 

the co- pumping region reveals mixed behavior. Reduction in 

free pumping is noticed too see Figure 18(a). It is observed 

from Figure 18(b), that the pressure rise increases in all 

regions with an increasing the porosity parameter )( . 

 

 
Figure 16: Pressure rise upon Variation of (a) Magnetic field 

parameter  (b) slip parameter , and fixed parameter  
)2.0,26.0,1.0,9.0,8.0(   AW  

 

 
Figure 17: Pressure rise upon Variation of (a) Amplitude 

ratio parameter  (b) fluid parameter , and fixed parameter 
)8.0,2.0,26.0,1.0,9.0,2.0(  WA 

 

 
Figure 18: Pressure rise upon Variation of (a) fluid 

parameter (b) porosity parameter , and fixed parameter 
)2.0,26.0,1.0,8.0,2.0(   AW  

 

6. Conclusion 
 

In this paper, the slip effect on MHD peristaltic flow of 

Powell- Eyring fluid in a porous medium through a 

symmetric channel is investigated. The solution is obtained 

by adopting assumptions of long wavelength approximation 

and low Renolds number. Main finding remarks can be made 

as follows: 

1) Velocity axial has a diminishing behavior due an increase 

in slip parameter )(  in the central part of the channel 

whereas it is different towards walls. 

2) The influences of Hartman number )(M  and porosity 

parameter )(  on the solution expressions are 

qualitatively opposite. 

3) A mixed behavior of local shear stress on the wall 

hy  , is noticed due to increase of amplitude ratio 

magnitude )(  . 

4) Pressure gradient magnitude has increasing function due 

to fluid parameter  whereas it decreases with parameter 

)(A . Mixed behavior is noticed via parameters 

)( , )( , )(  and )(M . 

5) The size and numbers of trapped bolus increase due to  

but decrease via )(A . 

6) In the pumping region, the pumping rate increases via 

increasing )(A , while the co- pumping and free pumping 

region increase with enhancement of )( , and )( . 
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