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Abstract: In the present paper, the author investigates the 4™-order differential inequality of harmonic univalent functions with
bounded turning in the unit disk. As consequences, coefficient bound, growth formulae, extreme points, convolution property, convex

combinations and closure under an integral operator are gained.
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1. Introduction

Harmonic functions play a significant role in a variety of
problems in engineering, physics and applied mathematics. In
geometric function theory (GFT), harmonic univalent
functions have raised the interest of numerous complex
analysts since the mid-1980s, which are a generalization of
the holomorphic (analytic) functions. The first study of the
theory of harmonic univalent functions was by Clunie and
Sheil-Small [1] in 1984. In their studies, they discussed every
harmonic function ¢ in a simply connected domain can be
expressed in the form ¢ = x+ v, where the functions x and
v are holomorphic in A = {z eC: |z| <1}. The function g is
called the holomorphic part while v is the co-holomorphic
part of ¢. A necessary and sufficient condition [1] for ¢ to
be locally univalent and sense preserving in

A:{z eC :|z|<1} is for |y'(z)| > |v'(Z)| in A.

Clunie and Sheil-Small [1] also introduced a class H of
harmonic functions ¢ = x+v that are univalent, sense-
preserving in the unit disk A, and normalized by the
conditions ¢(0) = ¢'(0) —1=0, where the functions x and
v are of the form:

n
O'nZ ,|O-n|<1.

1)
Moreover, they investigates its geometric properties, that
includes coefficient bounds, growth and distortion theorems.
Note that for the co-holomorphic part v =0, the class H
reduces to the class S of normalized holomorphic univalent
functions for which ¢ can be expressed as: [1]

[e 0] o0
p@)=2+ X p 2" and v(z)=z+ X
n=2 n=2

o0
p@)=2+ X p 2", (zed). 2
n=2

Further, let A denote the class of functions ¢ of the form (2)
which are holomorphic in the unit disk A. For 0< & <1, let
B(¢) be the subclass of A consisting of all functions that

satisfy
Rp(2)}>¢, (2en). ®)
The functions in B(¢) are called functions of bounded
turning (also called functions whose derivatives has positive

real parts). It is known that functions of bounded turning are
univalent in the unit disk A, [2].

In 2003, Yalcin et al. [3] introduced a more general subclass
of harmonic univalent functions (including B(¢) as a special
case). This is the subclass HP(¢) consisting of functions
¢ € H that satisfy first-order differential inequality:

Ru@)+v(@)}>¢, 0<é<1zeC).  (4)
Also, let HP*(¢) =HP(¢) NNy, Where Ny [4] is the
subclass of H such that the functions x and v ih o= u+v
are of the form:

0 o0
wz)=2- 2, pnz” and v(z)=z- D, anzn, lonl<l.

n=2 n=2
®)
Furthermore, they studied a sufficient condition
o0
2 nlp,l+lopds2-¢, (6)
n=2

where 1 =1, for functions to be in the subclass HP(S) .

This condition is necessary when the coefficients are
negative. Growth theorem and extreme points are also
derived.

Note that the condition (4) slightly modifies the one given
originally in (3). Note also that the subclass B(¢)
corresponds to v =0, [3]. Since then, various studies were
conducted on a subclass HP(¢) . Pursuing this line of study
will be presented here.

In 2004, Yalcin and Ozturk [4] considered a subclass ®(%)
consists of functions satisfying  second-order
differential inequality as:

R{z(u"(2) +v"' (@) + 1 (2) +v'(2)} > 0, @
where 0 <% . Further, they discussed a sufficient condition

o< H

o0
2 n@+an-0)p,l+loph <2, ®)
n=2
where & =1, for functions involving to an aforementioned
subclass @(x), which is shown to be necessary when the

coefficients are negative. They analyzed growth bounds and
extreme points as well.
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In 2010, based on the study of Yalcin and Ozturk [4],
Chandrashekar et al. [5] introduced a subclass ®(%,¢)

consists of functions satisfying the following
condition

R2(u(2) +v" @) + 1 (@) +V (@)} > £ ©
where, 0<Z and 0< ¢ <1.. They also studied a sufficient
condition

peH

[e0]
> nA+a(n-D) ol +loph=<2-¢,
n=2
where 1 =1, for functions including to above subclass
®(%,¢), which is shown to be necessary when the
coefficients are negative. Note that ®(0,¢)=HP(S).
Further, the subclass ®(x,¢) reducesto B(¢) if A =v =0.

(10)

In 2015, Sokol et al. [6] imposed a subclass W¥(%,¢) consists

of functions ¢@eH satisfying third-order differential

equation as:

‘B{ﬁ 22 (U (2) + v (@) + 3z (2) + v (2) + ' (2) + V'(Z)}> ¢
(11)

where, 0<Z and 0<¢ <1. They examined a sufficient
condition
o0
> n+amZ-0) ppl+lonh<2-¢,
n=2
where & =1, for functions belonging to above subclass
Y(%,¢), which is shown to be necessary when the

coefficients are negative. Moreover, growth bounds, extreme
points, convolution and convex combinations are studied.
Note that W(0,¢)=HP(S). Also, the subclass W¥(%,¢)

reducesto B(¢) if x=v=0.

(12)

Motivated by previous works on harmonic functions, we
establish a new subclass X(%,¢) of functions ¢eH
satisfying fourth-order differential inequality. In addition,
coefficient bound, growth bound, extreme points,
convolution, convex combinations, and closure under an
integral operator are also discussed for harmonic functions
satisfying the subclass X=(%,¢). Harmonic functions with
negative coefficients are also considered in this investigation.

2. Geometric Results

This section is composed of two subsections. Subsection 2.1
presents a new subclass =(x,¢) of harmonic univalent
functions with bounded turning in A. Subsection 2.2
provides some geometric properties involving coefficient
condition, growth theorem, extreme points, convolution,
convex combinations, and closure under an integral operator
for this considered subclass.

2.1 Subclasses (%, <)

The part is devoted to define new subclasses =(%,¢) and
= * (%, &) of harmonic univalent functions with positive and

negative coefficients respectively in the open unit disk that
satisfy fourth-order differential inequality.

Definition 2.1.1 A function ¢ € H is said to be in subclass
(%, <) [the subclass of harmonic univalent bounded turning
functions] if it satisfies the following inequality:

m{iz3(ﬂ””(2)+V""(Z))+67izz(ﬂ"'(2)+V"'(Z))}>§, (13)

+TRz(p (2) + v (2)) + (' (2) +v'(2))
where, 54 =1, 0<%, 0<¢<1,and zeA.

Also denote by =*(%,¢) =2(%,¢) NNy Where Ny is the

subclass of harmonic univalent functions ¢ with negative
coefficients given in (5).

Remark 2.1.1 We note that

1) For x =0 in (13), the subclass =(x,¢) reduces to the
subclass HP(¢) of harmonic univalent bounded turning

functions defined in (4).
2)For & =v =0 in (13), the subclass =(x,¢) reduces to the

earlier subclass B(¢) of bounded turning functions
introduced in (3).

2.2 Basic Properties of Subclass (%, ¢)

In this subsection, a sufficient coefficient condition for
functions included in the subclass (%, ¢) is determined. This
condition is also shown to be necessary when the coefficients
are negative, which leads to growth formulae, extreme points,
convolution, convex combinations, and closure under an
integral operator.

The first theorem gives a necessary and sufficient condition
for a function ¢ to be in the subclass =(%,¢) .

Theorem 2.2.1 Let ¢ = u+v be of the form (1). If

> n@+ k- py |+ XA+ kn3-1) oy l<1-¢,
n=2 n=1
(14)
o X @3- -(p,l+loph<2-¢,  (15)
n=1

where, 5y=1, 0<i, 0<¢ <1, and zeA, then ¢ is
harmonic univalent, sense-preserving in A, and ¢ € (%,¢) .

Proof. Suppose zq,z, € A such that z; = z,, then

o0
5 (ﬂi n)
#(21)—ﬂ(22)|=1_‘ noa ML

|(P(zl)—¢(zz)| 21_|

u(zq) = ulzy) v(zg) = v(z5)

o0
(z1-29) - Zzpn(z?—zg)
n=
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Hence, |(p(zl)—go(22)| >0 and ¢ isunivalentin A. To prove
o locally univalent and sense-preserving in A, it is enough
to show that |u (2)] > ' (2)| .
o0
. n-1
@] 21= 2 nlpgliz]

- Z o - - Z 7Ln - o)
>1 n >1 n(1+ 1

A7)
3 3
> L+’ -1) ] oy
Q n-1_1.,
> X nloglizN T =)
Utilizing the fact R{w}>¢ if and only if

[1-¢+@|>1+ ¢ —w]|, itis sufficient to show that

‘(l—{)+7&23(/j""+v"")+67LZZ(/1"'+V"')+7Xz(/j"+v")+(,u'+v')

>0
(18)
in proving ¢ e =(%,¢) . Substituting for x(z) and v(z) in
(18) yields,

A+ ) =R 3 (v ) — 6k 22 (v ) = TRz ) + ()

o0

@-0+ Ina+am3-0)p,2" "1+ T+ a3 -0)op 2" 7Y
n=2 n=1

> 3 1_ 3 3
¥ @+ -0 p, 2" T o+ An®-D)op 2"
n=2 n=1

-
>2{(1—¢)—|z|{ T n@+am3-D) | oy l+ T n<1+x(n3—1))|an|ﬂ
n=2 1

n=

=201-)@-1z) >0,

(19)
by the condition (14). So the proof is complete..
Remark 2.2.1 The harmonic function
2 1 ® 1
p(0)=2+ 2 ————Apzp+t L —————Bpzn
n=2nl+i(n3-1) n=1n+i(n3-1)
(20)

where ¥ | A, 1+ X |Byl=1, shows that the coefficient
n=2 n=1

bound given by (14) is sharp. The functions of from (20) are

in subclass =(%,<) because condition (14) can be satisfied as

follows:

0 3_ [9) 3_
Z {n(l+ A(n l)):| | pr I+ z {n(h—?ﬁ(n l))j| | on |
n=1

n=2 1=¢ 1=¢

[e0] [e0]
= 2 lapl+ 2 IBpl=1
n=2 n=1
(21)

If we X =0 in Theorem 2.2.1, then we yield the following
result introduced by Yalcin et al. [3].

Corollary 221 Let o=pu+v be given by (1). If
o0
> n-(pyl+loph<2-¢ where, 5 =1, 0<%,
n=2

0<¢<1,and zeA, then ¢ is harmonic univalent, sense-
preserving in A, and HP(¢) .

In the following outcome, it is shown that the condition (14)
is also necessary for functions ¢ = 1+ v where x4 and v of

the form (5).

Theorem 2.2.2 Let ¢=u+v be of the form (5). Then
@ eX*(%,¢) if and only if condition (14) is achieved and it
is as follows:

o0 o0

Y @+ i -0 p, 1+ XnA+a(03-1) [ opl<1-¢,
n=2 n=1
where, 5y =1, 0<%, 0<¢ <1.

Proof. Considering that = * (X,¢) < (,¢) , we only need to

prove the necessary part of the theorem. Assume that
@ e X*(X,¢), then by virtue of (13), we gain

sn{(l—g)— @+ aad-D) 1o, 1~ T n@+a03-1) o, |}zo.
n=2 n=1

(22)
The above required condition (22) must hold for all values of
z in A. Upon choosing the values of z on the positive real
axis where 0 <z =r <1, we must have

-6 3 n+a®-1) 1 oy | "
" (23)
- ngln(lw(n?’—l)) loplr" 120

Letting r — 1~ through real values, it follows that

A=¢) = X n@+ 20 -1 1oy |- 2 0+ 20°-1) oy PO

(24)
Therefore, we yield
$- 3 X 3
> n@+i(n2-1) | oy 1+ TnA+AN-1) oy <1-¢,
n=2 n=1
(25)
which is the required condition.
Remark 2.2.1 The harmonic function
& 1 ® 1
p(2)=2- Y —————Apzp~ ¥ ——————Bnzp
n=2n@l+i(n3-1) n=1n+x(n3-1))
(26)
where 0<%, 0<¢<l and 3 |A,l+ 2 IByl<1
n=2 n=1

belongs to the subclass = * (%, <) .

The following result gives the upper and lower bound
formula (growth formulae) for functions in =* (%,¢).
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Theorem 2.2.3 Let pe=*(X,&). Then r = z|<1

1-¢ lo1l | o
|¢(Z)|<(1+|O-1|)r+(2(1+77l)j_1_1—§_r . (@D
and ) .
B 1-¢4 _|U]_| 2
(@) |2 A+ [oq Dr (2(1+7x))_1 1_é’,_r (28)

where 0<%, 0<¢ <1.

Proof. Let ¢ € =* (%,¢) . Taking the absolute value of ¢, we
have

10015 @ 1o DT+ 2 (g l+1 D"

L2 )
(1+7x) 1-¢ ' FniTion
1
))(|pn|+|0'n|)]

2
<@gy Dr+r
n

) 1-¢ ) [ na+amd-
N o\ 2@+7R) 1-¢

1_
§(1+|01|)r+(2(1 ;)]{1 'l(’ﬂ 2,
+

(29)
And
|¢7(Z)|>(1+|crl|)r— Z (|,0n|+|0n|)r

2(1+7%)
Z(MK)M -~ (|,0n|+|0n|))

0 3_

1-¢ | oq
>+ oq Dr- 1-
oy br (2(1+7?»)j|: 1- C}

Next we determine the extreme points of closed convex hulls
of =*(%,¢) denoted by coX*(%,¢) .

|| M8

M8

<@gy Dr+r

2 o0
2o Dr—r Z

(30)

Theorem 2.2.4 A function ¢ co;(x, ¢) ifand only if

0

z (Xn Pn(z) + YnO'n (Z))|
n=1

where, p () =1z,

o(z) = (31)

-¢
N+ x(n - 1))
1-¢
n@+ x(n° - 1))

pp(D) =12~ N, (n=234.),

on(@)=2- M (n=123.),

[e 0]
and X (X,+vp) =1, X,20 and y,>0.
n=1

Proof. For functions ¢ = u+v, where x and v are given
by (5), we have

Y (Xppp (D) + Ynon (@)
n=1

o(2) =

(Xn + Yn)z - z anzn
1 n=2n(+x(n3-1)

M8

n

- z _g Ynzn
n=1n(L+x(n-1)

0 (e o]
- 1-—
= z i Xn Zn - Z i Yn Zn .
n=2nl+xi(n°-1) n=1n1+x(n°-1))
(32)
Therefore, in view of Theorem 2.2.2, we acquire
2 n(+ X(n3 -1)) © (L +x(nS -1))

n=2 1-¢ =1 1-¢ lonl

lppl+

(33)
Thus, ¢ e coZ *(%,¢) .
Conversely, suppose that ¢ e coX *(%,¢) . Setting

3_
Xn(z):wmn

, <1 (n=234..),
¢ [, 0<Xp<1 ( )

and

N+ A(nS 1))

YnU)=———Ijzf——WBn|,OgYngl(n:lzsmy
o0 o0 .
and x;=1- ¥ X,- X Y, Hence, pcanbe written as
n=2 n=1
o0 o0
p()=2- X [A, "= X B, IZ"
n=2 n=1
[o 0] 1_ o0 l—
n=2nl+x(n’-1) n=1nl+x(n>-1))
o0
= Z (ann(z)+YnO'n(Z))|
n=1
(36)
as required.

For our next theorem, we need to define the convolution of
two harmonic functions. For harmonic functions of the form:

o0 o0
p@=2- X lp 12"- X Jo |7, (37)
n=2 n=2

and

y(z)=1- ZIA 2" ZIBnIZ (38)

n=2 n=2
the convolution of ¢(z) and y(z) is given by

o] 0
(wx)@=2- X Ip IA [2"= X |o B |Z"
n=2 n=2

(39)
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Utilizing this definition, we show that the subclass = * (%, ¢)
is closed under convolution.

Theorem 2.25 For 0<pB8<¢ <1, let pez*(%,¢) and
weX*(R,pB).Then pxy e* (R, &) cZ* (X, B).

Proof. Since ¢@eX*(x,¢) and weX*(kp), the
coefficient of ¢ *yw must satisfy the required condition given
in Theorem 2.2.2. For w e Z* (%, 8) we note that | A |<1

and | By, [<1. Now, for the convolution function ¢y , we

yield
© L+ i(n-1) © n+x(n3-1)
néz 1_,3 |pn"An|+nél 1_,3 |O'n||Bn|
© 3 0 3
< n(l+ x(n°-1) . n+ x(n°-1)
El—l*ﬂ lpp! El—l*ﬂ lonl
0 3 ) 3
S n+ x(n°-1)) nl+ x(n°-1))
n§2—1—4 Ipn|+n§l—1_g lop |
<1,
(40)
Since 0<pB<¢<1 and ¢@eX*(x,¢). Therefore

pryer*(R ) cx* (R f).

Now we show that T*(x,¢) is closed under convex

combinations of its member.

Theorem 2.2.6 The subclass T *(%,¢) is closed under
convex combinations.

Proof. For i =1,2,...., suppose that 9, €Z*(1.9) where

[e0] [o 0]
pi@=2- % |p 12"- X lo 12" (4
n=2 ' n=2 '
Then, by Theorem 2.2.2, we gain
O nl+And-1 ® N+ i(nd-1
$ 1(n D, a3 N 1(n )|, et
n=2 -6 " n=1 -6
(42)
[e 0]
For Y ki=1, 0<kj<1, the convex combination of 9,
i=1
may be written as
0 o0 o0
Ykigj@=2- X | X kilpy;l [
i=1 n=2\i=1
(43)

2 (i ||j
n=2\i=1

Utilizing the Theorem 2.2.2, it follows that

2 @3- 2 @ n+and-0)( 2
y N@+in”-1) ”(z kilpnilj+2n( il ”(z kilo-nilj
- i=1 ' n=1 i=1 '

n=2 1-¢ 1= 1-¢ i=

® © n(+ i(n3-1) 2 n@+r(d-1),
<izlki[n§21§ lPn,i |+n21717§ lon,i Ij

0

<y kj=1
i=1
(44)

[e 0]
and therefore > kigj € Z* (1)
i=1

Now, we examine a closure property of the subclass

= * (X, 8) under the generalized Bernardi-Libera-Livingston
integral operator F(z)

1
F(2) = (7 +1)[t7 Tp(tz)dt, (7 >-1)

(45)
0
which was defined by Bernardi [7].
Theorem 2.2.7 Let p e Z*(X,¢). Then F e =*(%,¢).
Proof. Let
o0 o0
p@=2- X lp 12" X |o |7". (46)
n=2 n=2

Then

1
F(2) = (7 +)[t7 ~Tp(tz)dt
0

T lp, l@)" -
n=2

1
F(2) = (77+1)It'7_{(t2)—

§ o (tz)n]dt
0

n=2

0 0
=7- z Anzn_ Z ann
n=2 n=
(47)
n+1 n+1
where =—— and = .
An 77+n|,0n| Bn 77+n|0'n|

Therefore, since ¢ e =*(%,¢),

© 3
£ N+ —1))(;7+1| n|j+

% n@+i(n3-)( 541
)y lon

n=2 1-¢ n+n n=1 1-¢ kq+n

® © nl+(n3-1) © n+i(n3-1)
S Dkl T D/ p,l+ T ————F ol <L
t=1 t(n=2 1-¢ n n=1 1-¢ A

(48)
Thus by Theorem 2.2.2, F e 2*(%,¢).

3. Conclusion

In this study, we have discussed new subclass of harmonic
univalent bounded turning functions in the open unit.
Differential inequality of 4™-order is suggested in this work.
This inequality has been shown the coefficient condition ,
growth bounds, extreme points, convolution property, convex
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linear combination and a class-preserving integral operator.

References

[1]

[2]
(3]

(4]

[38]

[6]

[7]

J. Clunie, T. Sheil-Small, “Harmonic univalent
functions, ” Annales Academia Scientiarum Fennice
Mathematica, (9), pp. 3-25, 1984.

A. W, Goodman, Univalent functions I, Il, Marnier
Publishing, Florida, 1983.

S. Yalcin, M. Ozturk, M. Yamankaradeniz, “A subclass
of harmonic univalent functions with negative
coefficients,” Applied Mathematics and Computation,
(142), pp. 469-476, 2003.

S. Yalcin, M. Ozturk, “A new subclass of complex
harmonic functions,” Mathematical Inequalities and
Applications, (1), pp. 55-61, 2004.

R. Chandrashekar, G. Murugusundaramoorthy, S. K.
Lee, K. G. Subramanian, “Hypergeometric functions
and subclasses of harmonic mappings,” Proceeding of
the International Conference on Mathematical Analysis
2010, pp. 95-103, 2010.

J. Sokol, R. W. Ibrahim, M. Z. Ahmad, H. F. Al-Janaby,
“Inequalities of harmonic univalent functions with
connections of hypergeometric functions,” Open
Mathematics, (1), pp. 691-705, 2015.

S. D. Bernardi, “Convex and starlike univalent
functions,” Transactions of the American Mathematical
Society, (135), pp. 429-446, 19609.

Paper ID: ART20178241

Volume 6 Issue 11, November 2017

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

DOI: 10.21275/ART20178241

1496


file:///D:\IJSR%20Website\www.ijsr.net
http://creativecommons.org/licenses/by/4.0/



