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Abstract: The purpose of this paper is to introduce and study a new class of regular generalized closed sets and functions in a
topological space X, defined in terms of a grill G on X. The characterization of such sets along with certain other properties of them

are obtained.
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Introduction

It is found from literature that during recent years many
topologists are interested in the study of generalized types of
closed sets. For instance, a certain form of generalized closed
sets was initiated by Levine [6], whereas the notion of rg —
closed sets was studied by Palaniappan and Rao [7].
Following the trend, we have introduced and investigated a
kind of generalized closed sets, the definition being
formulated in terms of grills. The concept of grill was first
introduced by Choquet [1] in the year 1947. From
subsequent investigations it is revealed that grills can be used
as an extremely useful device for investigation of a number
of topological problems.

Preliminaries

Definition 2.1: A nonempty collection G of non-empty
subsets of a topological space X is called a Grill [1] if

HAeG and AcBcX=BeG and
(il)A B XandAUBeG=AecGor BeG.

Let G be a grill on a topological space (X,7). In [8] an

operator @®:P(X) —>P(X) was defined by
D(A)={xe XIUNAeG,VU er(X)}, 7(X)
denotes the neighborhood of X. Also the map

Y:P(X) > P(X), given by ¥ (A) = AUJD(A) for all
A e P(X). Corresponding to a grill G, on a topological
space (X, 7) there exists a unique topology 7 on X given
by 7o ={U < X/W¥Y(X\U) =X \U} where for any
Ac X, Y(A)=AUDA) =75 —cCl(A). Thus a
subset Aof X is 7 - closed (resp. 7 -dense in itself) if
Y(A)=A or D(A) = A (resp.
AcC D(A)).

equivalently if

In the next section we introduce and study a new class of
generalized closed sets, termed G —rg closed, in terms of a

given grill G, the definition having a close bearing to the

above operator @ . This class of G —rg closed sets will be
seen to properly contain the class of rg closed sets as

introduced in [7]. An explicit form of such a G —rg closed

set is also obtained. In section 4, we introduce and
investigate the notion regular generalized continuous
functions in grill topological spaces. Also, we investigate its
relationship with other functions.

Throughout the paper, by a space X we always mean a
topological space (X,7) with no separation properties
assumed. If Ac X, we shall adopt the usual notations
Int(A) and cl(A) respectively for the interior and closure
of Ain (X,7). Again 7, —Cl(A) and 75 —int(A) will
respectively denote the closure and interior of A in
(X, 7). Similarly, whenever we say that a subset Aof a

space X is open (or closed), it will mean that Ais open (or
closed) in (X, 7). For open and closed sets with respective

to any other topology on X, eg. 75, we shall write 7 -

open and 75 - closed. The collection of all open
neighborhoods of a point X in (X,7)will be denoted by
7(X). A subset Aof a space (X,7)is said to be regular
open [9] (resp. regular closed) if A=intcl(A) (resp.

A=clint(A).

We now append a few definitions and results that will be
frequently used in the sequel.

Definition 2.2: A subset Aof a space (X,7)is said to be
G —g closed [2] (ie. generalized closed set in grill
topological space) if ®(A) U whenever AcU and

U is openin X.

The complement of this set is called G — g open.
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Theorem 2.1: [8] Let (X, 7) be a topological space and

G be a grill on X . Then for any A,B < X the following
hold:

(@ AcB=®(A) cD(B)

(b) (AU B) = d(A)UD(B)

© D(P(A) = O(A) =cl(D(A)) =cl(A)

Definition 2.3: A subset A of a topological space X is said
to be & —closed [10] if A=&cl(A)where €&CI(A) is
defined as

&l(A) ={xe X /clU)NA=gvU er&xeU}.

Definition 2.4: A subset A of a topological space X is said
to be &—open [10] if X \ Ais & —closed.

Definition 2.5: A subset A of a topological space X is said
to be & —closed [10] if A= &CI(A) where &CI(A) is
defined as

XI(A) ={xe X /intclU)NA=¢vU er &xeU}.

Definition 2.6: A subset A of a topological space X is said
to be & — open [10] if X \ Ais O — closed.

Definition 2.7: A subset A of a topological space X is said
to be 6, —closed [4] if &l(A) U whenever Ac U and

U isopenin X .

Definition 2.8: A subset A of a topological space X is said
to be &, —closed [3] if &CI(A) U whenever Ac U and

U isopenin X .

Definition 2.9: A subset A of a topological space X is said
to be 6, — open[4] (5, — open [3]) if X\ Ais 6, -

closed(J, —closed) in X .

Definition 2.10: A function f :(X,7) — (Y,0o)is said to
be

(1) @—continuous [5] if f(V)is @—closed of (X,7)
for every closed set V of (Y, o).

(2) & — continuous if f*(V)is & — closed of (X, 7) for
every closed set V of (Y, o).

(3) 6, — continuous if f (V) is 6, —closed of (X,7)
for every closed set V of (Y, o).

(4) 6, — continuous if f V) is 64 — closed of (X,7)
for every closed set V of (Y, o).

(5) rg— continuous if f(V) is rg— closed of
( X, ) for every closed set V of (Y, o).

Definition 2.11: A function f :(X,7) — (Y,0o)is said to
be (1) & —closed [10]if f(F)is &—closed setof (Y, o)
for every closed set F of (X, 7).

(2) 0 —closed [10] if f(F)is o —closed set of (Y,o)
for every closed set F of (X, 7).

(3) &y —closed if f(F)is &) —closed set of (Y, o) for
every closed set F of (X, 7).

(4) & —closed if f(F)is &y — closed set of (Y, o) for
every closed set F of (X, 7).

(5) rgclosed if f(F)is rgclosed set of (Y,o)for every
closed set F of (X, 7).

Definition 2.12: A function f :(X,7,G) — (Y, o) s said
to be Gg— continuous if f (V) is Gg— closed of
(X, 7) for every closed set V of (Y, o).

Definition 2.13: A function f :(X,7) > (Y,o,G) s said
to be Gg — closed if f(V)is Gg— closed of (X,7) for
every closed set V of (Y, o).

3. rg—closed sets with respect to a grill

Definition 3.1: Let (X, 7) be a topological space. A subset
A of (X,7) is called regular generalized closed ( rg
closed) set [3] if cl(A) U whenever AcU and U is
regular openin X .

Definition 3.2: Let (X, 7) be a topological space and G be
a grill on X. Then the subset A of (X,7) is said to be
rg — closed sets with respect to a grill (G —rg closed) if
D(A) U whenever Ac U and U is regular open in

X. A subset Aof X is G—rgopen if X\ Ais G—rg
closed.

Lemma 3.1: Let (X,7) be a topological space and G be a

grill on X. If Aiis G—rg closed, then ®(A)is G—rg
closed.

Proposition 3.1: For a topological space (X,7) and G be a
grillon X, then the following holds:

(a) Every closed setin X is G —rg closed.

(b) For any subset Ain X, ®(A)is G—rg closed.

(c) Every 74 -closed setis G —rg closed.

(d) Any non member of G is G —rg closed.

(e) Every rg —closed setis G —rg closed.

(f) Every g —closed setis G —rg — closed.

(9) Every @ —closed setis G —rg — closed.

(h) Every O —closed setis G —rg — closed.
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Proof: (a) Let Abe a closed set and U be any regular open
setin X suchthat AcU.

Then ®(A) ccl(A)=AcU .Therefore, A is G—rg
closed.

(b) Let A< X and U be any regular open set in X such

that AcU. Then by Lemma 3.1,
D(DP(A)) c DP(A) <U. Therefore D(A) is
G —rg closed.

(c) Let Abe a 7 -closed set and U be any regular open set

in X such that AcU. Then
Y(A)=A=AUDPA)=A= DA cAcU.
Therefore Ais G —rg closed.

(d) Let A¢G and U be regular open set  such that

AcU .Then ®(A) ¢ U .Therefore A is G—rg
closed.

(e) Let A bea rg— closed set and U be a regular open set
such that AcU .Then ®(A) < cl(A) cU Therefore A
is G—rg closed.

(f) Let A bea g —closed setand U be a open set such that
AcU . Since every open set is regular open in X, then
®(A) ccl(A) cU. Therefore Ais G—rg closed.

(9) Let A bea 6@ —closed set. Then A= &l(A).

Let U be a regular open set in X such that A < U. Then by
Theorem 2.1, ®(A) < cl(A) < &l(A) cU. Therefore
Ais G —rg closed.

(h) Let A bea O —closed set. Then A= &CI(A).

Let U be a regular open set in X such that AcU. Then by
Theorem 2.1, ®(A) < cl(A) < &l(A) cU. Therefore
Ais G —rg closed.

The converse of the above proposition is not true in general
as seen from the following examples.

Example 3.1: Let X = {a, b, C}, T= {¢, {a}.{b}, {a, b}, X}
and G = {{a}, {a, C}, X} . Then (X,7)is a topological
space and G is grill on X. Then it is easy to verify that

() {a, b} is not closed but is G —rg closed.

(b) {a,c} is not 7 -closed butis G —rg closed.

(c) {a, b} is not a grill butis G —rg closed.

(d) {b} isnot g — closed butisG —rg closed.

(e) {a, b} isnot g —closed set but is G —rg — closed.

)} {a,b} is not 6 —closed set but is G —rg — closed.
(9) {a,b} is not & — closed set but is G —rg — closed.

Example 3.2: In example 3.1, the set {b} is G—rg—
closed but not Hg — closed and 59 — closed.

Remark 3.1: From the above discussions and known results
we have the following implications:

6 — closed Q;—dmm
closed —> g closed —> rg closed —> G —rg closed <— Gg — closed
O —closed O — closed.

g

Definition 3.3: Let X be a space and (¢ #)Ac X . Then

[A]:{Bg X /AﬂB¢¢} is a grill on X, called the
Principal grill generated by A.

Lemma 3.2: Let (X, 7)be a space and G be a grill on X. If

AcX is 75 - dense in itself, then

D(A) = CclD(A) = 7, —Ccl(A) = cl(A).

Proposition 3.2: In the case of principle grill [ X ] generated
by X, itis known that 7 = 74 and any rg closed is
[X]—rgclosed.

Proof: It follows from Proposition 3.1 (e).

Theorem 3.2: Let (X, 7) be a topological space and G be a
grill on X . Then for Ac X, A is G—rg closed iff
75 —Cl(A) cU,AcU and U is regular open.

Proof: Suppose A s closed.  Then

®(A) cU = AUD(A) cU.
Therefore 7, —ClI(A) U, Ac U and U is regular open.

G-rg

Conversely, 75 —ClI(A)cU,AcU and U is regular
open. Therefore AUD(A) cU = D(A) cU.
Hence Ais G —rg closed.

Theorem 3.3: Let G be a grill on a space (X,7). If Ais
7 -dense in itself and G —rg closed iff Ais rg-closed.

Proof: Let Abe 7 -dense in itself, Then by Lemma 3.2,
®(A) =cl(A). Since Ais G—rg closed, ®(A) cU
where U is regular open in X and AcU. Therefore
cl(A) cU where U is regular open in X and AcU.
Hence Ais rg-closed.
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Conversely, Ais rg -closed, cl(A)cU where U is
regular open in X and AcU. Therefore ®(A) cU
where U is regular open in X and AcU. Therefore
®(A)=cl(A). Hence A is 7y -dense in itself and
G —rg closed.

Theorem 3.4: For any grill G on a space (X,7) .The
following are equivalent.
(@) Everysubset of X is G —rg closed.

(b) Every regular open subset of (X, 7)is 7 -closed.
(c) Proof : (a)=(b) Let A be regular open in
(X,7) . Then by (a), Ais G—rg closed, so that
®(A) < A. Therefore A is 7 -closed.
(b) = (a) Let A< X and U be regular open in (X,7)
such that AcU. Then by (b), ®(U) cU.Also, AcU
= D(A) c D) cU. Therefore Ais G —rg closed.

Theorem 3.5: Let (X, 7)be a topological space and G be a
grillon X and A, B be subsets of X such that

Ac Bcz; —Ccl(A). If Ais G—rg closed, then B is
G —rg closed.

Proof: Suppose B — U and U is regular openin X .
Since Ais G —rg closed,

DA cU=7,-cl(A)cU ().
Now, A c B < 7 —cl(A) which implies
75 —Cl(A) c 75 —cl(B) c 75 —cl(A).
Therefore 7, —CI(A) =74 —cl(B).
Therefore by (1) 75 —Cl(B) cU.

Hence B is G —rg closed.

Corollary 3.1: 7 - closure of every G —rg closed set is
G —rg closed.

Theorem 3.6: Let G be a grill on a space (X,7)and A,B
be subsets of X such that Ac B < ®(A).If AisG—rg

closed, then A and B are rg closed.
Proof: Let Ac B < ®(A).Then Ac B cr—ClI(A).By
Theorem 35, B is G-rg closed. Again

Ac B C O(A) = D(A) < D(B) < D(P(A)) < D(A).
This implies that ®(A) = @(B). By Theorem 3.3, Aand
B are 7 - dense in itself. Therefore A and B are rg

closed.
Theorem 3.7: Let G be a grill on a space (X,7).Then a

subset A of X is G—rg open iff F < zs—Int(A)
whenever FcA and F is closed.
Proof: Let A be G —rg open set and F < Awhere F is

closed. Then X\Ac X\F. This implies that
DO(X\VA) cD(X\F)=X\F.

Hence 75 —CI(X\A)c X\F  which  implies
F <z, —int(A).

Conversely, (X \ A) cU whereU is openin (X, 7). Then
X\U < 7 —int(A). Therefore Ais G —rg open.

4. G=r9 continuous and © ~"9closed function
Definition

f:(X,7,G) > (Y,0)

4.1: A function is said to be

-1
G-rg continuous  (resp. rg continuous) if [\ is

G-rg open (resp. rg open) foreach V € o .

Remark 4.1:
(a) Every continuous function is rg continuous.

(b) Every rg — continuous function is G — rg continuous.

Example 4.1: Let X = {a,b,c,d}

7=1{4,X,{aj, {bj {a,b}, fa.b,cjj

G ={{a}{c}.{a,c},{a,b},{o,c}, X} we definea
function f :(X,7,G) — (Y, o) as follows

f(a)=c, f(b)=d, f(c)=aand f(d)=Db. Thenitis
easy to see that f is G —rg — continuous but not

continuous. Also f is G —rg— continuous but not rg—
continuous.

Remark 4.2: Every €— continuous function is G —rg
continuous.

Example 4.2: From Example 4.1, it is easy to see that f is
G —rg — continuous but not @ — continuous.

Remark 4.3: Every O — continuous function is G —rg
continuous.

Example 4.3: From Example 4.1, it is easy to see that f is
G —rg — continuous but not ¢ — continuous.

Example 4.4: From Example 4.1, it is easy to see that f is
G —rg— continuous but not &g — continuous, &3 —

continuous, Gg — continuous.

Remark 4.4: From the above discussions and known results
we have the following implications:

60— cont.

\ \

cont — g cont. — rg cont. — G —rg cont. <— Gg — cont.

6’9 — cont.
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0 T

5 — cont.

o — cont. g

Here cont. indicates continuous.

Theorem 4.1: For a function f :(X,7,G) — (Y,o) the
following are equivalent:
a) fis G—rgcontinuous.

b) The inverse image of each closed set in Y is G—rg
closed.
c) For each Xe X and each V € o containing f(X),

there exists a G — rgopen set U containing X such that
f(U)cV.

Proof: (a) < (b) It follows from the definition.
@) =(c) Let V e and f(X) €V. Then by (a) f (V)
is G —rg open set containing X. Take f (V) =U, we
have XxeU and f(U) V.

(c) = (a) Let V be any open set in Y and X € f (V).
Then f(X)€V €o and hence by (c) there exists a
G —rg open set U containing X such that f(U) V.

Now, X eU < W(intU) < W(int f *(V)). This shows
that (V)< P(int f *(V)). Therefore f is G —rg

continuous.

Theorem 4.2: A function f:(X,7,G)—(Y,o) is
G —rg continuous iff the graph function

g: X — X xY defined by g(x) = (x, f(X))for each is
G — rg continuous.

Proof: Suppose that f :(X,7,G) —>(Y,o)is G—-rg
continuous. Let X € X and W be any open set in X xY
containing g(X). Then there exists U € 7and V € o such
that g(X) = (X, (X)) eU xV <W. Since fis G—rg
continuous, there exists a G—rg open set G of X
containing X such that f(G) <V,GNU is G —rg open
and g(GNU)cUxV cW. Therefore g is G—rg

continuous.

Conversely, suppose that g is G —rg continuous. Let
X € X and V be any open set in Y containing f (X). Then
X xVis open in X xY and by G —rg continuity of g,
there exists a G —rg open set U containing X such that
g(U) < X xV.Thus we have, f(U) V. Therefore f
is G —rg continuous.
Definition 4.2: Let

(Y,0,G) be a grill topological space. A function
f:(X,7) > (Y,0,G)is said to be G —rgopen (resp.

(X,7) be a topological space and

G —rg closed) if for each U € 7 (resp. closed set U in
(X,7)), T(U)is G—rg open (resp. G —rg closed) in
Y,o0,G).

Remark 4.5: Every rg closed function is G —rg closed.

Example 4.5: From Example 4.1, it is easy to see that f is
G —rg closed function but not rg closed.

Theorem 4.3: Let f:(X,7)—>(Y,0,G) be G-rg
open function. If V is any subset of Y and F is a closed
subset of X containing f'(V), then there exists a
G —rg open set Hin (Y,o,G) containing V such that
f*(H)cF.

Proof : Suppose that f is G —rg open function. Let V be
any subset of Y and F is a closed subset of X containing
f (V). Then X \F is open in (X,7) and hence by
G —rg openness of f, f(X\F)is G - open. Thus
H=Y\f(X\F)is G—rg closed and consequently
f (V) < F which implies that V. < H.Further we obtain

f(H)cF.

Theorem 4.4: For any bijection f :(X,7) —(Y,o,G)
the following are equivalent.

@ f':(Y,0,G) = (X,7)is G—rg continuous.

(b) fis G—rg open

(c) fis G—rg closed.
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