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1. Introduction

In measure theory, several types of convergence were
introduced for sequence of measurable functions on a
measure space and some basic relations among these types
were established [3].

In the proof of the theorem (9) we need thatu is countably
weakly null-additive because as is well known, sugeno's
fuzzy measure loses additivity in general therefore if
u(4,) = 0forall

nZl:,u(UAn>=0,{An}CT

n=1
Fuzzy measure generalization of measure theory. This
generalizationis obtained by replacing the additivity axiom of
measure theory with weak axiom of monotonicity and
continuity [1]

The fuzzy measure, defined on o-field, was introduced by
Sugeno [20]. Ralescu and Adams [21] generalized the
concepts of fuzzy measure and fuzzy integral to the case
that the value of a fuzzy measure can be infinite, and to
realize an approach from Subjective.

Jun Li [4] study order continuous and strongly order
continuous of monotone set function and convergence of
measurable functions sequence

Jun Li, Masami Yasuda, Qingshan Jiang, Hisakichi Suzuki
and Zhenyuan Wang [2], Deli Zhang and Caimei Guo [5],
studied some Convergence of sequence of measureable
functions on Fuzzy measure spaces and generalized
convergence theorems" obtained a series of new results.

After that, many authors studied Convergence of sequence of
measureable functions on Fuzzy measure spaces and proved
some results about it asG. J. Klir [6, 7], Jun Li, Radko
Mesiar, Endre Pap and Erich Peter Klement [8], L.Y. Kui[9],
L.Y. Kui and L. Baoding [10],

In this paper, we mention the definition of Fuzzy Measure on
Fuzzy Set and study three types of convergence of sequence

of fuzzy measurable functions defined on fuzzy sets; the
concepts of "almost” and

"Pseudo" are introduced also too the

Convergence almost everywhere,

Convergence in fuzzy measure and almost uniformly
convergence and get on some new results about them.

Definition (1): [17, 18]
Let © be anon empty set, a fuzzy set A in Q(ora fuzzy subset
inQ) is a function from Q intol, i.e. A€I®. A(x) is
interpreted as the degree of membership of element x in a
fuzzy set A for each x € Q. a fuzzy set A in Q is can be
represented by the set of pairs:

A={(x,A(x)):x€Q}
Note that every ordinary set is fuzzy set, i.e. P(Q) < I?.

Definition (2): [11, 12]

A family F of fuzzy sets in a set Q2 is called a fuzzy
o —field on a set 2 If,

1) ¢,0 €F.

2) IfA € F, thenA° e F.

3) If{4,} c F,n=1,2,3,...then U_, A, € F.

Evidently, an arbitrary o —field must be fuzzy ¢ —field. A
fuzzy measurable Space is a pair(Q, F), where 2 is a set and
F is a fuzzy o —field on Q. a fuzzy set A in Q is called fuzzy
measurable (fuzzy measurable with respect to the fuzzy
o —field) if A € F, i.e. any member of F is called a fuzzy
measurable set.

Definition (3): [13]

Let(Q,F)be a fuzzy measurable space. A set function
u: F — [0, 0] is said to be a fuzzy measure on (Q, F) ifit
satisfies the following properties:

(1) u(@)=0

(2)IfA,B € Fand A € B, then u(A) < u(B)

Definition (4): [14]

Let (Q,F) be a fuzzy measurable space. A set function

u: F — [0, o) is said to be

1. Exhaustive if

u(4,)) — 0whenever {4, }is infinite sequence of disjoint
setsin F
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2. Order-continuous  if u(4,,)) — 0,
n=1,2,..and 4, | 0.

whenever4,, € F,

Definition (5): [14, 15]

Let (Q,F) be a fuzzy measurable space. A set function
w:F — [0,00) is said to be Null-additive, if u(AU B) =
u(A) whenever A,B € F suchthat An B = @,andu(B) =
0.

Definition (6): [1]
Let (Q,F) be a fuzzy measurable space. A set function
u:F — [0, 00) is said to be weakly null-additive, if for any
A,BETF,

pu(A) =puB)=0=pu(AUB)=0

Remark (70):

The concept of null-null additive stems from a wings
textbook which the book[1] derived from, in which it is said
to be weak null additive. But we consider that it is more
precise and vivid to call it "null-null additive"

Definition (8): [16]

Let (Q,F) be a fuzzy measurable space. A set function
u:F — [0, 0) is said to be Countably weakly null-additive,
if forany {A,} c F,u(4,) =0

,foralln > 1=>y<UAn> =0

n=1

Definition (9): [16]

Let (Q,F) be a fuzzy measurable space. A set function
u:F —[0,00) is said to be  Null-continuous,
if u(Uy—; A,)) = 0 for every increasing sequence {A,} in F
such that u(4,) = 0,foralln > 1.

Definition (10): [19]

Let (Q,F) be a fuzzy measurable space. A set function
u:F — [0, 0) is said to be

Autocontinuous from above (resp.

autocontinuous from below), if u(B,) —» 0 implies u(A U
Bn—-u(A4)(resp.

u(AnB¢,) - u(A), wheneverA e F {B,}c F, p is
called autocontinuous if it is both autocontinuous from
above and autocontinuous from below.

Definition (11): [14]

Let C(2) be the collection of all real valued functions
defined onaset2. Let f,f, e C(2),ne Nand A c ., we
say that

1- {f.} converges point wise to f on A4, if for every
x € A and for every € > 0 there is k € Z* such that|f, (x) —
JS(x)<e forall n>£.

We write lim,,_, f,,(x) = f(x) or f, = f on A.

2- {f.} Uniformly convergent to f on A, if for every
e > 0 there is k € Z* such that |f,(x) — f(x)| < e for all
n > kandall x € A.

We write £, (x) if(x) on A.

It is clear that every uniformly convergent sequence is point
wise convergent, but the convers is not true.

3- {f.} is point wise Cauchy sequence on A4, if for
every x € A and for every £ > 0 there is k € Z* such that
Ifin(x) = firn ()| < € forall n,m > k, we write f;, p.c on A.

e This has meaning only If f,:2 — R is finite valued,
because R is complete it is clear that if {f,,} is a Cauchy
sequence point wise on (2, there must be on f: 2 — R such
that £, —» f on Q.

4-  {f,}is a uniformly Cauchy sequence on A4, if for every
e > 0 there is k € Z* such that |f,(x) — f,, (x)| < € for all
n,m >k and all x € A. We write f;, u.c.on A.

Definition (12): [1, 19]

Let (Q, F, ) be a fuzzy measure space, let f, f,, € C(£2),n €
N and let A € F, we say that

(1) {f.} Converges almost everywhere to f on A, denoted

by f, a—'e>f on A, if there is a subset B < A such that
u(B)y=0and f, - fonA/B.

(2) {f,} Converges pseudo almost everywhere to f on A4,
denoted by f, mf on A, if there is a subset B € A
such that u(A/B) = u(A) and f,, - fon A/B.

(3) {f,} converges almost uniformly to f on A, denoted by
fnﬂf on A, if there is a sequence {4,} in F with

lim,, ., #(4,,) = 0 Such that f, if on A/A, for any
fixed n=1,2,..
(4) {f,} converges pseudo almost uniformly to f on A,

denoted by f, Iﬂf on A, if there is a sequence {4,,} in
F with
Lim,, ., #(A/A,,) = u(A) Such that
fn ifOnA/An for any fixed
n=12.. .
(5) {f.} convergence in measure to f on A, denoted by

fuSf on A, i limy, e u(fx € :1f,(0) — FQ)] =
£}nA=0for each £>0.

(6) {f,.} convergence pseudo in measure to f on A, denoted
by £, =5 £ on A, if lim, o, p({x € Q: |f, () — f(O)] <
£fnNA=uAfor each £>0

note that, in the above definitions, when 4 = Q we can omit

"on A " from the statements.

2. Main Results

Lemma (1): [1]

Let (Q,F) be a measurable space. if u: F — [0, o] is a non-

decreasing set function, then the following statements are

equivalent :

(1) wis null additive

(2) u(A U B) = u(A)Whenever A, B € F andu(B) = 0.

(3) u(A/B) = u(A)Whenever A,B € Fsuch that BC A
andu(B) = 0.

(4) u(A/B) = u(A)Whenever A4, B € F andu(B) = 0.

(5) L(AAB) = u(A)Whenever A, B € F andu(B) = 0.

Theorem (2):
Let (Q,F, ) be a fuzzy measure space such that p is null
additive, let

fifn €EC2),neNand letA e F, if ﬁ1a—'e>f on A then f,
riifonA.

Proof:

Since f, = f onA, then there is a subset B < A such that
u(B) =0and f, - fonA/B.
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Since p is null additive, hence

u(A U B) = u(A), whenever A,B € F such that AnB =
@and u(B) =0
By using lemma (1), we get on

u(A/B) =

Consequently
p.a.e
fon— f ONA.
Theorem (3):
Let (Q,F,n) be a fuzzy measure space such that pis
autocontinuous from below, let f,f, € C(2),n € N and
letAeF,if f, a—'ifonA then f;, EfonA.
Proof:
Since f, a—'if on A, then there is a subset B € A such that
u(B) =0and f, - fonA/B.
Since pis autocontinuous from below, hence
lim, ., u(A/A,) = u(A), whenever
A€EF,A, €F,A, CAn=1,2, .andlim,_ , u(4,) =0
Take B = 4, ,n=1,2,..., we have
#(B) = lim p(4,) =0
= u(A/B) = lim u(A/4,) = u(4)
Consequently
p.a.e

fn — f On A.

(AU B) = pu(4)

Theorem (4):
Let (Q,F, ) be a fuzzy measure space, let f, f,, € C(2),n €

N and let A € Fif f, a—'if on Aand f, zﬂf on A.Theny is
order continuous and autocontinuous from below

Proof:
. a.e p.au
Since f, — fon Aand f, — f on A.

Since f, = f then there is a sequence {4,,} be a sequence
of setsin F

With lim,, ., u(4,) =0,

i.e. u(4,) — 0,asn -» o

Therefore A, L @

Consequently pis order continuous

To prove p is autocontinuous from below

LetA € F,{A,} be a sequence of sets in F with A, € A

Through f, i f on A, we have
lim u(A/A,) = w(A)
Which is p is autocontinuous from below.

Theorem (5):

Let (Q, F, w) be a fuzzy measure space,

f.fi€C),neN and letAeF such
thatlim,, ., L(AAA,,) = u(A), whenever {4,} is a sequence

of sets in F withlim,_, u(4,) =0, if fnﬂf on A
then £, ﬂf on A.

Proof:
Since f, = f on A, then there is a sequence {4,,} in F with

lim,,_,., u(A,) = 0 such that f, if on A/A, for any fixed
n=12,..
Since lim,,_,,, n(AAA,) = u(A), we have
ANA, €Fand u(AnA4,) <ul4,)
So we have
limu(AnA,) =0

n-—-oo

and therefore, by the condition given in this theorem, we
have
lim p(A/A,) = lim p(AA(A N A,)) = u(A)
n—-oo n-—-oo
Consequently
p.au
fon— fon A

Theorem (6):
Let (Q,F, ) be a fuzzy measure space, f, f, € (C(!)) neN

and IetA € Fsuch that u is exhaustive, if f, —>f on A
then f;, 5 fonA.

Proof:
au
Since f, i f on A, then there is a sequence {4, }of sets
u
in F with lim,_. u(4/A,) = u(A) such that f, - f on
A/A, forany fixedn =1,2, ..
Since u is exhaustive, let {4,} is
A pairwise of disjoint sequence inF, with lim,, ., u(4,) =
0
Consequently

au
fn— fONnA.

Theorem (7):

Let (Q,F, ) be a fuzzy measure space, f,f, € C(2),n €N
and let A € Fsuch that u is null additive, for any decreasing
sequence {4, }of sets inF for whichlim,_. 1(4,) =0, if

au p.au
fn — fonAthen f, — f on A.

Proof:
Since f, i f on A, then there is a sequence {4, }of sets in

F with lim,,_,, u(4,) = 0 such that f; 5 fonA/A, forany
fixedn=1,2,..
Since

azant ar( )4
n=1

M(ﬁ Ap) =0

By using lemma (1)continu=ity of u, it follows that
lim (A/A,) = lim p (A/(ﬂ An>> = u(A)
n=1

Consequently

and

p.au
fn — f onA.

Theorem (8):
Let (Q,F, n) be a fuzzy measure space such that u is weakly
null additive, let f,f, € C(2),n €N and letA e F, if

fna—'e)fonAthenfnifonA.

Proof:

Since f, = f on A, then there is a subset B in F such that
u(B) = 0and forany x € B lim,,_, f,,(x) = f(x)
Foranye >0
Since
{xeQ|f,(x)—f(x)| =e}nA < BU{x
EQ|f,(x) —f()=€e}nA

By monotonicity and weakly null additive, we have
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n{x € Q: () = f(X)[ =2 eJNA) > 0 as n >
Consequently f, 5 fonA.

Theorem (9):
Let (Q,F,n) be a fuzzy measure space such thatpu is
countably weakly null-additive, let f, f,, € C(2),n € N and

letAeF,if f, a—'if on A then
(1) f, isaCauchya.e.

(2) If g is real —valued measurable function and f, a—'ig
thenf =ga.e.
(3) If g is real —valued measurable function such that f =

g a.ethen f, = g.
(4) If {g,} is a sequence of real —valued measurable

functions such thatf, = g,, a.e for each n theng, = f.
(5) If g,{g,,} is a sequence of real —valued measurable
function such that

frn = 9n a.eforeachnandf=ga.ethengnﬁg.

Proof:

(1) Since f, gf on A, then there is a subset B < Asuch
that

u(B) =0 and f,(x)—> f(x)for all x € A/B = f,(x)is
Cauchy sequence for all x € A/B = f, is Cauchy a.e.

(2) Since f, — f on A, then there is a subset B € Asuch
thatu(B) =0and f,(x)—— f(x)forall x € A/B

Since f, = g onA, then there is a subset C < Asuch that
u(C)=0and f,(x)— g()forall x € A/C
LetD=BuUC

- u(D) = u(B U C), Whenever
uB)=0,u(C)=0

Since u is countably weakly null-additive, we have
u(D)=0foranyx € A/D
= lim f,(x) = f(®), lim f,(0) = g(x)
So f(x) =g(x),forallx & D
= f=ga.e.

(3) Since f, ‘if on A, then there is a subset B € A such
thatu(B) = 0 and f,,(x)—— f(x)forall x € A/B

Since f =ga.e then there is a subset C £ A such
thatu(C) = 0 and
fx) =gx)forallx e A/C

LetD=BUC

= u(D) =pu(BUC)
Since u is countably weakly null-additive, we have
u(D)=0foranyx € A/D
= lim f,(x) = f(x) = g(x)

So lim,_,, f,(x) = g(x) forall x ¢ D

Consequently

ﬁl - g a.e

(4) Since f, — f on A, then there is a subset B € A such
thatu(B) = 0 and f,—— fon A/B

Since f, = g, a.e then there is a sequence {B,} such
thatu(B,) = 0 and
frn(x) = g, (x)forall x € B,

Let
D=BUCU<UBn>

n=1

= u(D) = u (Bu@u(UBn)

n=1

Since u is countably weakly null-additive, we have
uD)=0forallx ¢ D

= lim,, _,,, gn (%) =nlgrclm fix) =f(x)forallx ¢ D

= g,(x) - f(x) forallx ¢ D

Consequently

Gn = f. Y

(5 Since f, — f onA, then there is a subset B € A
such thatu(B) = 0 and f, (x)—— f(x) forall x ¢ B

Since f, = g, a.e for eachn then there is B, < A such
thatu(B,) = 0 for all n and f,,(x) = g, (x)forall x ¢ B,
Since f = ga.e, then there is a subset C € A such
thatu(C) = 0 and
fx)=gx)foral x&C

Let
D=BUCU<UBn>
n=1
=uD)=u BUCU<UBn>

n=1
Since u is countably weakly null-additive, we have
u(D)=0forallx ¢ D
 limy, e, g(x) = lim £,(x) = f(x) = g(x) forall x ¢ D
= gn(x) » g(x) forallx € D
Consequently
a.e

In — 9.

Theorem (10):
Let (Q,F,n) be a fuzzy measure space such thatu is
countably weakly null-additive, let f,,g,,.f,g € C(2),n €

NandletA € F, C € Rif £, =5 fand g, — g on 4 then
) c.fn—éi.z.
@ fatgn—>ftg
@) Il = If1
(4) If f, = g, a.e forall n, then
f=g ace.

Proof:

D Since f, Cf;f , then there is a subset B < A such
that u(B) =0 and f,(x)—— f(x)for all x € A/B then
c.fhx)—c.f(x)allx € A/B

=c.f, = c.f.
(2) Since f, = f onA, then there is a subset B € A
such that u(B) = 0 and f,,(x)—— f(x)forall x € A/B

Since g, = g on A, then there is a subset C < A such that
u(€)=0and g,(x)—> g(x)forallx € A/C
LetD=BUC
= u(D) =puBUCl)
Since u is countably weakly null-additive, we have
u(D) =0foranyx € A/D
= f,(x)—> f(x)andg, (x)—> g(x) forallx ¢ D
So f,(x) + g, (x)—> f(x) + g(x),forall x ¢ D

a.e
S htgoftg
3 Since f, — f onA, then there is a subset B € A
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such thatu(B) = 0 and f,(x)—— f(x)forall x € A/B
= |f,(x)|——> |f(x)| forall x € A/B

SIS
4) Since f, — f onA, then there is a subset B € A
such thatu(B) = 0 and f,, (x)—— f(x) forall x € A/B

Sinceg, = g onA, then there is a subset C € A such
thatu(C) = 0 and

Gn(x)— g(x) forallx € A/C

Since f,, = g, a.e for each n then there is a sequence {B,}
such that

u(B,) = 0Andf, (x) = g,,(x)forall x ¢ B,

Let
D=BUCU<UBH>

n=1

— u(D) = u BuCu(UBn>

n=1
Since u is countably weakly null-additive, we have
u(D) =0Forall x ¢ D
~ f(x) = limy e f(x)and
lim,_, fr,(x) = lim,_,,, g,(x) =g(x)Forallx ¢ D
= f(x) =gx)Forallx ¢ D
Consequently
f=ga.ce.

Theorem (11):
Let (Q,F,n) be a fuzzy measure space such thatu is
countably weakly null-additive, let f,,g,,f,g € C(2),n €

Nandletd € F, C € Rif f, = f and

(1) ff,=0a.ethenf>0a.e.

(2) Iff, < ga.eforeachn then
f<ga.e.

(3) IfIf,] <lg| a.e then

If1 <lglae.
(4) Iff, < fuy1a.eforeachn,thenf, Tf a.e.

(5) Iff, = f, g, =g and
fan=9gna.ef,=0aeThenf 20a.eandg = 0a.e.

Proof:

Sincef, gf, then there is B <€ Q such that u(B) =0
andf, (x) - f(x) forall x ¢ B

(D Since f, = 0 a. e for each n, then there is B, S Q
such that u(B,) = 0Andf, (x) = 0 forall x ¢ B,

Let
D=BuU (UB”>

n=1

= u(D) =pu BU(UBn>

n=1
Since u is countably weakly null-additive, we have
u(D) =0forallx ¢ D
= f(x) =lim,_, f,(x) = 0Forallx ¢ D
Therefor
f=0a.e.

(2) Since f, < g a.e
=g—- f,=20ae,

Since f, = f

=g-fho9-f
By(1)g—f =0 a.e
= f<gae

3 Sincefna—'if, from theorem (10), we have|f;|

= |fl
Since |f,| < |g| a.e by (2), we get on

Ifl < lglae
4) Since  f, < f,i1a.e for eachn, then there is
A, < 2 such that u(4,) =0and f,(x) < f,,+1(x) for all
x & A,
Let

= u) =p BU(UAn>

n=1
Since u is countably weakly null-additive, we have
u(D) = 0Forallx ¢ D

Implies £, (x) T f(x) and £, (x) = f(x)

Hence

fLTf ae.
(5)  Since f, = f, g, — g and
fn = g, a.e, then by (4) from theorem (10), we get on
f=gae
Since f,, = 0 a.e then by (1)

= f>0a.eandg>0a.e

Theorem (12):
Let (Q,F,n) be a fuzzy measure space such thatu is
countably weakly null-additive and continuous from below

atA,letf,f, eC(2),neNandletA e F,if f, ﬂf then

1)  ff,Sgtenf=gae.
(2) Iff=ga.ethenfnﬂ>g.
(3) If f, = g, a.e foreach n theng, ﬂf.
(4) If f, = g,, a.e for each n and
au

f=ga.eThen g, — g
Proof:
(D Since f;, = f , then there is a sequence of sets {A4,,}

in Fwith lim,_,., u(4,) = O0such that f, if on A/A, for
any fixedn =1,2,...

Sincefngg, then there is sequence of sets {B,} in

Fwithlim,,_,,, n(B,) = 0 such that f, 5 f on A/B, for any
fixedn =1,2,...
Since u is continuous from below at A, we have

A= u@ = lim wcay)
n=1

B:UB’n

= u(B) =nzliirg u(By)
~u(d)=uB)=0

Take

Let

ZD=@uB
= u(D) = u(AUB)
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Since u is countably weakly null-additive, we have
u(D) = OForall x ¢ D, and
frn(x) = f(x), f,(x) = g(x) uniformly forany x ¢ D
Since u(D) = O forallx ¢ D
= f(x) = g(x) forany x ¢ D
~f=ga.e.
(2) Since f, 5 f ., then there is a sequence of sets {4, }
in Fwith lim,,_,., p(4,) = 0such that f, if on A/A, for
any fixedn =1,2,...

l.e.f,,(x) = f(x) uniformly for any
x €A/A,.
Since f =ga.e, then there is subset B < Asuch

thatu(B) = 0 and

f(x)=gx)forall x € A/B
Let
B, =0, Foralln>2
Bl = B,Bz = @,33 = Q,
U B,=B
n=1 -
= uB)=u (U Bn>
n=1
U Bn> =0
U
Let
p, = Janud o

n=1
Where {D,, } be a sequence of sets in F

lim u(D,) = ((U AU (0 Bn))
=1 =1

Since pis continuous from below at A, we have
A=, w = limuca)
nd) = 0

= u() = u(|_Jan
=1

=u (U An> =0
n=1

= limu(D,) = u(AUB)
Since u is countably weakly null-additive, we have
lim,, L, u(D,) = 0 foranyx € D,
fr(x)—> f(x) = g(x) Uniformly forany x & D,
Therefore

. h—e
3 Since f, — f , then there is a sequence of sets {4,,}
in Fwith lim,_,., u(4,) = 0such that f, if on A/A, for
any fixedn =1,2,...
l.e.f, (x) = f(x) uniformly forany x € A/A,

Since f, = g, a.e for each n, then there is a sequence {B,}
in Fsuch that

#(B,) = 0Andf, (x)

Let . .
o, = Janu( Js
n=1 n=1

= g,()forall x € A/B,

Where {D, } be a sequence of sets in F

lim p(D,) = ((U AV (O Bn))
-~ ~

Since p is continuous from below at A, we have
[ee)

A= UAn and p(4) = lim u(A,)
n—-oo

n=1

= u(@) = (| Ja =0

n=1
Since p is countably weakly null-additive, we have
u(B,) =0,foralln>1

:M(UB)zo
lim (D, = u((UAn) v (U B ))

Since u is countably weakly null- addltlve we have
lim,,_,., u(D,) = OFor any x & D,

9n (x) = f,,(x)—— f(x) Uniformly for any x ¢ D,
Therefore

=g, f
4) Since f;, 5 f , then there is a sequence of sets {4,,}

in Fwith lim,_. u(4,) = Osuch that f, if on A/A, for
any fixedn =1,2,..

l.e.f,,(x) = f(x) uniformly for any x € A/A,

Sincef, = g, a.e for each n, then there is a sequence {B,}
in Fsuch that

u(B,) = OFor each n and

frn(x) = g, (x)forall x € A/B,

Sincef = g a.e, then there is C < Asuch that u(C) = 0 and
f(x) =g(x) Forallx € A/C

LetC, = @, forall n > 2
C1 = C,Cz = @,63 = ®,

Ucn=c

n=1
[oe]

= u(| Je =u©
n=1

H(O c,)=0
n=1

Let

Where {D,,} be a sequence of sets inF

lim u(D,)) = ((U 4,)U (U Ca) U (U Bn)>

Since p is contlnuous from below at A, we have

U Ap = A,u(A) = lim p(A,)
n=1

= (| |40 =)
n=1
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M(UA )=0

Also pcountably weakly nuII addltlve this mean
u(B,) =0,foralln>1

—u(Ja)-o

n=1

nngl u(D,) = u(A ucu (U Bn))

n=1
Since is pcountably weakly null-additive
= lim,,_,,, W(D,)) = OForany x & D,

and g, (x) = f,(x)—> f(x) = g(x) Uniformly for
any x € D,
Therefore
9n (x)—> g(x) Uniformly for any x ¢ D,
= On = 9.

Theorem (13):

Let (Q,F,n) be a fuzzy measure space such thatu is
countably weakly null-additive and continuous from below
atA, let f,,9,.f,. g €C),neNand letAeF, CeR if

fnﬂfandgnﬂgthen
(1) c.fng(é.[.
@ fitg.—f+g
@ 1l >IfI.

Proof:
¢)) Since f;, it f , then there is a sequence of sets {4,,}

in Fwith lim,,_,., p(4,) = 0such that f, if on A/A, for
any fixedn =1,2,...
l.e.f,, (x) = f(x) uniformly for any x € A/A,

a.e
=c.f,ocf.

(2)  Since f, Sf
{4,.} in Fwith

lim,, 0 u(An) = 0 Such that f; if on A/A, for any fixed
n=12,.

le.f,(x) — f(x) uniformly for any x € A/A,

Since gn—>g , then there is a of sets {B,} in

Fwithlim,,_,., u(B,) = 0 such that g, 5 gon A/B, for any
fixedn =1,2,..
l.e.g,, (x) = g(x) uniformly for any x € A/B,

Let
D, —(UAn)u(UB)

Where {D,,} be a sequence of sets in T

= lim (D, )—u<(UA )u(UB ))

n=1

Since pis contlnuous from below at A, we have

U Ay = A,0(A) = lim u(a,)
n=1

u(QM) =

then there is a sequence of sets

wl B = lim ) =0

n=1
= lim p(D,) = u(A v J Bn)>

Since is pcountably weakly nuII—additi\;le_

= lim,,_,., W(D,)) = OForany x ¢ D,,

And f,(x)—— f(x), g,(x)—> g(x) uniformly for all
x & D,

So f,(x) + g, (x)—> f(x) + g(x)uniformly for all x ¢ D,,

= fit+ g, f+g.
3 Since f, — f , then there is a sequence of sets {4,,}
in Fwith lim,_,, u(4,) = 0such that f, - f on A/A, for
any fixedn =1,2,...
l.e.f,,(x) = f(x) uniformly forany x € A/A,
So |f,, () |—= |f (x)| uniformly for any x € A/A,

“Afl = If1.

Theorem (14):
Let (Q,F, ) be a fuzzy measure space, let f, f,, € C(2),n €
N and let A € Fsuch that u is countably weakly null-additive

and continuous from below at A, if f, 5 f then
(1) Iffnigthenfzga.e.

(2) If f = ga.ethenfnig.
3) Iffn gn a.e for all nthen

Gn > f.
Proof:
(1) Givenany ¢ > 0, define
B={xeQ|f(x)—gx)|=¢e}nA

B, = {x € Q:1f, () — FOOI Zg}nA

G ={xelf)—g@I=} na
Since

lf () =gl < £ (x) = FOI + 1/ () — g ()]
This implies that

B € B,UC, = u(B) < u(B,UC,)
Since f, 5 f,f, > g
= u(B,) — 0,u(C,) = 0asn—> o
Since u is countably weakly null-additive, we have
u(B,UC,) — 0asn —» oo
Therefore u(B) — 0asn — o

N(foo—g) =xe(f -9k T 0}
-U {x € QIf(x) — g Z;}OA

>u(Nf-9)=0=f=gae
(2) Since f=ga.e= there exists B €F with
u(B) =0and f(x) # g(x) forall x € B forany € > 0, we
have
xe|ff(x)—gx)|=ctnA
cBU({x € Q:|f,(x) — f(x)| = e}n A)
s ux e Qilf,(x) —g()| = e} A)

< u(BUx € Q:1f;(x) — f(x)| = e} n A)
Since f;, if then
p({x € Qilf, () — f() = e} nA)=0,u(B) =0
Since uis countably weakly null-additive, we have

= u{x e Q|f,(x) —gx)| =e}nA) > 0asn -
=f5g.

3 Since f,, = g,, a.e for all n, then there exists 4,, € F
with u(4,) = 0and f,(x) # g,(x) forall x € 4,
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Since u iscontinuous from below at A, we have
[ee]

a=|Ja, v = lim uca,)
n=1

= u(4) =u (EJAn)

n=1
Since u is countably weakly null-additive
= u(4) = 0,forany € > 0,
we have
C=({xeQlg,(x) - f(x)| = e}nB)

G = (fr € Q:1f,(0) = fGOl 25 B)

D, = ({x € 0:1g,(0) = £, ()] 2 5} N B)
Since

192 () = FOI < 1 G6) = FOOI + g0 () = £ ()]
= C < (,UD, = u(C) < u(C,Ub,)

since £, > £, fu = gn
= u(C,) — 0,u(D,) — 0asn - o
Since u is countably weakly null-additive, we have
u(C,UD,)) —» 0asn— »
Therefore u(C) — 0asn - o
= g, > f.
Theorem (15):
Let (Q,F, n) be a fuzzy measure space such that u is weakly
null-additive, let f,f, € C(2),neN and letA eF, if

fo>f.9, > gC ER then
Q) of, Scf
n
2) Il = IfI
Proof:

@ Thisisclearifc = 0,ifc # 0,lete > 0.
Since f; if and

{x € Q:lc. f,(x) —c. f ()] ng} NnA)

= (fre @m0 - @iz }na)

el
This implies that ’
u({x € Q:lc. f, (x) — c.];(x)l >clnA)
= u({x EQ|f,(x)—fX)] = H}DA) —»>0asn—- o
So that

. fn 5 c.f
(2) Since

1Ol = IF ] < 1/, (x) = F(0)I
This implies that
re|ll-If@I2en4
Cxe|fi(x)—f|zenA
Since f, if SO
p{x e I = If@)I|=e}jnAd) > 0asn-> o
Therefore

ful S1F1.
Theorem (16):
Let (Q,F, n) be a fuzzy measure space such that u is weakly
null-additive, let f,g,f., 9, € C(2),n €N and letA € F,

suppose that f, + g, 50 whenever fn 50 andg, 5 0,
then p is autocontinuous from below

Proof:
Let {4,} be a sequence withlim,,_ 1(4,) = 0, given any
e>0

Suppose p is not autcontinuous from below
Take lim,,_,,, (AU A4,) >0
There is no loss of generality 4,4, e FandAn A, =0

(0 ifx g A
S () = {1 ifx €A
and
(0 ifxeA,
gn(x) = {1 ifx € A,
Thenf, 50 andg, 5 0, thus

fot Gn =
So f, + 9gn 50
lim p(AU 4,)
n—-oo
= lim p({x € Q: £, (x) + gu ()| 2 €} n A) = 0

= lim p(AV 4,) =0
n—-oo

Which is contradiction with assumption that lim,,_,., u(4A U
An)>0

Consequently
w is autocontinuous from below

{0 ifxg AUA,
1  ifxeAuUaA,

Theorem (17):
Let (Q,F,n) be a fuzzy measure space such thatpu is
countably weakly null-additive, let f, g, f,, g, € C(2),n €

N and letA € F, suppose that f, + g, 50 whenever
fn 5o andg,, 5 0, then p is null continuous.

Proof:
Let 4, = {x €Q:If,(0)] = g} nA

A, = {x € Q: g, ()] Zg}nA

Az = {xue Q: |fn(x) + gn(x)l >gnA
Since f,, - 0, g, = 0 andf,, + g,, = 0, we have

limu({x € Q:|f,(x)] = ;}OA) =0

n—oo

limu({x €Qg,(x)| = ;} NA) =0

n—oo

~limp({x € Q:|f,(x) + g.(X)| 2 N A) = 0

n—oo

o H(Al) = 0, U(Az) = 0, U(A3) = 0
- u is countably weakly null-additive, forall n > 1

- u@An)=o

~ w is null-continuous.
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