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1. Introduction

The paper is devoted to solve a boundary value problem for
the Euler-Darboux equation
Uy, —(Buy, —auy)/(x—y) =0 (a>0, p>0,a+pB<1)

in the domain [(x, y) | 0 < x <y < 1] by reducing it to a
dominant singular integral with Cauchy kernel. Boundary

u(x,x)=@,(x) and AI*P7*P

u(o, x) + BI 474 Pea4By (x 1) = ¢, (x), where I and J stand
for generalized fractional integral operators. In the recent
paper Bajpai and Gaur[2], there has been discussed a
generalized Goursat problem for the Euler - Darboux
equation.

o*u B ou + o ou

_ e — =0 (1.D
0x0y expx—expy 0y expx—expy Oy

conditions are

by using the generalized fractional calculus Saigo, M. [5,6].
Similar work on fractional operators did time to time by
eminent mathematicians like Saxena and Sethi [8], Bajpai
and Gaur [2] and Gakhov [1].

The present section is intended to solve a problem for the
equation (1.1) in the domain [(X, y) | 0 <x <y < 1] assuming
the value of the solution of the noncharacteristic boundary y
= x and the value of a linear combination of the generalized
fractional integrals or derivatives of the solution on two
characteristic segments x =0 and y = 1. Such a problem has
been discussed by A.M. Nahusev, H.G. Bzihatlov, A.V.
Bicalze, T.I. Lanina, S.K. Kumykova, V.A. Eleev, M.M.
Smirnov, R.K. Saxena, P.L. Sethi etc. As in their problems
the calculus is of the sense of Riemann-Liouville of fixed
orders, in our problem the calculus is of the sense of
Riemann-Liouville of fixed orders, in our problem the
calculus is of the generalized sense and orders may be
chosen between some positive and negative number
depending on o and .

In section (2) the problem is formulated and solved, where
some of calculations will be left to sections (3). The
investigation in section (2) requires various formulas of the
Gauss hyper-geometric function and its properties.

2. Formulation of Problem and Its Solution

In this section, we set up our main problem and its
conclusion leaving the details in the later sections. Consider
the Euler-Darboux Equation (1.1) in the triangular domain
0O=0AB, where O = (0, 0), A =(0, 1) and B = (1,1). A
solution u (x, y) of (1.1) under the conditions

_ ot+B[ou _ Ou _
uly—x =), (expy —expx) (g - &J y=x =V(¥)
is given in the form Darboux, (1972).
_ T(a+P)

1
= @ ®) J. t[expx(expy—expx)expt]
0

(expt)? ' (1—expt)® ' dt+

u(x,y)

rd-o-p)
2C(1-o) [(1-B)

(expy—exp x)o P

1

J. vlexpx+(expy—expx)expt](expt) * (1—expt) " dt

0
Hence, it is easily seen that the values of u on the
characteristics OA and AB are written as follows:

Lo +B) a.0p-
u®(y)=u (o, y)=§‘(—ﬁ)loy° Py
+ r(l-o-p) [1=B.o+p-1.p-1

ar(l-a)

(2.1)
v O<y<l

and
u@ (x)=u (x,l):—r (@+P) Jhoat o
IN())
+ F(l —o— B) Ji—la,uﬂ}—l,a—l
2ra-p)
respectively, by means of the generalized fractional
integrals.

v 0<x<1(2.2)

Let HY(T) be a class of Holder continuous functions on a real
interval T with the Holder index k. Denote the open interval
(0, 1) by U and its closure by U . Now let us state our main
problem.

Problem. Find a solution u(x, y) of (1.1) in Q satisfying the
boundary conditions

u(x,x):(pl(x),xeﬁ 2.3)
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And
Ali;(b,—a+[3—l u® 4 BIi—]e—ot—B,c,—aﬂS—l u® = ¢, (x),xe U,
2.4)
and having the properties that v(x)e H* (U) for some
k(0<k<1) and v(x) may have infinities of integrable order

of end points of U, where A and B are non zero constants, a,
b and ¢ are constants such that —oa<a<p,

—o<atb<l-a and -oa<atc<PB, and @€ H (U) and

P, € H*2 (U) are given functions with 1-a—o>k,;>max (1—
o—B,c), 1>k2>a—[3+1 and ¢(1)=0.

Remark. Nahusev’s result [4] in the case that A and B are
given function of x, a =fanda=—-b=—-c=a - 1.

Substituting (2.1) and (2.2) into (2.4) and using product
rules of generalized fractional calculus, we have the relation

Al'(o+) Ia+oc,b,—a+B+l T

re
+M 2;B+1,b+u+[371,a+[3,lv
2r(1-a)
+ M Ji'l*'(X,C,—a+B—1 -
I'o)
2.5)
+w JiI*B+1,c+a+[371,,a+B+1 v
2r(1-B)
Then by operating (J?];ﬁ+l,b+a+s_1,_a+ﬁ_1 )—1

= [2P b PO on both sides of (2.5) and using

fractional integration, conditions (2.3) and (2.4) can be
unified in the form:

AF(I_B) V(X)+IS§+B_1’_b_a_B+l’O JiIB+l,c+u+B—l,—a+B—l v
BI'(l-o)
- _ 2AF(1_B) F(“""B) o+p-1 0
BI(®)C(1-a-p) =
_2rA-p)I'(a+p) [-a+B-L-b-a—p+1,0
) (-a-p) ™
2I'( - —atB] —b—o—
N (1-B) [paB-lb-oprio o
BIrd—a-p)

Ji-lku,c,—a-#ﬁ—l X

(2.6)
Thus our problem is reduced to find v(x) from (2.6) so let us
investigate the equation (2.6).

The second term on the L.H.S. of (2.6) may be written as :
I—a+B—l,—b—a—B+l,O Ja—B+l,c+a+B—l,—a+B—l N
0x x1

_ sin w(a — )

I
(expx)>reP j (expu)* P (1—expu) ™% (expu—expx) ™
n
0

v(u) du — cosn (a-B) (expx)® 0T (1-expx) 2O y(x)
(2.7
Which will be derived in the next section. If we set
R(x)=(expx)* P (1—expx) ™ v(x)
(2.8)

and use the relation (2.7), we find that (2.6) is reduced to the
dominate singular integral equation for w(x) having the
Cauchy kernel.

1
P(OM(X) + [ _BW i) 0<x<l
0 eXpu—expx
2.9)
where
P(x) = mcosm(a—B)—————— ALUTP) (o ysbo g _expryrrera,

sin(a—f) Br(1-a)

Q(X):;(exp X)b7a7[3+1 2AF(1_B)F((X+B)
smr@=p) BI(B)T(—a—p)
R&F o+ 20A-P)(a+p) 16i+[3_1’_b_°‘_[3+1,0 Ji;-a,c,—a-pﬁ_] o

C(o)T(1—o.—PB)

_ 2F(1 — B) I—a+ﬁ—l,—b—(x—[5+l,0
0x P
Br(1-a—P)

Let us solve the integral equation (2.9) by applying the
theory in Gakhov [1], whose results have been summarized
in Saxena and Sethi [7].

In order to guarantee the Holder continuity of coefficients,
we multiply the both sides of the equation (2.9) by
(expx)*""* and set
a(x)=(expx)***** P(x),b(x) = mi (expx)*****
(2.10)
and f{x) = (expx)*"""* Q(x)

The continuity of a(x) and b(x) is evident and that of f{x) can
be shown obviously, consider the function

a(x)—b(x)
a(x)+b(x)
G(+0) =1, G (1-0) = exp[27 (-a+P)i]

G(x) = . Then we obtain the values

Thus, 6 = arg G(+0) = 0. If we assume A, the change of arg
G(x) on U, to be equal to 2n(-a + B -1) then the index k of
the equation (2.9) is equal to zero in a class of solutions h(1),
whose function are Holder continuous in U, bounded at x =
0 and unbounded but having integrable singularities at x=1.

Therefore we obtain a solution of the equation (2.9) in the
class h(1) represented by

w0 =200 Z(x) j Q)
PAx)+m?  [PAx)+72]"2 ) Z(w)[P2(u)+n?]"?
U S (2.11)
expu—expx
where

! lo Plw)- n% du
P(u)+mi

1!
Z(x)=exp| — |
27 expu—expx

(2.12)

Here the branch of the logarithm in (2.12) should be selected
such that the wvalue at wu=l is equal to
2n(-a+B-1) i. Thus by (2.8), v(x) in the relation (2.6)
satisfying the required conditions is determined, and then
our problem is solved.
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3. Derivation of (2.7).

Owing to the definitions and the fractional integrals and

derivatives, we may proceed as follows :
—a+p-1,-b—o—B+1,0 ya—P+l,cro+p-1,—a+p-1
IOx Jxl v

1
T TCa+P)@@a—p+l)

E‘Z (Xau)

1
(expx)®" P (1—expu) ™ (expu—expx)* P _[ p P
0

_d il boa Pl aPilcratplatpl o
T ix Loy I v (1—&0) F(-a,—b—a,l—a+p;expv)dv
G.1) exXpXx—expu .
— 1 d I:(eXpX)aerﬂl ( ’ )
T(—a+p)la—p+1)dx _ I'(b+a+B)
. . I'—a+pP)r@a-p-Hr(b+a+p+1)
CaiBe . 4 exp
.([ (expx —expt) P 1F [— a-b-o,l;—a+f1- o XJ (expx)* P (expu)*® . (1—expu) ¢
! FlLb+o+Bb+o+p+l P>
_" (expu—expt)® P (1—expu) ™% v(u)du dt:l b b expu
¢ which has also a logarithmic singularity at u = x.
: (111
= (expx)™ + In order to compute the R.H.S. of (3.1), we have to evaluate
F(-a+P)I'(a—P+1) dx 00 x0

—a+p-1

(expx —expt) . (expu—expt)*™P

its principal value, since the functions Z,(x,u) and

&, (x,u) have logarithmic singularities at u = x. Then we

shall begin to calculate the expression
(1—expu) ¢ F(— a—b—ouli—a+pil -2t jv(u)dt du} g P

exp X

X—p 1
w(x;p)zi{ [ & xwvdu+ | Ez(x,u)v(u)du:l

B d X _ d 1 _ d 0 i
Tdx '([Hl (x,u)v(u) u+£_2 (X, u)v(u)du for sufficiently small p.
Maki f the fractional integral & derivatives ft 1
First we shall treat the integral =, (x,u). Use of fractional w:ofbntiil;se Ot the fractionat fntegta erivatives formulas,
integral and derivatives, we get d X—p
b+o+p-1 a—f+1 —a—c—a
_ — X (expu) (1—expu)
F|—a-b-—o;L,—a+p;1- CXpt | _ [(za+p) dx £
expx I'(b+o+p)

Fb+o+p-1 (1_ exthaBJrl

F(l,—b—a—B+l;—b—a—B+2;eXpqu(u)du

exp X
(- —
(-a+B-1) exXpx =(exp X)b+oc+B—1 (expx— p)afﬁﬂ (I—expx+p) >
b . expt _
.F(a—B+2,—b—a—|3+1, b-a-p+2; ex x] F 1,—b—0L—B+1;—b—oc—[3+2;—eXpX p v(expx —p)
p exp X
b+o+p-1 a—p+1
N I'—a+B)I'(-b—a—-B+1) [ expt 1- expt +(b+o+B—1) (expx)b+°‘+B_l
I'(—a-b-a) expx expx x=p
I (expu)® P (1—expu) @ (expx —expu) ! v(u)du.
Again by application of fractional integral & derivatives 0
— 'b+a+p-1)
E (x,u)=
L) s p)F@—B+ D)@ 1) Then we have
(expx)* P (expu)* P (1—expu) g xp I'(b+0+B-1)
g Y Y NS Ty ey
X +o+ -B+ —a+B—
F(l,—b—a—B+1;—b—a—B+2;eXpu] 0 * :
exp X (exp X)b+(x+ﬁ—l (exp X — p)a—ﬁ+l
r(b +to+ B) r(_b —o- B + 1) a+b+a —a—c—a Ca—c—a
+F(a+b+(x+1)F(—a—b—OL)(expu) (meww) (I-expx-+p) F[l’_b_a_ﬁ+l;_b_a_ﬁ+2;l_ex';x]
(3 -2) (exp X)b+(x+[3—l
v(expx—p) +
By virtue of the fractional integral and derivatives it is easy F@a-p+2)I'(-a+p-1)
to see that =, (x,u) has a logarithmic singularity at u=x. x

As regards E, (x,u), we can obtain :

-
I (expu)* P (1—expu) ™ (expx —expu) ! v(u)du.
0

N I'(-b—a-B+DI'(b+a+p)
'@+b+a+)I'(-a—b-a)
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a+b+a

(expx—p) (I-expx+p) " v(expx —p)
(3.4)
Similarly it follows that
d | _ —T'(b+a+B)
dx J 22wl T(—a+P)@-P+HT(b+atprl)

X+p
(expx)*" ™ (expx +p)* P (1—expx —expp) ¢
F[l,b+oc+[3;b+oc+[3+1; CXpX

—] v(expX +p)
expX+p

b+o+B+1

(expx)
I'a-B+DHI'(—a+p)

1
I (expu)® P (1—expu) ™ ™* (expu —expx) ' v(u)du

X+p

(3.5)
From the relations (3.4) and (3.5) we obtain
b+o+p-1
Vixip) == PN L (epx—p)
Ia—-B+)I(-a+B)| —~b—a—B+1

(1—expx+p)aC°‘.F(l,—b—a—B+l;—b—a—B+2;l— p J
exp x

a—Cc—a

v(expx—p)— expx(expx-rp)a_ﬁ (1-expx—p)~

1
b+a+p

F(l,b+a+ﬁ;b+a+ﬁ+l;ﬂ
expx+p

Jv(expx+p)}

a+b+a

N I'-b-—a-B+DHI'(b+a+p)
I'a+b+a+)I'(-a—b-a)

(expx—p)

(exp X)b+(X+B—l

(a-B+DI'(-a+p)

—a—Cc—Q

(I1-expx+p) v(expx—p)+F

X— 1
[ | K J ](exw)ﬁ“‘“ (I—expu) ™™ (expu—expx) ' v(u)du

0 X+p

(3.6)

By virtue of fractional integral and derivatives, the terms in
the first brackets on the right hand side of (3.5) can be
written in the form :

—a—c—a i (_b —o— B + 1)n

(expx—p)* P (1—expx +p) ,
n=0 n:

Jv(n+D)—-y(-b—a—-P+1+n)—logp+log expx][ P )
exp X

—a—c—o

exp v (expx —p)—exp x(expx +p)afB (1—expx—p)
im. [wn+1)—y(b+a+p+n)—logp+log(expx+p)]
n=0 n:

n
(LJ v(expXx +p),
expXx+p
where (z)=1"(z)/T'(z). Hence, by letting p — 0 in the
relation (3.6), we obtain :
1

(@a-B+DI'(-a+B+a)
[W(b+0+B)—y(~b—a—B+1)](expx)* "

Li :0)=
Lim y(x;p) T

N I'-b—a-p+HI'(b+a+P)

A expx) Y bra+]) [—a—b-a)

b+a+p+1

(expx)
T(a—B+DT(—a+p)

(expx)™T (1—expx) ™% v(x)+

1
I (expu)® P (1—expu) @ * (expu—expx) ! v(u)du
0
3.7)

In view of the formulas I'(z)['(1-z)=n/sinmtexpz and
y(z)=y(l-z)—-mcotmexpz Magnus, Oberhettinger and
soni [3], the relation (2.7) can be derived.
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