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Abstract: 4 Graph G with n vertices is said to admit prime labeling if its vertices can be labeled with distinct positive integers not
exceeding n such that the labels of each pair of adjacent vertices are relatively prime. A graph G which admits prime labeling is called a
prime graph. In this paper we investigate the existence of prime labeling of some graphs related to cycle C, wheel W,,comb P;,crown
C;,, and helmH,, .We discuss prime labeling in the context ofthe graph operation namely duplication.
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1. Introduction

In this paper, We consider only finite simple undirected
graph. The graph G has vertex set V=V(G) and edge set E=

E(G). The set of vertices adjacent to a vertex u of G is
denoted byN(u). For notations and terminology we refer to
Bondy and Murthy[1].

The notion of prime labeling was introduced by Roger
Entringer and was discussed in a paper by Tout[6]. Two
integers aandbare said to be relatively prime if their greatest
common divisor is 1. Relatively prime numbers play an
important role in both analytic and algebraic number theory.
Many researchers have studied prime graph.Fu.H [3] has
proved that the path P,on n vertices is a prime graph.
Deretsky et al [2] have prove that the cycle C, on n vertices is
a prime graph. Around 1980 Roger Etringer conjectured that
all trees have prime labeling which is not settled till today.

The Prime labeling for planar grid was investigated by
Sundaram et al [5], Lee.S.et.al [4] have proved that the wheel
W, is a prime graph if and only if n is even.

Definition 1.1[7] Duplication of an edge e=uv by a new
vertex w in a graph G produces a new graph G such that
N(w) = {u,v}.

Definition 1.2The graph obtained by duplication all the
edges by the vertices of a graph G is called duplication of G.

Definition 1.3 The comb P, is obtained from a path P by
attaching a pendent edge at each vertex of the path P,

Definition 1.4 The crown graph C, is obtained from a cycle
C, by attaching a pendent edge at each vertex of the n-cycle.

Definition 1.5 The helm H,, is a graph obtained from a wheel
by attaching a pendant edge at each vertex of the n-cycle.

In this paper we proved that the graphs obtained by
duplication of every edge by a vertex in cycle C, the wheel
W, and the comb B;,the graph obtained by duplication of
every rim edge by a vertex in crown C, and duplicating
every edge by a vertex in crown C,,, the graph obtained by
duplicating every rim edge by a vertex in Helm H, and

duplicating every rim and pendent edge by a vertex in Helm
H, are all prime graphs.

2. Main Results

Theorem 2.1
The graph obtained by duplicating every edge by a vertex
inC, , is a prime graph.

Proof
LetV(C,) ={w; /1 <i<n}
E(C) ={wup/1<i<n—1}u{u,u}.

Let G be the graph obtained by duplicating every edge by a
vertex inC, and letu;,uy,..,u, ,be the new vertices by
duplicating the edges
UUp UpUs , ... Uy g Uy, Up UgTESpEctively.
ThenV (G) = {u;,u; /1 <i<n}
EG) = {wu;yy /1<i<n-—1} U{uuy, /1<l<n}
U {uiq /1<i<n—1} U {uyuy, upuy}
[V(G)| = 2n,|E(G)| = 3n.
Define a labelingf : V(G) — {1,2,3, ...,
Letf(w,)) =2i—1for1<i<n,
fu)=2ifor1<i<n,
ng(f(ui)'f(qu)) = ged(2i —
n-1
gcd(fun),f(ul))= ged(2n —1,1)=1
gcd(f(ui),f(u;))= ged(2i — 1,2i)=1for1<i<n
gcd(f(u;),f(ui+1))= ged(2i,2i +1)=1for1<i<n-1
ged(f (up), f(wr))= ged(2n, 1)= 1
Thusf is a prime labeling.
Hence G is a prime graph.

C/\
<

2n}as follows

12i+1)=1for1<i<

Tllustration 2.1

Nk
\v@

Figure 1: Prime labeling of dup11cat10n of every edge by a
vertex in Cg

Volume 5 Issue 9, September 2016

Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20161341

109



International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2015): 6.391

Theorem 2.2
The graph obtained by duplicating every edge by a vertex in
Wheel W, is a prime graph.

Proof

Letv (W) ={cu; /1 <i<n}

EW,) ={cy; /1<i<n}u{uyuy/1<i<n—-1}u
{unul }

Let G be the graph obtained by duplicating every edge by a

vertex in Wheel W, and let vy, v,, ..., v, and wy,wy, ..., w,
be the new verticesby duplicating the edges
ULUp UpUs , oy Up—q Uy, UpUgand cug, CUy, ..., CU,
respectively

V(G) ={cu,v,w;/1<i<n}
E(G) ={cu;,cw;/1 < i
<n} U {uuq, vy /1<i< n-—1}
U {wv, yw;, /1<
=< Tl} u {unulﬁvnul}
[V(G)| =3n+1,|E(G)| = 6n.
Define a labeling f : V(G) - {1,2,3, ..., 3n + 1}as follows.
Letf(©) = 1.7 () =3, /(o) = 4and f() = 2
i—2ifiisodd,3<i<n
fu) = {Si —1lifiiseven,2<i< nf(vi)
_(3i+1lifiisodd,1<i<n
_{3i+2ifiiseven,2 <i<n
fw) =3i,for2<i<n
sincef (c) = 1.
gcd(f(c),f(ul-)) =1,forl1<i<n
ged(f(c), f(w)) =1,for1<i<n
ged(f (w,), f(uy))= ged(3n — 2,3)= 1if nis odd
gcd(f(un),f(ul))= gcd(3n —1,3)=1ifnis even
gcd(f(vn),f(ul))= gcd(3n + 1,3)=1 if nis odd
gcd(f(vn),f(ul))= gcd(3n + 2,3)=1 if nis even
clearly,
ged(f (u), f (wir1))= ged(3i — 231+ 1D — 1)
=gcd(3i —2,3i +2)=1for3< i <n,iisodd
as these two numbers are odd and their differences is 4 .
ged(f (), f (ui41))=ged(3i = 1,3(i + 1) - 2)
= gcdBi—1,3i +1)=1for2 <i <n,iiseven
as they are consecutive odd integers
ged(f(w), f(v))=ged(3i —2,3i+ 1)=1for3 < i< n,i
is odd
ged(f(w), f(v))=ged(3i— 1,3i +2)=1for2 < i <n,i
is even
as one of these numbers is even and the other number is odd,
their difference is 3 and they are not multiples of 3.
gcd(f(vl-),f(ui+1))= gedBi+1,3i+2) =1
for3<i<n-—1,iisodd.
gcd(f(vi),f(ui+1))= ged(3i+2,3i+1)=1
for2<i<n-—1,iiseven
gcd(f(ul-),f(wi))= gcd(3i — 2,3i)=1
for 3<i < n,iis odd.
gcd(f(ul-),f(wi))= gcd(3i —1,3i)=1
for2< i < n,iiseven.
as they are consecutive integers
Thus fis a prime labeling.
Hence G is a prime graph.

Illustration 2.2

Figure 2: Prime labeling of duplication of every edge by a
vertex in Ws

Theorem 2.3
The comb B, is a prime graph.

Proof
LetV(B)={w;/1 <i<n}
ER) ={uu/1<i<n—-1u{uyv/1<i<n}
Then
V()| =2n,|E(G)| =2n—-1.
Define a labelingf : V(G) - {1,2,3, ...,2n} as follows
Let f(u))= 2i—1,for1<i<n
flw) = 4i—3,for2<i<n,
ged(f (wy), f(wi41))=ged(2i — 1,2i + 1)=1
forl<i<n
as these two number are consecutive odd integers
gcd(f(ul-),f(vi))= ged(2i — 1,2i)=1
forlI<i<n
Thus f'is prime labeling.
Hence P, is a prime graph.

Theorem 2.4
The graph obtained by duplicating every edge by a vertex in
Comb B, is a prime graph.

Proof

LetV(B)) ={u;,,w; /11 <i<n}
EP)H={wu1/1<i<n—-1}u{yw; /1 <i<n}

Let G be the graph obtained by duplicating every edge by a
vertex in Pyand let vy, v,, ...,v,_1 and xq, Xy, ..., X, be the

new vertices by duplicating the edges u;u; uyus, ..., Up_1uU,
and uywy U,ws , ..., U, W, respectively.
Then,

V(G) ={u,w,x; /1<i<n}U{y;/1<i<n-1}
EG) = {uwp, v /1<i<n-1}
U {u,w,wyx;,u; x; /1<i<n}
[V(G)| =4n—1,|E(G)| = 6n — 3,
Define a labeling f : V(G) - {1,2,3, ...,4n — 1} as follows
Let f(u) =1,f(wy) =2, f(x4) = 3,and f(v;) = 4.
f(w) =4i—3,for2<i<n,i%0(mod3)
f(x) =4i—2,for2<i<n,
fw;)) =4i—1,for2<i<n,i % 0(mod3)
f(v) =4i,forl<i<n-—1,
fw)) =4i—1,for2<i<n,i=0(mod3)
fw) =4i—3for2<i<n,i=0(mod?3)
Since f(u;) =1
ged(f (uy), f(v1))= 1
ged(f (uy), £ (uz))= 1
ng(f(u1)'f(x1))= 1
ged(f (uy), f(wy))=1
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Clearly,

ged(f (), f(ui41))= ged(4i —3)431 +1) = 3)
=gcd(4i —3,4i + 1)=1

for2<i<n-—1,i # 0(mod 3)

gcd(f(ul-),f(ui+1))= ged(4i —1,4i+ 1)=1
for2<i<n-—1,i = 0(mod 3)

as these two numbers are odd and their differences are 4,2
respectively.

ged(f (wi—1), f(w))= ged(4(i — 1) = 3,41 — 1)
=gcd(4i —7,4i — 1)=1

for2<i<n-—1,i =0(mod 3)

as these two numbers are odd and they are not multiples of 3
and their difference is 6

ged(f (w), f(w))=ged(4i —3,4i — 1) = 1
for2<i<mn,i# 0(mod 3)

ged(f (wy), f(w;))= ged (4i — 1,4i —3) =1

for2<i <n,i = 0(mod 3)

as these two numbers are odd and differences is 2
ged(f (wy), f (%)= ged(4i — 3,40 — 2)= 1

for2<i <n,i % 0(mod 3)

gcd(f(ui),f(xi))= ged(4i —1,4i —2)=1

for2<i <n,i = 0(mod 3)

ged(f(wy), f(x))= ged(4i — 1,4i — 2)=1

for2<i <n,i % 0(mod 3)

ged(f(wy), f(x))= ged(4i — 3,4i — 2)=1

for2<i <n,i = 0(mod 3)

ged(F (u), f(v))= ged(4i — 1,40)= 1

for2<i <n,i = 0(mod 3)

ged(f (W), f (vi-1))= ged(4i — 3,41 — 4)= 1
for2<i<n,i# 0(mod3)

as they are consecutive integers

gcd(f(u,-),f(vi))= gcd(4i — 3,4i)=1

for2<i <n,i % 0(mod 3)

ged(f (W), f (v;-1))= ged(4i — 1,40 — 4) = 1

for2<i <n,i = 0(mod 3)

as in all these two numbers one is odd and other is even and
also their differences are 3, and they are not multiple of 3.
Thus f is a prime labeling.

Hence G is a prime graph.

Illustration 2.4

v, 8 12
Figure 3: Prime labeling of duplication of every edge by a
vertex in Py

Theorem 2.5
The graph obtained by duplicating every rim edge by a vertex
in Crown C,, is a prime graph.

Proof

LetV(C;) ={u;,w; 11 <i<n}

EC) ={uw;/1<i<n}U {yu,/ 1<i<n-1} u
{un Uy }

Let G be the graph obtained by duplicating every rim edge by
a vertex in C,and let the new vertices be vy, vy,...,v, by
duplicating the edges u U, UpUsz , oo Upy_q Uy, Uy Uy

Then V(G) = {u;,v;,w; /1 <i<n}
EG) ={wv, wyw /1 <i<n}U{yu,,vug /1<
<n-—1} U {u,u, v uq}
V(G| =3n,|E(G)| = 4n.
Define a labeling f : V(G) - {1,2,3, ..., 3n}as follows
Let f(w)) = 1,f(v1) =2, f(wy) =3n
( )_{3i—3,for2 <i<n,iiseven
flu) = 3i—4,for3<i<mn,iisodd
) = {3i+1,for2 <i<n,iiseven
flw) = 3i—1,for1<i<mn,iisodd
_(3i—2,for2<i<mn,iiseven
fwo) _{3i—3,for3 <i<n,iisodd
Since f(u;) =1
ng(f(ul),f(uZ)): 1
ged(f ), £ ()= 1
ng(f(u1);f(U1)): 1
ng(f(ul);f(Wﬂ):l
ged(f (v, f(uy))=1
ged(f (), f ()= ged(3i — 33(i — 1) +4)
=gcd(3i —3,3i — 1) =1
for2< i < n, iis even
ged(f (W), f(uir1))= ged(Bi — 4,3(i + 1) — 3)
=gcd(3i — 4,3i) = 1
for3<i <n,iisodd
as these two numbers are odd and their differences are 2 and
4 respectively.
ged(f(w), f(v))= ged(3i — 3,3i + 1) =1
for 2< i < n,i is even.
as these two numbers are odd and their differences is 4
ged(f (uy), f(v))= ged(3i — 4,3i — 1)= 1
for 3<i < n,iis odd
as in these two numbers one is odd and other is even and
their differences is 3
ged(f (), f (uis1))= ged(3i + 1,30 — 1)= 1
for2<i<n-—1,iiseven
as these two numbers are odd and their differences is 2
ged(f (), f (wi41))= ged(3i — 1,30)= 1
for2<i<n-—1,iisodd
ged(f (u), f (W)= ged(3i — 331 = 2)= 1
for 2< i < n,i is even.
ged(f (), f(w;))= ged(3i — 4,3i — 3)=1
for 2< i < n,i is odd.
as they are two consecutive numbers.
Thus fis a prime labeling
Hence G is a prime graph.

Illustration 2.5

Figure 4: Prime labeling of duplication of every rim edge by
a vertex in CS*
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Theorem 2.6
The graph obtained by duplicating every edge by a vertex in
C, is a prime graph.

Proof

LetV(Cy) ={u;,w; 11 <i<n}

EC) = fuw;/1<i<n}U {yyuj.;/ 1<i<n-1} u
{unul }

Let G be the graph obtained by duplicating every edge by a

vertex in Cjandlet the new vertices be vy,v,,.., 0,
and xq, Xp, ..., Xp, by duplicating the edges
UpUy UpUs e Uy Uy, Uy Uy and
UIWy UpWy , ... Uy Wy TESPECtively. Then V(G) =

{ul‘,vi,Wi’xl‘ / 1 S i S n}
E(G) = {ul‘vi, uiWi, uixl“ xin' /1 S i S n}

U {witip, vt /100
<n-—1} U {u,uq, v, uq}
[V(G)| = 4n, |[E(G)| = 6n

Define a labeling f : V(G) - {1,2,3, ..., 4n} as follows

Let f(u) =1,f(vy) =4 f(wy) = 2,and f(xy) = 3.

flw) =4i—3,for2<i<n,i #0(@mod3)

fw;)) =4i—2,for1<i<n,

f(x;)) =4i—1,for1<i<n,i % 0(mod 3)

f(v;)) =4i,for1<i<n,

fw) =4i—1,for1<i<n,i=0(mnod3)

f(x)) =4i—3for1<i<n,i=0(mod3)

Since f(uy) =1

ged(F (w), £(uz))= 1

ged(f (uy), f(ug))= 1

ged(f (), f(wy))=1

Clearly,

ged(F (ui-1), ()= ged(4(i — 1) = 3,41 — 1)

=gcd(4i—7,4i—1)=1

for2<i <n,i = 0(mod 3)

as these two numbers are odd and they are not the multiples

of 3 and their difference is 6

ged(f (), f (ui41))= ged(4i — 3,40 + 1)=1

for2<i<n-1,i # 0(mod 3)

as these two numbers are odd and also their differences is 4

ged(f (), f (ui41))= ged(4i — 1,40 + 1)=1

for2<i<mn,i=0(mod 3)

asthey are consecutive odd integer

ged(f (), f (W)= ged (4i — 3,41 — 2)= 1

for2<i <n,i % 0(mod 3)

gcd(f(ul-),f(wi))= ged(4i — 1,4i — 2)=1

for2<i <n,i = 0(mod 3)

as they are consecutive integer

gcd(f(ul-),f(xl-))= ged(4i —3,4i — 1)=1

for2<i <n,i % 0(mod 3)

as these two numbers are odd and also their differences is 2

ged(f Wy, f (x))= ged(4i — 2,4i — 1)= 1

for Ii<n,i% 0(mod 3)

ged(f(wy), f(x))= ged(4i — 2,41 — 3)=1

for 1<i <n,i = 0(mod 3)

ged(f (v), f (ui11))=ged (41,4 + 1) — 3)

= gcd(4i,4i + 1)=1

forlI<i<n-—1,i+1 % 0(mod 3)

gcd(f(ul-),f(vi))= gcd(4i — 1,4i)=1

for2<i <n,i = 0(mod 3)

as they are consecutive integer

ged(f (v), f (wi41))= ged (40, 4i + 3))= 1
forl1<i<n-1,i+1=0(mod3)
ged(f (w), f(x;))= ged(4i — 1,4i — 3) = 1
for2<i<n,i = 0(mod 3)

gcd(f(ui),f(vi))= gcd(4i — 3,4i) = 1
for2<i<n,i# 0(mod 3)

as in these two numbers one is even and other is odd and
their differences is 3 and they are not multiples of 3.
Thus fis a prime labeling.

Hence G is a prime graph.

Illustration 2.6

Qq
Figure 5: Prime labeling of duplication of every edge by a
vertex in Cs

Theorem 2.7
The graph obtained by duplicating every rim edge by a vertex
in Helm H,,is a prime graph.

Proof
LetV(H,) ={c,u;w; /1 <i<n}
E(H,) ={cu;,uw;v; /1<i<n}u
iy /1 <i<n-—1{u,u}
Let G be the graph obtained by duplicating every rim edge by
a vertex in Helm H, and let the new vertices be vy, vy, ..., 1,
by duplicating the edges
UUp UpUs , ... Uy —q Uy, Uy Ug TESPECtively.
Then, V(G) = {c,u;,v;,w; /1 <i <n}
EG)={uu1/1<i<n-1Bu{vu,/l1<is<n-—
13U {cu, uywy, wv; /1 < i< n} U {u,ug, vuyd
[V(G)| =3n+1,|E(G)| = 5n.
Define a labeling f : V(G) - {1,2,3, ...,3n + 1} as follows
Letf(c)=1,f(uy) =3.f(v;) =4,and f(wy) = 2.
_(3i—3,for3<i<n,iisodd
fu) = {Si— 1,for2 <i<n,iiseven
_(3it1,forl<i<mn,iisodd
flw) = {3i+2,for2 <i<n,iiseven
fw) =3i,for2<i<n
Since f(c) =1
ged(f(c), f(w))=1, for1<i<n
ged(f (w,), f(wy))= ged(3n — 2,3)=1 if nis odd
gcd(f(un),f(ul))= gcd(3n —1,3)=1 if nis even
ged(f (v,), f(uy))= ged(3n + 1,3)=1 ifn is odd
gcd(f(vn),f(ul))= gcd(3n + 2,3)=1if n is even
Clearly,
ged(f (w), f(wi+1))= ged(Bi - 23(1+ 1) — 1)
=gcd(3i — 2,3i + 2)=1
for3<i < n,iisodd
ged(f (w), f(wi1))= ged(3i — 1,3(1 + 1) — 2)
=gcd(3i — 1,3i + 1)=1
for2<i<n,iiseven
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as these two numbers are odd and their differences are 4 and
2 respectively.

gcd(f(ul-),f(vi))= gced(3i —2,3i + 1)=1
for3<i<n,iisodd

.gcd(f(ul-),f(vl-))= ged(3i — 1,3i + 2)=1

for 2< i < n,iis even

as in these two numbers one is even and other is odd and
their differences is 3 and they are not multiples of 3.
gcd(f(vl-),f(ui+1))= ged(3i+1,3i +2)=1
for3<i<n-—1,iisodd

ged(f (o), f(wi41))= ged(3i + 2,3i + 1)= 1
for2<i<n-—1,iiseven

gcd(f(ul-),f(wi))= ged(3i —1,3i)=1

for2<i < n,iiseven

as they are consecutive integer.

gcd(f(ui),f(wi))= ged(3i —2,3i)=1
for3<i<n,iisodd

Thusf'is a prime labeling.

Hence G is a prime graph.

Illustration 2.7

Figure 6: Prime labeling of duplication of every edge by a
rim edge by a Hg

Theorem 2.8

The graph obtained by duplicating every rim and pendant
edge by a vertex in Helm H,is a prime graph. if 4n+1%
0(mod 3).

Proof
LetV(H,) ={c,u;w; /1 <i<n}
E(H)={cu;, uw; /1 <i<n}uU{wuy,q./
Tu{u,ug }
Let G be the graph obtained by duplicating every rim edge
and pendant edge by a vertex inH, and let the new vertices be
Vi, Vy, ..., Vpand X1, X5, .., X, by duplicating the edges
U Uy UpUz , v Upy—1 Uy, UpUgand UIW] UpWy e Up Wy
respectively.
V(G) ={c,u,v;,w;,x; /1 <i<n}

E(G) = {cuy, wywy, wix, wv, wix; /1 < i <n}pu
{wi w1, ViU /1 << n—1} U {wug, vus k.

[V(G)| =4n+ 1,|E(G)| = 7n.
Define a labeling f : V(G) - {1,2,3, ..., 4n + 1}as follows
Let f(c) =1,f(uy) =4n + 1.
fw,) =4i—3,for2<i<n,i#0(mod3)
fw) =4i—2,for1<i<n
f(x)) =4i—1,for1<i<n,i%0(mod3)
f(v) =4i,for1<i<n,
f(w,) =4i—1,for1<i<n,i=00(nod?3)
f(x;)) =4i—3for1<i<n,i=0(mod?3)
Thus fadmits a prime labeling.
Hence G is a prime graph.

1<is<n-—

Illustration 2.8

gd—+10

Figure 7: Prime labeling of duplication of every rim and
pendent edge by a vertexin Hy

3. Conclusion

Labeled graph is the topic of current due to its diversified
application. We investigate Eight new results on prime
labeling. It is an effort to relate the prime labeling and some
graph operations. This approach is novel as it provides prime
labeling for the larger graph resulted due to certain graph
operation on a given graph.
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