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Abstract: A graph labeling is an assignment of integers to the vertices or edges or both subject to certain conditions. In this paper, we

introduce the new concept, an absolute difference of cubic and square sum labeling of a graph. The graph for which every edge label is
the absolute difference of the sum of the cubes of the end vertices and the sum of the squares of the end vertices. It is also observed that

the weights of the edges are found to be multiples of 2. Here we characterize few graphs for cubic and square sum labeling.
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1. Introduction

All graphs in this paper are finite and undirected. The
symbol V(G) and E(G) denotes the vertex set and edge set of
a graph G. The graph whose cardinality of the vertex set is
called the order of G, denoted by p and the cardinality of the
edge set is called the size of the graph G, denoted by q. A
graph with p vertices and q edges is called a (p,q) graph.

A graph labeling is an assignment of integers to the vertices
or edges. Some basic notations and definitions are taken
from [2], [3] and [4]. Some basic concepts are taken from
Frank Harary [2]. We introduced the new concept, an
absolute difference of cubic and square sum labeling of a
graph[1]. In this paper we investigated some new results on
ADCSS labeling of product related graphs.

Definition: 1.1 [1]

Let G = (V(G), E(G)) be a graph. A graph G is said to be
absolute difference of the sum of the cubes of the vertices
and the sum of the squares of the vertices, if there exist a
bijection

f: V(G = {1,2,-—----—mm- ,p} such that the induced
function fzgrz: : E(G) —* multiples of 2 is given by

fagems(ur)= | fluf +f(v)* - ( fu)* —f[‘i.'}:}| 1s mjective.

Definition: 1.2

A graph in which every edge associates distinct values with
multiples of 2 is called the sum of the cubes of the vertices
and the sum of the squares of the vertices. Such a labeling is
called an absolute difference of cubic and square sum
labeling or an absolute difference css-labeling.

2. Main Results

Theorem 2.1
The cycle graph C, is an ADCSS labeling.

Proof:
Let G =C, and let v;, vy,-======mmmmmmmmn ,v, are the vertices of
G.

Hers |V(G) |=n and |E.(G}|=
Define a function f: V = {1,2,3,-------- ,n } by

f(v)=1,1=1,2,---—-- , .
For the vertex labeling f, the induced edge labeling fZzzz: is
defined as follows
J AT (TR T S (H DSt (3 ) i B D o —— -1
fadres ¥y ) = nz(n'l)
All edge values of G are distinct, which are multiples of
2.That is the edge values of G are in the form of an
increasing order. Hence C, admits absolute difference of
css-labeling.

Theorem 2.2
The Fan graph F, is is an ADCSS labeling.

Proof:
Let G=F, and let v,, vy,--=--mmmmmmmm-- ,Vp+ are the vertices of
G.
Here [V(G)|=n+1mmd |E(G)|=2n-1
Define a function f: V = {1 2,3, ,n+1} by
fv)=i,i= 12, n+l.

For the vertex labeling f, the induced edge labeling fracz: is
defined as follows

Jadese (01 ) =i (i 1), i=2
fogess (0 ¥i40) =12G-1) + (1+1) i,1=2,-mmmmmmmeeee .

All edge values of G are distinct, Wthh are multiples of
2.That is the edge values of G are in the form of an
increasing order. Hence F, admits absolute difference of css-
labeling.

Theorem 2.3
The Wheel graph W, is is an ADCSS labeling.

Proof:
Let G= W, and let v;, vy,---------=------ ,Vn+1 are the vertices
of G
Here|V(G)| =n+land  |E(G)|=2n
Define a function f: V = {1 2,3 - ,n+1 } by

f(vi) =i, 1= 1,2, n+L.
For the vertex labeling f, the induced edge labeling fzgess is
defined as follows
fagess (V1 Vney) = (n+1)2 n+4
fadess Wi Vigg) = P(-1) + (+1)%, i = 2,mmmmmmemmmeee n.
fadess (g v1) =17(-1),1=2,
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All edge values of G are distinct, which are multiples of
2.That is the edge values of G are in the form of an
increasing order. Hence W, admits absolute difference of
css-labeling.

Definition 2.1

A kayak paddle is described as two cycles, C, and C; that are
joined together by a path of length 1. These graphs are
denoted by KP(r.s,1).

Theorem 2.4

The graph kayak paddle is is an ADCSS labeling.

Proof:

Let G = KP(r,s,1) and let vy, vy,--------------—- ,Vitsil2 are the

vertices of G.

Here "»"(G}| =r+z+]-2 md |E(G)| =r+z+l-1
Define a function f: V = {1,2,3,----—--- Jr+s+1-2 } by
flv)=1,i=1,2,~—-- , Is+l-2 .

For the vertex labeling f, the induced edge labeling fzzzz: is
defined as follows

fadres (V1) == rz(r'l)

fodess (W Ving) = P(i-1) + (i+1)7, = 1,2,7mmmmmn , r+st1-3.
fogcss (Praiot Vrageioz) = (r+1-1)2(r+1-2) +
(r+s+-2)X(r+s+1-3)

All edge values of G are distinct, which are multiples of
2.That is the edge values of G are in the form of an
increasing order. Hence G admits absolute difference of css-
labeling.

Definition 2.2

To get a web graph, we take a closed helm graph, remove
the central vertex, and attach a pendant edge to each vertex
of the n-cycle. We could continue this iterative process of
placing an edge between pendant vertices, and then
attaching new pendant edges to each vertex of the n — cycle
to get more and more cycles. We denote a generalized web
graph as W(t,n), where ‘t’ is the number of n — cycles.

Theorem 2.5

The Web graph W(t.n) is is an ADCSS labeling.

Proof:

Let G =W(t,n) and let vy, vy,---------------- JV(er1n are the

vertices of G.

Hers | V(G)| =(t+1)n and |E[G} =Int

Define a function f: V = {1,2,3,-------- ,(t+1)n } by
flvp)=1,1=1,2,-—--—-- , (t+n .

For the vertex labeling f, the induced edge labeling facz: is
defined as follows
fadcss ':er! +i V_i'r!+i++1.) = Gn+i)2(jn+i'1) + (]'n+i+l)2(jn+i),
= 0,12, et

T I J— -1
fress Wine1 Vieepn) = (int1)’(in) + {(+Dn}* {(+Dn-1},
§=0,1,2,m v t-1.
fadess (Win +f Viit1n +_i') = (in+j)2(in+j'1) +

{(+ D0t} { G+ Dn-13,

[ o — -1

All edge values of G are distinct, which are multiples of
2.That is the edge values of G are in the form of an

increasing order. Hence W(t.n) admits absolute difference of
css-labeling.

Theorem 2.6

The graph obtained from the fan F, = P, + K, by inserting
one vertex between every two consecutive vertices of the
path P, is is an ADCSS labeling.

Proof:

Let G be the graph with vertices vy, vj,-----====-=----- Von -

Here [‘«’(Gj =2n and IEI:G}| =3n-2

Define a function f: V — {1,2,3 -------- ,2n } by
flvp)=1,1=1,2,-—---- ,2n.

For the vertex labeling f, the induced edge labeling fZzczz is

defined as follows

fadess (0 Uipt) = 1°(G-1) + (i+1)%, 1= 2,3, 7=-mmmmmmm- 2n-1.

faess (v1 ¥21) = (20)° (2i-1) , i = 1,2, mmmmmemmmmes n

All edge values of G are distinct, which are multiples of

2.That is the edge values of G are in the form of an

increasing order. Hence G admits absolute difference of css-

labeling.

Definition 2.3

The mC, — snake is a graph obtained from m copies of C, by
identifying the vertex V) in the i™ copy of a vertex Vi
in the (j+1)th copy, when n = 2k+1 and identifying the
vertex V) in the j™ copy of a vertex Vi+yin the (j+1)th
copy, when n = 2k.

Theorem 2.7
The mC, — snake is is an ADCSS labeling.

Proof:

Let G = mC, — snake and let v, vy,--==----=-=-———- ,Vinn-m-+] are

the vertices of G.

Here|V(G) = mn-m+1 and E{G) 5 mn

Define a function f: V = {1,2,3 -------- ,mn-m+1 } by
f(vp)=1,1=1,2,-—---- , mn-m+1 .

For the vertex labeling f, the induced edge labeling facz: is

defined as follows

ftess (V5 Viy) = 2(i-1) + (i+1)%

i=1.2,3, ,n-2
i=nn+tl, ,2n-3
i=2n-1,2n, ,3n-4
= (m-1)n-(m-2), --------------- , mn-m-1

Jagess (Vializtin-n) Vaali-tin-0+22) =

{1 +G-D(@-D)} {G-1)(n-1) + {nt(i-1)(n-1)+= }> {n+(i-
D(n-1)+== -1}

TS P S — ,m-1, when n is odd

Jagess (Pializgitn—o Vs lim (114222 )=

{1 +(3i-1)(n-1)}> (i-1)(n-1) + )

{ (-1 P k(- 1)(n- 1)+ -1}

i= 1,2,—-——----: ————— ,m-1, when n is ‘even
fagess Witnon vﬂ+l:[—ﬂ|:ﬂ_ﬂ+ﬂT_i) = {i(n'l)}z {i(n-1)-1} +
{ (-D-DH== 12 -1+ -1

i = 1,2,wmeemmeeeeem-1, when n is odd
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Jadess (Pitn—v Vﬂ+i[—1_‘l[ﬂ_ﬂ+ﬂT-2 ) = {i(n-l)}2 {i(n-1)-1}
HH(-D(-DHE P D@D+ -1
L - -,m-1, when n is evén

fatres (Vmn—m+1Vmn—monsz ) = (mn'm+1)2(mn'm) + (mn-

m-n+2)2(mn-m-n+ 1)

Jadess Vmn—m+1Vmn—m )= (mn'm""l)z(fnn'm) +
(mn-m)*(mn-m-1)

All edge values of G are distinct, which are multiples of

2.That is the edge values of G are in the form of an

increasing order. Hence mC, — snake admits absolute

difference of css-labeling.

Theorem 2.8

The quadrilateral snake S, obtained from the path
P.(up,uy,up,-----======-=--—- ,uy) by replacing edge uju;,; by the
cycle (Uu Vi Wi ;) 1 = 1 = nis is an ADCSS labeling.

Proof:

Let G =S4, and let vy, vp,-------m-m-mmo- ,Vin:) are the vertices
of G.

Here|V(G)|= 3n-2 and E(G)|=4nf4

Define a function f: V = {1,2,3,----—--- ,3ntl } by
f(v)=i,i=1.2,——3n+1.

For the vertex labeling f, the induced edge labeling fiacz: is
defined as follows

fodess (V5 Viag) = 2G-1) + (1), 1= 2,3,7mmmemmv 3n.
fadres (Vi Vigg) = iz(i-l) + (i+3)2 (i+2),
S I — 3n-2

All edge values of G are distinct, which are multiples of
2.That is the edge values of G are in the form of an
increasing order. Hence S4, admits absolute difference of
css-labeling.

Theorem 2.9

The graph 2mé; — snake is is an ADCSS labeling .

Proof:

Let G = 2.1'1'1-!':'1;l — snake and let Vi, Vp,=======mmmmmmmmm aV(2m+1)k+1

are the vertices of G.

Here|V(G)|= (2m+1)k+1 and E(G) = (4m+1)k

Define a function f: V = {1,2,3,-------- ,2m+1)k+1 } by
f(vi)=1,i=1.2, Qm+1k+1 .

For the vertex labeling f, the induced edge labeling facz: is
defined as follows

frtess (Wiiai Vaim +0) = (k) (leH-1)+Q2kmeH)* 2kmrt-1)

J=0,1,2, e ,2m-1

T [ S ——— k

.ﬁ:-drss {U_i';i+l: Vapm +L'+1) = Gk+i)20k+i'1) +
(2km+i+1)*(2km+)

J=0,1,2, e ,2m-1

N K JRE— k

All edge values of G are distinct, which are multiples of
2.That is the edge values of G are in the form of an
increasing order. Hence 2mi; — snake admits absolute
difference of css-labeling.

References

[1]Mathew Varkey T K , Sunoj B S, A Note on Absolute
Difference of Cubic and Square Sum Labeling of a Class

of Trees, International Journal of Scientific Engineering
and Applied Science -

[2] Volume- 2, Issue- 8 ,August 2016

[3]F Harary, Graph Theory, Addison-Wesley,Reading,
Mass, (1972)

[4] Joseph A Gallian, A Dynamic Survey of Graph Labeling,
The Electronic Journal of Combinatorics(2015), #DS6
[5]T K Mathew Varkey, Some Graph Theoretic Generations
Associated with Graph Labeling, PhD Thesis, University

of Kerala 2000

Volume 5 Issue 8, August 2016

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20161261

1467





