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1. Introduction

The degree of approximation of function belonging to Lipa
by Cesaro means and Norlund means has been discussed by
a number of researchers like Alexits[4], Sahney and Goel[3],
Chandra[7], Qureshi[6], Rhoades[2].

H.K.Nigam[5] obtained the degree of approximation of the
function on (C,2) (E,1) product means of its Fourier series
and conjugate Fourier series. In the present we have obtained
the degree of approximation of function f belonging to a
lip (§(t), p) and W(Lr,f(t)) class of fourier series and its
conjugate fourier series.

2. Definition and Notation

Let ¥*_ou, be a given infinite series with s, for its n™
partial sum.

Let {t,D} denote the sequence of (E 1) mean of the
sequence {s, }. If the (E,1) transform of s, is defined as

1
ta BV () = 57 Xheo(p)sk(f;0) > sasn - oo, Q)]
the series Y,n_o U, is said to be summable to the number s by
the (E, 1) method.

Let {tn(c'z)} denote the sequence of (C,2) mean of the
sequence {s, }. If the (C,2) transform of s,, is defined as

C2)(F.y) = 2 n _ .
ty (f;x) = (n+1)(n+2)2k=0(n k+ 1Ds,(f;x) »s as

n — oo. 2)
the series Yn_o U, is said to be summable to the number s by
(C,2) method.

Thus if
t COED (S x) =

2 1 K
(+1)(n+2) k=o(n—k+ 1)2_k §=0(v)5v(f: x) = s as

n - oo. 3)

where {tn(c’z)(E’l)} denote the sequence of (C,2)(E,1)
product means of the sequence s, the series Yn_, u, is said
to be summable to the number s by (C,2) (£, 1) method.

Let f be a periodic function with period 2 and integrable in
the Lebesgue sense. The Fourier series be given by
ag

f)~ -+ Yr_4(a, cosnx + b, sinnx) = Z:=1 A,(x) (4)

with n™ partial sums s, (f; x).

The conjugate series of Fourier series (4) is given by
Y>_,(a, sinnx — b, cosnx) = Z:=1 B, (x) (5)
with n" partial sums §, (f; x).

A 2r - periodic function f (x) is said to belong to the class
Lip((®),p), p > 1if

|fOc+ 0 — fFOl < M@, 0< t <. (©)
where Y(t) is a positive increasing function and M is a
positive number independent of x and ¢.

The degree of approximation of a function /i R—R by a
trigonometric polynomial ¢, of degree n under super
norm || ||, is defined by

Ity = flloo = sup{t, (x) = fF(X)]: x ER} (7
A function f € Lipa if
[fx+t) = f)]=0(t]?), 0<x<1 (8)

And f € Lip(a,p) if

{1 fa+0-feor dx}f =0(|t]9), 0 <x< 1,p = 1
©

Given a positive increasing function &(t) and an integer
p = 1, then f € Lip (£(t), p) if
1

(21 fec+ 0 - foP dx) = 0(5©)
And f €e W(L,, (@) if

(10)
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1

UF ¢ G+ 0 - feysintx|” dx)” = 0(E@®) (D)

We use the following notations:
p@) =fx+)+f(x—1t)—2f(x)
YO =flx+6)—flx—1)

! AN (CE2EY sin (v+
Kn (t) - n(n+1)(n+2) { Z]} 0 [( ) s]n

Co: 17

I_J
[——

S
sm

I_l
—_———

Ro() = s koo {(n 7 Zheo [( )
FG) = =5 Jy (@) cot (3) dt

3. Main Theorems

We prove the following theorems:

3.1 Theorem 1

Let f is a 2m-periodic function, Lebesgue integrable on [-
m,7] and f € Lip (¢(t), p) then its degree of approximation
by (C,2) (E,1) product means on its Fourier series is given by

1 1
n%—fw4=0&n+nwggn{ J (12)
(n+1)4
where s, is (C,2)(E, 1) product means of Fourier series (4).

We shall use following condition:
1

{fﬂm (%) dt}p =0 {zp (nl?)} (13)
And )
() af ~oforvo(z)  wo

1,1
where —+-=1,1<r <o
P oq

3.2 Theorem 2

If a function f, conjugate to a 2m-periodic function f €
Lip ((t), p) then its degree of approximation by (C,2)(E, 1)
product means on its conjugate Fourier series is given by

15, = fll, = 0{(n + Dy (5 »Kn+n2+u{
(15)

where §, is (C,2)(E,1) product means of conjugate Fourier
series (5).

(n +1)q

3.3 Theorem 3:

Let f is a 2m-periodic function, Lebesgue integrable on [-
m,m] and f € W(L,,&(t)) then its degree of approximation
by (C, 2) (E, 1) product means on its Fourier series is given
by s, = fllr =

ofors o6 (2) i

where s, is (C,2) (E, 1) product means of Fourier series (4).
We shall use following condition:
1

ey e o) o

And

1
r S on s
{fnl?( ) dt} = 0o{(n + 1)}
where (E(t )) is non-increasing in z, and § is an arbltrary

(18)

positive number such that s(1 — §) — 1 > 0, ;+ ; =1,
1<r<ow
3.4 Theorem 4: If a function f, conjugate to a 2m-periodic
function f € W(LT, & (t)) then its degree of approximation
by (C,2) (E,1) product means on its conjugate Fourier series
is given by
1

~ z B+=p (1
15 = 7l = 0 fe+ 07 ()} (19)
where §, is (C,2) (E,1) product means of conjugate Fourier
series (5).

4. Lemma

For the proof of our theorems following lemmas (see
Nigam[5]) are required.

41 Lemmal

For0<t< ﬁ, sinnt < nsint
K, =0n+1)

4.2 Lemma 2

1 Lt t .
FormStSn, smzz—andsmnts 1

K@1=0(;)

4.3 Lemma 3

el

>and |cosnt| <1

T

1
For0 <t<—,
n+1

K01 =0(3)

t
sin-2
2

4.4 1Lemma4
For0<a<b<w0<t<mandanyn
K.l =0(;)

5. Proof of Main Theorems

5.1 Proof of Theorem 1

The n™ partial sum s, (f; x) of series (4) is given by
su(Fix) = f(x) = - fmf“)w
The (E,1) transform of s, (f; x) is glven by
1 T n 7 Sin k+3)e
t, D — f(x) = nzn_-}-lf() ¢(t){ k:O(k) Sig (5) }dt

The (C,2)(E, 1) transform of s, (f; x) is given by
(C2)(E 1) _ —
tn f&x) =

! (n—k+1) (7 $ () . 1
n(n+1)(n+2) o= { — f" [Z 0(1]‘;) sin (U + E) t] dt}

—L¢®mamr
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_ [ fan + fn ] HOK, (O)dt This completes the proof of the theorem 1.
=Jd i i
=0(L) +0(l) (20) 5.2 Proof of Theorem 2
Now
L= f%(ﬁ(t)K (©)dt The n™ partial sum 3, (f; x) of series (5) is given by
1= Jo 1 n sin (n )
5] < [T, (©)lde (50 = f0) =5 [T o0 =Lt
By lemma 1 The (E,1) transform of §, (f; x) is glven by
L ~ sm )t
h=0@+ D3 [ Ipliar 00 =100 = o 7900 {51oD 1 fa
0 The (C,2)(E, 1) transform of §, (f; x) is given by
% nl? £, CDED _ F(y) =
ot | v [ S st (sn(+ ) )
oy V(i @ - [ OR. O
n+1 n+1 1
=0(n+1) {J; <—l> dt} {fo (Dadt } = [forz?-pf% ]d)(t)]?n(t)dt
o = 01;) + 0(L,) (23)
1 1 N
ool .
(n+1)4 I3 = f(;l“lcb(t)Kn (t)dt
—oftn+ Dy (L {_fl } 21y sl < R IBOIIR, @©lde
{(n W (n+1)} (n+1)7 @D By 1em1(1)1a 3
Next

12=J;?¢(t)l(n(t)dt Iy = {f Iqb(t)IO(%) }

|| sfnl?w(t)llKn(t)ldt z{fn—ﬂ|¢(t)|dt}{f(;? - dt}

By lemma 2

o= [} oo ()al (o) of (5 )
(

n+1

()T

1+

) -ofy
fm"“”'dt}{ﬂ ] ~ofen+ vy (S)H )
of

{ i . n+1 ) 1 q % (n+1) q
B { L<¢(lt)) dt} {LG) at =0+ ( ; )}{( :1)%} ey
eV Bl e
AL, () o [ 0|
n+l AP . ntl . 1 ] < [3T 191K, (B)|dt
=0 {(n D% (n + 1)}{(71 + 1)‘7+1}q pylemma t
m 1
-ofer vy (=) o= {[} o ()
= o{m+ 1y (L) {(n;);} @ ! f;|¢(t)|dt} ! [, () dt]
n+1 n+1
1
Combining (20), (21) and (22) T Py ( m q q
Y(t) 1
5.(f32) = f() = 0 {(n + Dy (=)} {i}+ - U%( T ) dt] ! %(?) dt
n+1)4 1 1
0{(n+ Dy (ﬁ)} {(_11)%.} _ [ 7; <@>p dt]p[ 7; (t)dt }q
(e AN
=0{(n+ Dy (— {—1} 1 1 q
7 o =0 {(" DN (n + 1)}{(n T 1)q+1}q
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_ 2.0 (1 1 By lemma 2 1 1
0 {(Tl + D%y (n+1)} {(n+1)1+%} _ {f”l (t_dld’(t)l)p dt}; {fnl ( i(t) 1)q dt};
=ofm+1y (nl?)}{%} (25) AR e
(n+1)7
Combining (23), (24) and (25) - 0{(n + 1)6}{ ( - jfﬁt")“)q) dt} )
50 - f) =0{n+ Dy ()} {i} - = oftn+ 0%} (Z) . ()| 1
1 1 [ q(=5+B+1)+1 a
o{en+ 1y (m)}{m} = oft+ 0% (RIS ]
{(n + 1)1,1;( )} [(n+1)%+1] {—r} - 0{(n +1)%¢ (%)} {(n + 1)Co+B+1)- 1}q
n+1)4
This completes the proof of the theorem(z v _ {(n +1) 5( 1 )} (n+ 1)( 5+ﬁ+1)—5}
5.3 Proof of Theorem 3 -0 {(n n 1)/”,, £ (m)} (28)

The n™ partial sum sn (f; x) of series (4) is given by Combining 26). (27) and (28)

. _ Sln(n )
su(fix) = f(x) = f ¢(t) ——F~dt 5, (fix) — f(x)_o{(n+1)ﬁ+f( )}+0{(n+
The (E,1) transform of s, (f; x) is glven by 18+1p¢In+1
650 — (1) = —= J7 6 (®) {Zk o} )S”‘(( }dt = o{m+1’ e ()]

The (C,2)(E, 1) transform of s, (f; x) is given by
(C2)(ED) _ —
tn f(x) =

(n—k+D) (@ ® [vk (kY o 1
n(nﬂ)(n”) Yk=0 { f [ *o(%) sin (v + E) t] dt} 5.4 Proof of Theorem 4

This completes the proof of the theorem 3.

= fo ¢)(t)Kn (H)de The n™ partial sum §n (f; x) of series (5) is given by
= [f()"?*'f% ]¢(t)Kn(t)dt 5.(f30) = f(x) = f B — 2 ( ) dt
=0(s) + 0(ls) (26)  The (£,1) transform of 5,(f;x) is glven by
Now ) ED _ 7 sin (Je+2 ) p
I = [ o, @ 6D~ F@) = e ) 60 {zk o) =5 g } t
5] < [T OIIK, (Oldt 1 Zlh(gg)c('ﬁl))(f,})(;r)arlzsform of 5, (f; x) is given by
= {fonl? (tw’(?(%ﬁt)p dt}; {fonﬂ (%) dt }E n(n+1)(n+2) 2k=0 {(n = fw(t) [Z —o(%) sin (v + %) t] dt}
By lemma 1 , = fo ¢(t)Kn(t)dt
=0(-%) om+1) {f (L) ac = e@R @
! : =0(l,) + 0(lg) (29)
—0(1)¢ (111?) {fon? (t(iﬁ)} Now 7 A
EPIRER, b = [T R, (Hdt
=0t () [{W}O ] i1 < 77 (OIIR, (©)]de
= 0f¢ (1)) (@ ey = {7 (22 e { s (LB g f
=0 {{ (nl?)}{(n + 1)(1+ﬁ)_3} By lemma 3 )
—0 {(n L e (nl?)} @7) =0(=) {foﬁ (L9 dt}q
Next )
fnl?d)(t)l( ()dt _ 0($)E($){fﬁ(t(zi;)q)}q 1

lls] < [ |p(DIIK, (£)]de RPN -
ST (R o
={fnil( 3 ) dt} {f%(W) dt}
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_ 2+8)q—1 [8] S. Lal and J. Kushwaha, “Degree of approximation of
=0 {(n+1) ¢ (n+1)} {(n +D ” }q lipschitz function by product summability method”,
— @+B)— Int.Math.Forum, 4, 2009, No.43, 2101-2107.
=o{G) e EHor 0
B+ 1
=0 {(n + 1) e (m)} (30)
Next
T ~
b=, sOR@
n+l

|Ig] < f%w(t)nl?n(mdt

1
_(en (Bl @Isinf e\ VP (en (E@IK O
_{fn%( 10 ) dt} {fi(t—ésmﬁt) dt}

n+1
By lemma 4

1

- {1 (e a {5
= oftn+ PN () ]

= o+ 0%} ¢ G, (ome)f
ol e G|, |
=0 {(n +1)%¢ (nil)}{(n + 1)08+p+D- 1}q
~ofo+ v (o + 70

=0 {(n L £ (nl?)} G1)
Combining (29), (30) and (31)
52 (i) = £ = 0{n+ e () + o+
1p+1pfintl
Lol ()

This completes the proof of the theorem 4.
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