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Abstract: Let X be a locally compact Hausdorff space and let F,,(X) = limit of the function spaces of maps of X into certain spaces of

type K(z, n)
= each of the spaces of sequences

SPPY", QSP Y™ (SPTY™? | (SP® Y™™ | is a space of type K(x, n),

S SPTY" — QSP7YM — (PSPTYME o QN SPT YN — OMISPTYM M

For any space X ,we define the space F, n(X) = (£2" SP”Y™™X topologized by the compact-open topology.
The aim of this paper is i) to investigate the properties of F, ,,(X); ii) to study of the object F, r, .
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1. Introduction

Throughout this paper we assume that all spaces are locally
compact Hausdorff space, also all spaces are of type K(=, n).

Now we recall the following the following definitions and
statements:-

Definition 1.1:

Let & be a discrete group. A based topological space X is
called an Eilenberg-MacLane space of type K(x; n), where
n > 1; if all the homotopy groups m(X) are trivial except

for m,(X); which is isomorphic to .

A pointed CW complex X is a K(m, n)
(Eilenberg-MacLane space) if

_[mk=mn
m(X) = In, kzn
Definition 1.2:

Let f : X— Y be a continuous map, define =f: £X—XY by
>f(x,t) = (f(x),t), then X is a covariant functor. This implies
that ¥ induces homotopic maps into homotopic maps i.e.
induces a map

> XY] = [ZX, ZY].

Define =™ (X)= 2(2"X)
=X Y] = [EX, 2Y] = [2X, 2 ] ..
= limy - [Z"XIY] = {X,Y}.

In [5] define that S-category same as X-category is the
category whose objects are topological spaces with base
points and whose maps are from X to Y are the elements of
XY}

For any space X we define the space

Fo n(X) = (2"SP*Y"™™)* topologized by the compact-open
topology, then we have the following:

Lemmal.3: Let X be a polyhedron, the map F,n(X) —
Fn.m+1(X) is a weak homotopy equivalence for each m > 0.

Proof:

Since my (£, (X)) = [L*X, ™ SP=I™™] and
Ek{Fﬂ_m+1{X:]} R [ERH; am+igp=7x r!+rr.+:|_],

it follows that the map F, n(X) = Fpn+1(X) is a weak
homotopy equivalence for each m > 0.

Lemmal.4: Each inclusion map
Fn, m(X) < Fy(X) is a weak homotopy equivalence.

Proof:-

Since F,(X) has the weak topology relative to the subsets
Fnm(X), it follows that every subset of F,(X) is contained in
Fn, m(X) for some m>0 (all the function spaces are easily
seen to be Hausdorff). Therefore the inclusion maps

Fn, m(X) < Fn(X) induce the isomorphism
limyy, g ( By m (X)) & mg(Fy(X)), it
Lemmal.3 that forany m >0,

Ta(F (X)) & limmy (£ m (X))

follows from

Lemma 1.5: Let A :Fp(ZX) — F,(X) be defined by A(o)
(X) (t1, tr.sty) = AX, ) ((t, b, b)), fOr ae Frygma(EX),
then A is an isomorphism and if f: X— X/, commutativity
holds in the diagram

i Frei@f .
Fp g (ZXT) - . E L 4(EX)
y Frfi
L R (X — R (X)

Proof:

Since A Fha(EX)— F(X) is induced by the natural
isomorphism

A Friom1(EX) — Fom(X) , for every m >1 and so A is an
isomorphism.

Again since the diagram

: J"-'l':—1._1-.-1.—:1.""_]")
Foirm_ 1 (ZX) —

Frmif

LB (X)) —= Fan(X)
is commutative and so A is commutativity.

Friam-1(EX)

Let I [FauEX)FoaEX)] —  [Fa(X),Fa(X)]s be the
isomorphism defined by

A[fln = .

Using the above Lemmal.3, it follows that

AFra(2) = Fo: {X X3 = [FaX) Fon
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Therefore we can extend the functor F, to a functor
El + IXX3 = [Fa(X),Fa(X)]n such that the following
diagram

[T7%,I"%] — (. X}
A" Fom ¢ B
[Fa(X),Fa(X)]4 is commutative.

Lemma 1.6: F;;" is a homomorphism

Proof We prove that

o | EPEERX] o [FromE™X), FoomE™X )y is a
homomorphlsm for m>2.
Let f,g : Z™X— Z™x/ such that X, € ANB, "X =AUB, f|B
=g|A=x[and f=f g=g.
Then f+g': 2™ ¥ — £™x/ is defined by
f+d|A=f|Aandf +¢|B=¢|Band
[f] + [] = [+ g’]-
If V' Foipm(Z” X)) and xe "X’ then
(Frspm(P+aNA =N (F+g) (%)

{ﬂ flx= ((Foupf)A )z, ifx A

Vg'sx = (FoipghA)x ifx B

Since ( Frapmf)A)x is the constant map if xe B and ((Fripm
g")2)x is the constant map for xeA, we see that

(Fn+p m(fj + g ))7\'/ - ((Fn+p mfj )7\'/) ((Fn+p m g )7\'/

SO Fn+p m(f/ + g ) Fn+p m(fj) Fn+p m (g )

Lemmal.7: Let Y be a space of type K(x, n) and let X be a
polyhedron such that H(X) = 0

forg>n.

Let A m (¥Y*)—>H™(X;m) be defined by

Aw = E'()/ho, then 4 is an homomorphism

A mg(YX) & HYI(XH)

Let X be a polyhedron such that HI(X) = 0 for

g> n, then we have isomorphisms

Ay mg(Fam(X)) & H9(X) defined by

Ap o = Ef i (Trm ) / ho, where

By m:Fo (X % X)— Q™ SP*Y™™Mis a evaluation map.

From the commutativity of the diagram
Enm
Fym (X % X) — OF 5P=30 =

N

Enm=
Fy et (X % X) = Om sp=ymiel

and the fact that (QQ"p) " th ms1 = Tnm,
we get the commutative diagram

Tg(Foa(X)) = mo(Fre+1(X))

‘ﬂu.x /‘iu_mn.

H*4X
= Ag m(Fa(X)) H™4(X) is an isomorphism and
commutativity holds in the diagram

Ta(Foa(X)) = mg(Fo(X))

aux /ﬂu
H-4(X)

Lemma 1.8:

Let f: X—X/, then the diagram
HOX)

H™X)
Ay l ¢":" n
':Frzf-j=
Ta(Fa(X)) —— mq(Fu(X))

is commutative

Proof: To prove the Lemma it suffices to prove the
following diagram is commutative

H4X) g
P
ta(Fa(X)) —% o (Fae(X)

Let it Fym(X) < Fam(X), j : X < X. By definition of F, n(f)
we have the commutative diagram

Fa(X% X) — Fya(X' X)
Faalf)y, . E
Foa(Xx X) — QTSPogn+™
E, E’ are the respective evaluation maps.

Lemmal.9 Let fi :X—>Y and g;: Y—>Z, fori=1,2 be
continuous. If f; = f,and g; = @,, then gy 0 fi = go0f; ; that
is [Eiﬂﬁ] =[g:0f].

In[1], it follows.
In section 2 we construct and investigate functor Fp

Theorem 2.1 If f; X—X/,

then Fp w(: Fn m(X) > F.
homomorphism.

Proof: We define F, n(f): Fn m(X): = Fn m(X) by

(Fo. m(FON(X) = N(F(x)), for Ve Fy (X)), m>0.

Since for every m , Fy(f): Fo(X): — F,(X) is a continuous
homomorphism and

Ey(FY Fo m(X) = Fy () is continuous.

m(X) is a continuous

Theorem 2.2 Let {X,X} is the set of Z-homotopy classes
from X to X’ and [Fy(X),Fo(X)]4 denote the monoid of
homotopy classes of homomorphisms, homotopic through
homomorphisms, of one abelian monoid F,(X') into another
Fa(X) , then we have a homomorphism

Fo : {X.X} = [Fo(X'),Fn(X)]4 such that Fo[f] = [Fy(f)]n.

Proof: Let h:Xxl—X' be a homotopy from f, to f,. Then for
each m we have a continuous homomorphism
Fom():(QTSPEE™™F 5 Q™ SP™y™™*' | which
corresponds to a continuous map

hy @ (QTSPEE™™IE X Q™ SPPY™™* which is a
continuous homomorphism for every tel.
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Since commutativity holds in the diagram
@rsprymemyE 1 I om gprymmE
i _ )
{Qm+15PxEn+m+1:lx w fmei (Qﬂ:—l ngEn—ﬂ'.—I}"i
= the maps h, define a
R lim, ((QTSPEY™™E 1) — E,

continuous  map

classes of  homomorphisms,  homotopic  through
homomorphisms, of one abelian monoid F,(X) into another
Fo(X) in "FNFHE' that is

Fallgxxal = Itz_on.m. o0l
Theorem 2.6 The set of all monoid of homotopy classes of

continuous homomorphism forms a category , it is denoted
by FNMHE'

= limy, (Q"SPEE™™* X [) & limg, (Q"SPTE™F x| =

h defines a continuous map h”: F,(X') x | — Fy(X)
= Fy(fo) = Fy(fy)

Theorem 2.3 Let {X,X'} is the set of Z-homotopy classes
from X to X' . The set of all =-homotopy classes and their
homomorphisms forms a category , it is denoted by "HC'

Proof: We take all the Hausdorff spaces are the set of object
and the set of Z-homotopy classes are set of morphisms and
the composition is the usual composition of mappings.

Theorem2.4  [Fo(X),Fy(X)]y denote the monoid of
homotopy classes of homomorphisms, homotopic through
homomorphisms, of one abelian monoid F,(X') into another
Fa(X). The set of all monoid of homotopy classes of
homomorphisms, homotopic through homomorphisms forms
a category , it is denoted by '‘FNHE'

Proof: We take all the abelian monoid are the set of object
and the set of all monoid of homotopy classes of
homomorphisms, homotopic through homomorphisms are
set of morphisms and the composition is the usual
composition of mappings.

Theorem2.5 Let "H'€' be the category of homotopy classes
of homomorphism and 'FNHE" be the monoid of
homotopy classes of homomorphisms, there exists a
contravariant n- homotopy functor F,: "HE€ —» "FNHCE'

Proof:

Let {X,X} be the set of =-homotopy classes from X to X' in
"HE then [Fo(X'),Fa(X)]n denote the monoid of homotopy
classes of  homomorphisms,  homotopic  through
homomorphisms, of one abelian monoid F,(X') into another
Fo(X) in ' FNHC.

Let {X;, X,}be the set of Z-homotopy classes from f: X; —
X, and {X,,X3}be the set of Z-homotopy classes from g: X,
— Xz, then by Definition1.2 and Lemmal.9, {X,Xs}be
the set of =-homotopy classes from gf: X; — X3 in "H'€" and
also for {X;,X3}be the set of X-homotopy classes from gf
Xy = Xz in "H €', then [Fn(X3),Fa(X1)]4 denote the monoid
of homotopy classes of homomorphisms, homotopic through
homomorphisms, of one abelian monoid F,(X3) into another
Fa(Xy) in FNHCE

Fn : { X1 ’XS} - [Fn(XB)aFn(Xl)]H such that Fn[g ﬂ = [Fn(g
f)]n . Using the Lemma 1.9, we have if f = g = F,(f)
= F(9) = [Fa(] = [Fa(9)]. Using Theorem2.2,

Falg 0 f] = [Fa(g 0 )]1 = [Fa(f) 0F(9)]n =[Fa(f)]n 0 [Fa(9)]k.
If {X,X} be the set of X-homotopy classes from X to X in
"HE then [Fn(X),Fn(X)]4 denote the monoid of homotopy

Proof: We take all the abelian monoid are the set of object
and the set of all monoid of homotopy classes of continuous
homomorphisms, homotopic through continuous
homomorphisms are set of morphisms and the composition
is the usual composition of continuous mappings.

Theorem 2.7 Let "H'€" be the category of homotopy classes
of homomorphism and 'FNMHE' be the category of
homotopy classes of continuous homomorphisms, then there
exists a contravariant (n,m) functor Fpn:'HCE >
'FNMHE

Proof: Using the Theorem2.1, Theorem 2.2 and Theorem
2.5, it follows
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