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Abstract: Let X be a locally compact Hausdorff space and let F,(X) = limit of the function spaces of maps of X into certain spaces of

type K(x, n)
= each of the spaces of sequences

SP*Y", QSP*Y"™, QSPPY"™,. QSP* Y™ ... is a space of type K(r, n),

S SP°Y" — QSPY"™ s (PSPPY" s U SPP Y s gy

For any space X ,we define the space F,, ,,(X) = (€2" SP*Y"")* topologized by the compact-open topology.
The aim of this paper is i) to investigate the properties of F, ,,(X); ii) to study of the object F,, ,, .
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1. Introduction

Throughout this paper we assume that all spaces are locally
compact Hausdorff space, also all spaces are of type K(m, n).

Now we recall the following the following definitions and
statements:-

Definition 1.1:

Let © be a discrete group. A based topological space X is
called an Eilenberg-MacLane space of type K(x; n), where
n > 1; if all the homotopy groups m(X) are trivial except

for n,(X); which is isomorphic to .

A pointed CW complex X is a K(x, n)
(Eilenberg-MacLane space) if

_[mEk=n
m(X) = In, kzn
Definition 1.2:

Let f : X— Y be a continuous map, define 2f: EX—XY by
2f(x,t) = (f(x),t), then X is a covariant functor. This implies
that £ induces homotopic maps into homotopic maps i.e. £
induces a map

2 [XY] - [2X, 2Y].

Define 2" (X)= Z(Z"X)
=[X Y] = [2X, ZY]= . o[ 2, 2" | >...
= Hmi’!—.l:: [ZDK‘ZDY] = {XaY}

In [5] define that S-category same as X-category is the
category whose objects are topological spaces with base
points and whose maps are from X to Y are the elements of
{X,Y}

For any space X we define the space

F, w(X) = (€2"SP*Y"™)* topologized by the compact-open
topology, then we have the following:

Lemmal.3: Let X be a polyhedron, the map F,(X) —
Fom+1(X) is a weak homotopy equivalence for each m > 0.

Proof:

Since m(F, (X)) & [TFX, O™ SP=E™+™] and
T(Fomea (X)) % [EFX,QMrtsp=gnemsd],

it follows that the map F, ,(X) = F,m1(X) is a weak
homotopy equivalence for each m > 0.

Lemmal.4: Each inclusion map
Fo, m(X) € Fu(X) is a weak homotopy equivalence.

Proof:-

Since F,(X) has the weak topology relative to the subsets
Fom(X), it follows that every subset of F,(X) is contained in
Fo, m(X) for some m>0 (all the function spaces are easily
seen to be Hausdorff). Therefore the inclusion maps

Fp m(X) c Fy(X) induce the isomorphism
limey, mo( By (X)) = mo (B (X)), it
Lemmal.3 that foranym >0,

7y (Fa(X) % limm, ( By (X))

follows from

Lemma 1.5: Let A :F,(£X) — Fy(X) be defined by A(a)
(X) (t], tz,...,tm) = 7\.(X, tm)( (tl, tz,...,tm_l), for ae Fn+]’m_1(ZX),
then A is an isomorphism and if f: X— X/, commutativity
holds in the diagram

i Frei@f .
Fr o (EXT) - . 1 (EX)
5 Frifi
1L By 28F, (%)

Proof:

Since A :F1(EX) — Fy(X) is induced by the natural
isomorphism

A\ Foiimi1(ZX) — Fom(X) , for every m 21 and so A is an
isomorphism.

Again since the diagram

Fretym- T

Fﬂ+Lm—1{EX!1 — FF!+L?'FL—1{Z}{ )
LB () 2R E, (%)

is commutative and so A is commutativity.

Let I [Foui(EX)Fan(EX)] = [FuX).Fu(X)lu be the
isomorphism defined by

A[fls = ML T

Using the above Lemmal.3, it follows that

AFpi(2) = Fy {X.X} = [Fa(X),Fo(X)]s -
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Therefore we can extend the functor F, to a functor
El o (XX} = [Fu(X),F,(X)]y such that the following
diagram

[Z™X.I"X] — (XX}
A" Fyom ¥ ¢
[Fo(X' ),Fo(X) ]y is commutative.

Lemma 1.6: F;. is a homomorphism

Proof: We prove that

Frm @ EPXI7X] > [From@ X)), FoumE™X)]u is 2
homomorphism for m>2.
Let f,g : T™¥— Z™¥/ such that x, € ANB, Z"X =AUB, f|B
:g/|A=x','_; and f =f | g~ o/,
Then f+g : E™¥— E™¥/ is defined by
f+g|A=f|Aand f + ¢|B=g|B and
[f]+[g] = [f+ g].
If )€ Fripm(Z’ X)) and xe =X’ then
(Faip m( T+ )x=1 (F+2) (%)

{A Flx= ((FaspfA ), if x A

Vg'x = (Fripg ) )x ifxeB

Since ( Fnﬂ,,mf )W)x is the constant map if xe B and ((Foipm
g)V)x is the constant map for xe A, we see that

Fripanf + ZDA = (Faipnf D) (Fripm €OV,

50 Fpipn('+ €) = Fapm(f) . Fovpm (€)

Lemmal.7: Let Y be a space of type K(x, n) and let X be a
polyhedron such that H{(X) =0,

forq>n.

Let At m (Y*)—>H"Y(X;m) be defined by
Ax = E'(7)/ha, then A is an homomorphism
A (YY) &= HY(X;H)

Let X be a polyhedron such that HY(X) = 0 for

g2 n, then we have isomorphisms
Bt Ty(Fom(X)) ® H™(X) defined by

Apme=E] 5(Tum) / ho, where

Ey By m(X % X)— Q™ SP*Y"™is a evaluation map.

From the commutativity of the diagram
Enm
Fom (X % X) — Q= 5p=7=

N

Enm=
Fpmer (X % X) =705 Om sp=ymiasl

and the fact that (anp)*rn’er] = Toms
we get the commutative diagram

Tg(Foa(X)) = mo(Fre+1(X))

‘ﬂu.x /‘iu_mn.

H™ )
= Ay w(FuX)) & H"(X) is an isomorphism and
commutativity holds in the diagram

Ta(Foa(X)) = mg(Fo(X))

aux /ﬂu
H-4(X)

Lemma 1.8:

Let f: X—X/, then the diagram

mex) L oEe)
Ay l ¢":" n
':Frzf-j=
Ta(Fa(X)) —— mq(Fu(X))

is commutative

Proof: To prove the Lemma it suffices to prove the
following diagram is commutative

HX) o HEQ
ary g_l A

(Famil=

Tg(Foe(X)) —’ fg(Fo (X))

Let i: F, (X)) € Fon(X), j : X  X. By definition of F, ,(f)
we have the commutative diagram

Fa(X% X) — Fya(X' X)
RO | E
Faa(Xx X) — QTSPogn+™
E, E' are the respective evaluation maps.

Lemmal.9 Let f; :X—Y and g;: Y—Z, fori=1,2 be
continuous. If f; = f, and g, = g,, then g;0fi = g;0f ; that
is [Eiﬂﬁ] =[g:0f].

In[1], it follows.
In section 2 we construct and investigate functor Fp

Theorem 2.1 If f: X—X/,

then F, n(: Fo wm(X) — F.
homomorphism.

Proof: We define F, ,(f): F,, nX): > Fo, m(X) by

(Fa. m(fO)(x) = N (f(x)), for X' e F, n(X), m > 0.

Since for every m , Fy(f): Fu(X'): = Fy(X) is a continuous
homomorphism and

E(fVyF, ,m(X/ ) =F,, m(f) is continuous.

n(X) is a continuous

Theorem 2.2 Let {X,X'} is the set of Z-homotopy classes
from X to X' and [F,(X),Fo(X)]y denote the monoid of
homotopy classes of homomorphisms, homotopic through
homomorphisms, of one abelian monoid F,(X') into another
Fu(X) , then we have a homomorphism

Fy o {X.X} — [Fu(X),Fo(X) ] such that F,[f] = [F,(D]y .

Proof: Let h:XxI—»X' be a homotopy from f; to f;. Then for
each m we have a continuous homomorphism
Fom(h):(Q7SPEEH™)% (@™ SPPY™™™ , which
corresponds to a continuous map

hy @ (QTSPEETTE L @™ SPPY™™F which is a
continuous homomorphism for every tel.
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Since commutativity holds in the diagram

@rsprymemyE 1 I om gprymmE

1 1
{Qm+15PxEn+m+1:lx w frmet (Qﬂ:—l ngEn—ﬂ'.—I}"i
= the maps h, define a continuous map

R limg ((QTSPERM™E w ) — F,

— l[mm{{qmspxzn+m:]x % U e l[mm{qmspxzn+m:]x w [
h' defines a continuous map h'”: F(X)) x I — F(X)

= Fu(fo) = Fi(f1)

Theorem 2.3 Let {X,X'} is the set of Z-homotopy classes
from X to X' . The set of all E-homotopy classes and their
homomorphisms forms a category , it is denoted by "H'€"

Proof: We take all the Hausdorff spaces are the set of object
and the set of X-homotopy classes are set of morphisms and
the composition is the usual composition of mappings.

Theorem2.4  [Fy(X),F,(X)]y denote the monoid of
homotopy classes of homomorphisms, homotopic through
homomorphisms, of one abelian monoid F,(X)) into another
Fu(X). The set of all monoid of homotopy classes of
homomorphisms, homotopic through homomorphisms forms
a category , it is denoted by "FNHE'

Proof: We take all the abelian monoid are the set of object
and the set of all monoid of homotopy classes of
homomorphisms, homotopic through homomorphisms are
set of morphisms and the composition is the wusual
composition of mappings.

Theorem2.5 Let "H'C' be the category of homotopy classes
of homomorphism and "FNHE' be the monoid of
homotopy classes of homomorphisms, there exists a
contravariant n- homotopy functor Fy,: "H€ — "FNHE'

Proof:

Let {X,X'} be the set of Z-homotopy classes from X to X' in
"HE then [Fo(X),Fo(X)]u denote the monoid of homotopy
classes of  homomorphisms, homotopic  through

homomorphisms, of one abelian monoid F,(X)) into another
Fo(X) in "FNH .

Let {X;, X;}be the set of Z-homotopy classes from f: X; —>
X, and {X,,X;3}be the set of Z-homotopy classes from g: X,
— X3 , then by Definitionl.2 and Lemmal.9, {X;,X;}be
the set of Z-homotopy classes from gf: X; — X; in "H'€" and
also for {X;,X3}be the set of X-homotopy classes from gf
X, = X5 in "H €', then [F,(X3),Fa(X))]u denote the monoid
of homotopy classes of homomorphisms, homotopic through
homomorphisms, of one abelian monoid F,(X3) into another
Fo(X) in FNHE" .

Fn N { Xl ,X3} — [Fn(X3),Fn(X1)]H such that Fn[g fJ = [Fn(g
f)]g - Using the Lemma 1.9, we have if f = g = F,(f)
= Fy(g) = [Fu(D)] = [Fu(g)]. Using Theorem2.2,

Filg o f] = [Fi(g 0 H)]u= [Fu(f) oFw(2)]n =[Fu(D]n 0 [Fr(g)]n-
If {X,X} be the set of X-homotopy classes from X to X in
"H' €' then [Fy(X),Fy(X)]u denote the monoid of homotopy

classes of  homomorphisms, homotopic  through
homomorphisms, of one abelian monoid F,(X) into another
Fu(X)in"FNHC' thatis

Fullixx;1 = I[;',., (X Fr ()]

Theorem 2.6 The set of all monoid of homotopy classes of
continuous homomorphism forms a category , it is denoted
by ‘FNMHC.

=

Proof: We take all the abelian monoid are the set of object
and the set of all monoid of homotopy classes of continuous
homomorphisms, homotopic through continuous
homomorphisms are set of morphisms and the composition
is the usual composition of continuous mappings.

Theorem 2.7 Let "H'€' be the category of homotopy classes
of homomorphism and 'FNMHCE' be the category of
homotopy classes of continuous homomorphisms, then there
exists a contravariant (n,m) functor Fpp: HE >
"FNMHE

Proof: Using the Theorem2.1, Theorem 2.2 and Theorem
2.5, it follows
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