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1. Introduction

Let H(U) denote the class of analytic functions in the open
unit disk U={z:|z|<1} and let H[a,1] denote the
subclass of the functions f € H(U) of the form:

f(z)=a+az+a,z°+---(aeC)

Also, let A be the class of functions f € H(U) of the
form

f(2)=2+Ya,2", ®
n=2

For two functions f (z) given by (1) and

a(z)= z+ibnz”
n=2

The Hadamard product (or convolution) of f and g is
defined by

(fxg)z)= z+§anbnz” =(g*f)z)

Let f,geH(U), we say that the function f s
subordinate to g, if there exist a Schwarz function W,

analytic in U, with w(0)=0 and |w(z)|<1(zeU),
such that f(z) = g(w(z)) forall zeU.

This subordination is denoted by f < g or f(2) <g(2).
It is well known that, if the function @ is univalent in U,

then f(z)=<g(z) if and only if f(0)=g(0) and
f(U)cgU).

Let p(z),h(z) e H(V), and let
@(r,s,t;2):C*xU—C. If p(2) and

®(p(2),zp'(2),2°p"(2);2) are univalent functions, and
if p(z) satisfies the second-order superordination

h(z) < ®(p(2),2p'(2),2°p"(2); 2) (2)
then p(z) is called to be a solution of the differential
superordination (2). (If f(z) is subordinatnate to g(z),
then g(z) is called to be superordinate to f(z)). An
analytic function q(z) is called a subordinant if
q(z) < p(z) for all p(z) satisfies (2). An univalent
subordinant q(z) that satisfies q(z)<q(z) for all
subordinants ((z) of (2) is said to be the best subordinant.

Recently, Miller amd Mocanu [13] obtained conditions on
h(z),q(z) and @ for which the following implication
holds true:

h(z) < @(p(2),2p'(2),2° p"(2);2) = d(2) < p(2)

Using these results, the authors in [3] considered certain
classes of first- order differential superordinations, see also
[7], as well as superordination-preserving integral operators
[6]. Aouf et al. [3, 4], obtained sufficient conditions for

certain normalized analytic functions f (z) to satisfy
zf'(2)
f(2)
where 0;(z) and Q,(z) are given univalent functions in

U with g,(0)=1and q,(0)=1.

0, (2) < <0,(2)

In [18], Sakaguchi defined the class of starlike functions with
respect to symmetrical points as follows:

Let f eA. Then f is said to be starlike with respect to
symmetrical points in U if, and only if,
zf'(2)
R—=— \%/
f(z)-f(-2)

Obviously, it forms a subclass of close-to-convex functions
and hence univalent. Moreover, this class includes the class

>0, (zel).
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of convex functions and odd starlike functions with respect
to the origin, see [18].

Let A denote by D“ : A — A the operator defined by
z
D“f(z)=———x*f(z >-1
@) e 1) (>

or equiavalently,

D"f(2)= Z(Zk_lf(z))(k)

k!
where the symbol (*) stands for the Hadamard product (or
that D,f(z)=f(z) and
D*f (z) = zf (z). The operator D*f
Ruscheweyh derivative of Kth order of f

keN,=0,1,2,...

Convolution). We note

is called the
, see [17].
Analogous to D*f , Noor [14] and Noor et al. [15] defined

an integral operator |, : A — A as follows.

f (z)* fk(r)(z) =

-2y

Then

J@)= 1@* 00| —| * T2 ®
L-2)"
From (3) it is easy to verify that
21, 1(2)) = (k+1 F(2) -kl . F(2) @

We note that 1,f(z)=zf'(z) and 1,f(z)= f(z). The
operator I, f (Z) defined by (3) is called the Noor Integral

operator of Kth order of f, see [8]. Moreover, Liu [8]

introduced some new subclasses of strongly starlike
functions defined by using the Noor integral operator and
studied their properties. Liu and Noor [9] investigated some
interesting properties of the Noor integral operator.

_ z () ,
Let f (z)= W keNg, and let f,”" be defined pefinition 1.1 A function f € A is said to be in the class
such that B*#“(A,B), if it satisfies the following subordination
condition:

Ik+1f(z)_|k+lf(_z) 8 {I f(z) f(—z)} Ik+1f(z)_|k+lf(_z) ) 1+ Az
@-2 + /1 < (5)

22 k+l ( ) k+1 (_Z) 2z 1+Bz

where and throughout this paper unless otherwise mention 7D (2)
the parameters A, £, A and B are constrained as follows: D(z)+ <h(z) (zeURy=0;y#0), (@
AeC:R(u)>0:-1<B<1,A#B,AeR, ,

and all powers are understood as principal values. then D(2)<¥(2) = lyjoty‘lh(t)dt =< h(z2),

z

In this paper, we prove such results as subordination and
superordination properties, convolution properties, distortion

theorems, and inequality properties of the class B’”‘(A, B).

For interested readers see the work done by the authors [1,
5].

2. Preliminary Results

Definition 2.1 Let Q be the set of all functions f that are

analytic and injective on U\ E(f), where
E(f) :{geau: lim f(Z)IOO},
z—>¢

and are such that f (&) =0 for & € QU\E(F).

To establish our main results we need the following
Lemmas.

Lemma 2.1 (Miller and Mocanu [12, 13]). Let the function
h(z) be analytic and convex (univalent) in U with

h(0) =1. Suppose also that the function ®(z) given b
D(z) =1+Cz+Cz% +... (6)
is analytic in U,

(zeU), and W(2) is the best dominant of (1).

Lemma 2.2  (Shanmugam et al. [19]). Let
ceC,neC" =C\0 and let q be a convex univalent

function in U with

R(1+M] > max{O;—R(gj}, (ze),
q(z) 1

If p isanalyticin U and

op(z) +mzp (2) < o0(2) + 1729 (2) ®
then p(z) <q(z),and q is the best dominant of (3).

Lemma 2.3 ([13]). let (z) be a convex univalent function
in U and let meC,m>0. Further assume that
Rm>0.1f g(z) eH[q(0),1]nQ, and

9(z) +mzq (z) < 9(2) +mzg (z),
implies (z) < g(z),and g(z) is the best subordinant.

Lemma 2.4 ([10]). let F be a analytic and convex in U. If
f,geAand f,g<F Then

Af+(1-2)g<F, (0<A<l).

Lemma 2.5 ([16]). let f(z) =1+ Z:Zlanzn be analytic
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and convex in U and g(z) =1+ Z::lbnzn be analytic

and convex in  U. If f(z)<9g(z), then

la;| <|b), (neN).
3. Main Results
Theorem 3.1 Let f (z) eB**(A, B) with RA>0. Then

{lmf(z)—wf(— )} - k)

u 4 du
27

p(k+1) I11+ Azu
A 01+Bzu

1+ Az

1+Bz
and W(z) is the best dominant.
Proof. Set

u

{Ikﬂf(z) 2|k+1f( Z)} =h(2), (zeV). (0
z

Then h(z) is analytic in U with h(0)=1. Logarithmic

differentiation of (5) and simple computations yield

©)

= h(z)+Lzh'(z)<1+ Az (11)
u(k+1) 1+ Bz
p(n+1)
Applying Lemma 2.2 to (11) with y = 1 , we have
|: |k+1f (Z)_ Ik-¢—1f (_Z):|ﬂ ~ \P(Z)
2z
7) ; u(k+1)
_u(k+1) LAt S50
A ol+Bt
#n+1)
_y(k+l)J-11+Azuu P qu< A )
A 01+ Bzu 1+Bz

and W(z) is the best dominant. This completes the proof.

Theorem 3.2 Let ¢(z) be univalent in U, A € C". Suppose
also that q(z) satisfies the following inequality:

R[1 Zc? ((zz))j > max{ —(k +1)R(%j} (13)

f f € A satisfies the following subordination:

N l){lkﬂf(z)— Ikﬂf(—z)T - Iz{lkf(z)— ka(—z)}{lkﬂf(z)— X (_Z)T

21

21 k+1f(z)_|k+lf<_z)

2l f(2)-1,

(1—/1){ Lo F(2)- 1 f (- Z)T \,

22

N—
I
r_
x
huy
—
I
N

Ik+1f(z
then

U
[lmf (2) =l f (_Z)} <q@), (zeV).

2z
and q(z) is the best dominant.

Proof. Let the function h(z) be defined by (10). We know

that the first part of (11) holds true. Combining (11) and
(14), we have

h(z)+ﬁzh'(z)<q(z) (ﬂ

LG (z) s

By using Lemma 2.3 and (7), we easily get the assertion of
Theorem 3.2.

Corollary 3.3 Let L€ C" and —1<B < A<1. Suppose
also that

R(i; Eg > max{o;—(k +1)R[%j}.

If f e A satisfies the following subordination:

|k+1f() |k+1f( ) Z{ka(z)'lkf<'z)} |k+1f<z)_|k+1f(_z) '
(1_/1{ 2 ] +/1|k+1f(z)_|k+1f(_z){ 2 1
A (A_ B)Z , then
(1+Bz)

1+ Az
<
1+ Bz

|k+1f(z)_|k+lf(_z)# 2 , (zeU)
27 1+B .

1+ Az
and
1+ Bz

If f issubordinate to F,then F is superordinate to f .
We now derive the following superordination result for the
class B“‘(A, B).

is the best dominant.

Theorem 3.4 let ((z) be convex univalent function in U
and let A € C with RA>0. Also let

{Ikuf(z)_ Ik+lf(_ Z)T € H[Q(O),l]mQ, and

(1_1){Ik+1f()ijf( )] ity (Z}{Imf(Z)-'mf(-Z)T

2 |k+1f() k+1f( Z) 2
be univalentin U. If
e
k+1f() ! f( Z) ' {l f() f( Z)} |k+1f(z)_|k+1f(_z) '
* 4 2 1 T z){ 2 1

then
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q(z)< { Ik+1f(z)_ Ik+lf(_ Z)T be univalent;unctiorT in U, also
27 ql(Z)+—qu(Z)
and  is the best subordinant. p(n+1)
Proof. Let the function h(z) be defined by (10). Then <(1_/1{Ik+1f() Imf( )1 N { (Z) ( Z} |k+1f(z)‘|k+1f(—2) .
A : 2 . f(2)-1.f(-2) 2
q Z +—Zq Z k+l k+1
(@ i)

q,(2)+

then

)zqz( z)

u(k+1

LT G ]

2 |k+1f() k+1 ( Z) 2

_ A Ik+lf(z)_|k+lf(_z)}#
- h(Z)‘i‘mZh (Z) ql(z)<‘: 22 < qZ(Z)’
An application of Lemma 2.4 vyields the assertion of and (, and Q, are, respectively, the best subordinant and
Theorem 3.4. dominant.
Taking q(z): in Theorem 3.4, we obtain the Theorem 3.7 If A € C.t> 0 and f(2) e BO# (1_2/)’_1),
following corollary. (0<p<1), then f(z)eB** (1—2p,—1) for |Z| <R,
Corollary 3.5 let q(z) be convex univalent function in U Where
andlet —-1<B < A<1,1eC with RA>0. Also let = { ( |ﬁ| jz } |ﬂ| "
_ /. = — 16
0=+ |k+1f(z)_|k+lf(_z):| EH[Q(O),].]('\Q, /u(k+1) /u(k+l)
- 22 The bound R is the best possible.
and
(H'lkﬂf(z)—lkﬂf(-z)}:i RN z}{ MRS )T proot set
. u RN {'mf(z)-'mf(-z)} (P24 p, 2€U, (0<p<1). (17)
be univalent in U. If 21
1+ Az +}L(A—B)Z Then, clearly the function h(z) is analytic in U with
1+ Bz (1+ Bz )2 h(0) =1. Proceeding as an Theorem 3.1, we have
4(1_/1#:|k+1f(z)_lk+lf(_ )} + { (Z) ( Z}{Imf() ks ( )T 1 (1_/1{|k+1f(z)_ |k+1f(_z):|y
2 Ik+1f() kil ( Z) 2 | 1-p 2z
then u
1+ Az - o f (Z)_ I f (—Z) g (z V) iZ{I f((Z)) I f(( Z)§[Ik+1f(2)glk+lf(_2):| _p}
1+ Bz 2z ’ ' lea .
Az | = h(2)+—2—2h (2) 18)
and 1+ By is the best subordinant. ,u(k +1)
Using the following well-known estimate, see [11]
Combining the above results of subordination and ‘Zh' o
superordination, we easily get the following sandwich- type < qz| =r< 1)
result. R[h(z)]” 1-r?
in (18), we obtain that
Corollary 3.6 let Q, be convex univalent and let (|, be 1 I f(2)=1 . f(=2)T¥
lIanivaIent in U, AeC with RA>0. Let g, satisfy(12). RE{C‘-"’*){ o ( )22k+1 ( )}
_|k+1f(z)_ |k+lf(_z) : { ( ) ( Z)}{ k+1f(z)_|k+1f(_z)}ﬂ_
0 _ > eH[q(0),1]nQ, o o) - p
and
RN g N MRS 2R hie ﬁ e } -
i 2 s () kil ( Z) 2
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where R is given by (16).

Right hand side of (19) is positive, provided that r <R, |k+1f(z)_|k+lf(_z) u . 1_ﬁ |k+1f(z)_|k+1f(_z) u -
2 A 2 '

In order to show that the bound R is best possible, we

Moreover,

consider the function f(z) € A defined by A

@)1 f )T 142 R
{ el > L } :p+(1—p)1— (zeU, 0<p<l) 2 L+ A

Z -z 1+ Az _

We note that and the function 148, -1<B, <A<1l,z€U is

1 1-4 L f(2)-1..f(=2)]" analytic and convex in U. Combining (21 - 23) and Lemma
1-p 22 2.4, we find that

21

ufl )T

u Af0-1afl-2)
k+1 () k+1 ( ) 2z 1+A12 “ "
_1+z 2z _, “1+Bz

+
2 i)
1-z ,u(k +1)(1_ Z) thisis f e le'”(Ai, Bl), which implies that the assertion
for |Z| = R, we conclude that the bound is the best possible (12) of Theorem 3.8 holds and this completes the proof.
and this proves the theorem.

oL 201, f(2)-1,f (- z)}{lkﬂf(z)—Ik+1f(—z)}”_p} (1_4{'k+1f(2)-'k+1f(-2)] ﬂl{ fl-l, (z}{lmf()

Theorem 3.9 Let f(Z)eBL”(A, B) with >0 and

Theorem 3.8 If 0<A4 <4 and  _1<B <A <1.Then
-1< B:L < 82 < A2 < Ai <1.Then ,Ll(k _|_1) Ill AU #(';+1)_1du
B™2"(A,,B,)=B""(A,B,). (20) °1-Bu
Proof. Suppose that f eBlZ’”(AZ B ) We know that <R Ikﬂf( ) IMf(—Z) . < ,u(k +1)J-11+ AUU/I(k;l)_ldu 1)
fe-hafba)] ALz, -1, fE)] 2 4 21tBu
(1 { . bl } +4, { = = } The extremal function of (24) is defined by
2 Ik+1f() |k+1f( Z) 2 ( ) (k+1) 1
J+Az o k1) g1+ Azu A
“14B,z Frumel?)= 22( ) L TR R
Since —1< B, <B, <A, < A <1, we easily find that Proof. Let f(z)eB** (A, B) with 4 >0. From
|k+1f() |k+1f( ) z{ka(z)—ka(—z)} |k+1f(z)_|k+1f(_z) “ Theorem 1, we know that (1) holds, which implies that
(-7 th . F(2)-1,,f(~2)]" plk+1) p1+ Ay 4ot
laf(2)-1af(-2) 2 R| e <supR 7jo—u A du
. 1+ Az . 1+ Az " 21 2 A 1+Bzu
1+B,z 1+Bz’ s{'u(k +1)J-18upR[1+ Azuju”(i”)—ldu}
this is f eBﬂl’ﬂ(Al, B,). Thus the assertion (20) holds 20 \1+Bzu
true for 0< A, = A,. If 4, > A, by Theorem 3.1 and (21), /U(k +1) J‘11+ Au (kTﬂ)_ldu, (26)
we know that, f EBO"U(AQ, Bz)that is, ; °1+ Bu
an
7
{I"”f(z);lk”f(_ Z)} Az 2 g L f(2)-1af(=2)]" SitR (k+1)J-11+ Azu uyfldu
z 1+8Bz 21 el A *1+Bu
At the same time, we have

LN XS <>}me<>lmf< T S R i o) T

22 k+1 Z) |k+1 Z) 22 1+(BZ)U

p ,u(k +1) 11+ Au ”k%fl
:a{wlm S| o NI NG [ du. e
A | f 1f(_ Z) Combmmg (26) and (27), we obtain (20). Noting that the

function F/l,p,A,B(Z) defined by (25) belongs to the class
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B“‘(A, B), we get that inequality (24) is sharp. This
completes the proof.

In view of Theorem 9, we have the following distortion
theorems for the class B** (A, B).

Corollary 3.10 Let f(z) e B**(A,B) with >0 and
—1<B, <A <1. Then for |Z| =r <1, wehave

1
_ u(k+1) "
Zr(ﬂ(k/;l)J‘ll Aur S 1duJﬂ

01— Bur
ulk+1) o+ Aur A8y
<“k+1f(z)_|k+lf( X<2[ Pl J.01+BU|'U duj . (28)

The extremal function of (28) is defined by (25).
By noting that

(R(v))% < R(vgj < |v|%, veC;R(v)>0.

From Theorem 9, we can easily derive the following result.

Corollary 3.11 Let f(2) eB””(A, B) with A >0 and
—1<B, <A <1.Then
3
du

( 2(k +1) J-ll Au 50
<R{|Mf<z>_.wf<_z)}z<[ﬂ(k+1>rl+Auuﬂ<;+m

01— Bu
1
2
du| .
212 A 1+Bu

Theorem 3.12 Let f(z) eB”‘(A, B) with 4>0 and
—1<B, <A <1.Then
2(A-B)

i< A+2u(k +1)

The inequality (29) is sharp, with the extremal function
defined by (25).

(29)

Proof. Combining (1) and (5), we have

URLENE IS

2 (- |k+1f( )

ﬁ}y(k+l)alz+---<

ufle)-!

21

1+ Az
1+ Bz

(30)

ufl )T

2u(k +

=1+(A-B)z+--
An application of Lemma 2.4 to (30) yields

{1+ ﬁ} u(k+1)a,

Thus, from (31), we easily arrive at (29) asserted by
Theorem 3.12.

:1+[1+

(31)

<|A-B|.

Theorem 3.13 Let f(z) eB“‘(A,O) with RA >0 and

A>0 and |/”L|(1 +R “(k; l)j > Au(k +1). Then

A
AT

Proof. let h(z) be defined by (9). It follows from (10) that
A
h e
@)+ p(k +1)
where
w(z)=>w,z,,
n=1

is analytic in U with |W(Z)| <1,z eU. From (32), we can
get

h(z)=1+ arlk+D) +1)j

=1+ Aﬂ(k+l)z ,Ll](-k+1)
A

\Z{l f@)-1f(-2)
haf(@)-1eaf(-2)

zh'(z) =1+ Aw(z), (32)

1 #(k+1)

“witz)dt

w,z".  (33)
n=ln+

It follows from (33) that

(zh(z)] =1+ A”(k”)z

nln

n+1 W.z"
pk+1)

We now find from (33) and (34) that

. + +1) o A1)
(th(z)) = A*‘(kT”[W(z)_M [

A
Combining (33) and (35), we can get

() A M2 ety

| h(z) | |1|{|/1|(1+ R[”(k;l)D— Au(k +1)}

Thus, from (10) and (36), we easily arrive at the assertion of
Theorem 3.13.

w(tz)dt]. (35)

(36)

Remark 3.1 If & =1, we obtain the results of [2], Theorems
3.1,41and 4.4.
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