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Abstract: An extension of i-u B-spline curves with a shape parameter is presented in this paper. Each curve segmet is generated by
four consecutive control points. These curves possess most optimal properties of B-spline basis. We can easily obtain different shapes by
altering the value of shape parameter. The lower degree of the basis functions provides less computational complexity. The associated 4-

H B-spline surfaces can exactly represent the surfaces of revolution.
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1. Introduction

Curve and surface modelling is an important tool in the field
of CAGD and computer graphics. As a unified mathematical
model with many desirable properties, B-splines are widely
applied to the modelling of free-form curves and surfaces.
However, there are several limitations of the B-spline model,
which restrict its applications. For example, once the knot
sequences are specified, the positions of B-spline curves are
relatively fixed to their control points. On the other hand,
when using B-splines to construct interpolation curves, a
system of equations must be solved to find the control points.
Although the non-uniform rational basis spline (NURBS)
can overcome the first shortcoming of B-splines to a certain
extent, it fails to model some transcendental curves. The
NURBS model has several other potential limitations due to
the relative complexity of rational basis functions.

In order to improve the shape of a curve and to overcome the
shortcomings of B-splines many bases with shape parameters
are presented using trigonometric functions or the blending
of polynomial and trigonometric functions in [1-5]. Han
presented quadratic trigonometric polynomial curves with
one shape parameter [6]. Yan and Liang constructed a class
of algebraic-trigonometric blended splines with two
parameters x and y [7]. Based on quartic blending functions,
piecewise polynomial curves with a shape parameter were
constructed by Han and Liu [8]. Wang et al. presented
piecewise algebraic and trigonometric uniform B-spline
curves with a shape parameter of degree k (k < 2) [9,10].].
Yin and Tan introduced trigonometric polynomial uniform
B-splines curves with multiple shape parameters [11].
Extension of uniform cubic B-spline curve with local shape
parameters A; are Introduced in [12], in which since only one
kind of local shape parameters %; is included, the local
adjustability of curves is limited. An algebraic-trigonometric
blended piecewise curve with two shape parameters is
defined in [13].

A new algorithm for rotational surfaces with two local shape
parameters by utilizing the A-p B-splines is presented in [14],
in which the blending functions are quartic, i.e. of degree 4.
So the computational complexities of maintaining the curve
increases with increased degree. The higher the degree of a

curve, the less controllable it is, in a sense that small changes
in coefficients are likely to result in large changes in the
shape of the curve. Furthermore, the curves of high degree
are more likely to develop bumps in an unpredictable manner
when the shape of the curve is changed. On the other hand,
lower degree curves have too little flexibility for achieving
desired shape in geometric modelling. For these reasons,
cubic splines are perfect for obtaining desired shape. The
main purpose of this work is to present an extension of A-p
B-spline curves with a shape parameter in which the
blending functions are cubic. The shape of the proposed
curve can be adjusted by altering the values of the shape
parameter when the control points are fixed. This proposed
curve has the same geometric properties as the usual cubic B
spline models.

The rest of this paper is organized as follows. In Section 2,
the A-u B-spline basis functions with two shape parameters
are constructed, and some properties of the basis are given.
In Section 3, the corresponding A-pu B-spline curve is
defined, the properties of the A-u B-spline curve are
discussed and effects of the shape parameter on A-p B-spline
curve are studied. In Section 4, the corresponding A-p B-
spline surface with two shape parameter is presented.
Conclusion is given in Section 5.

2. The A-p Basis Functions with Two Shape
Parameters

Definition 1. We define the cubic blending functions with

two shape parameters A and p (which are the extension of
[14]) as follows:

bos(t) = (1 = A (1 — 1)’

bys(®) =5 —7(1 — (1 — D) (1)
bo3(® =5~ (1 -1 ~1)?

2
by3(®) = (1~ u(1 ~ O)F*

where t € [0, 1] and A, p €[-1,1]. These are called the A-u B-
spline basis functions with two shape parameters.
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Properties of A-u B-spline basis functions

(@) Terminal Properties: At the endpoints, we know that
{bo,g(O) =1 b3(0) =0
bys(1) =1 by’ (1) =0

where 0 <j<i—1;i=1,23and by () = bi3(t)

(b) Non-negativity: The A-p B-spline basis are non-negative
on the interval [0,1]

bi3(t) =0, i=0,123;t€[0,1]

(c) Symmetry: The A-p B-spline basis functions are

symmetric, namely,
bi3(t) =bs; 3(1—1);i=0,1,2,3; t€ [0, 1]

(d) Partition of unity: The A-u B-spline basis possess weight

property,

and

3
=0

i=
() Maximum Value: The maximum value of b; 3(t) occurs
att=:,i=0,123.

Figure 1 shows the curves of the A-p B-spline basis functions
for A=pn=-1,0,1 where bg3(t), by3(t), by3(t) and
b3 3(t) are represented by blue, red, green and black lines
respectively.

e,

025

0 I
0 05 1

Figure 1: A-p B-spline basis functions forA = p = —-1,0,1

3. The A-p B-Spline Curves with Two Shape
Parameters

Definition 2. Given control points P, (i = 0,1, ...,n) in R? or
R3 and a knot vector U=(ug, uy, ..., u,43). Then the curves

3
Ts0u0 = ) by5(OP s @
=0

forte[0,1],i=1,2,..,n.

are called cubic A-p B-spline curve segments, where b;; (j =
0, 1, 2, 3) are A-p B-spline basis functions. All the curve
segments make up the piecewise cubic blending spline
curves with parameters A and p, defined by

_ u-— ui
T, wu) =T3(A, W 3)
1

foru € [u;, u;11] < [uz, u,44] , where Au; = u;;q — u; and
i=34,..,n. T(A, w;u) is called A-pu B-Spline curve with
two shape parameters A and p.

Properties of A-p B-spline curves
The A-p B-Spline curves (2) have the following properties:

(a) Terminal Properties:
T, 150) =5 (P + 2P, +Py)

1
TAw1) = Z(P1 + 2P, + P3)
, A+ 2
T'(A;0) = (P, — By)( 7
, n+2
T'Awl) =@ - Pl)(T)
2 +1

-1
)+ B =P

A—1
)+ B = P

T(,50) = (B — By)

" 2p+1
T, 1) = (B = P

(b) Symmetry:

Py, P;,P,,P; and P;, P,, P, Py define the same A-p B-spline
curve in different parametrizations, i.e.,

T\, 5t Py, Py, Py, Py) = T(wA; 1 —t; P, Py, P, Py)

for te [0,1], A,pe[-1,1].

(c) Geometric invariance:

The shape of a A-p B-spline curve is independent of the
choice of coordinates, i.e. (2) satisfies the following two
equations:

TOwtPh+qP+qP+qP+q =

T, w6 Py, Py, Py, P3) + g

TAwtPy*MP, *M,P, * M,P; xM) =

TA Wt P, P, P, P3) M

for te [0,1], A, pe[-1,1]

where g is arbitrary vector in R? or R3, and M is an arbitrary
d x d matrix, d =2 or 3.

(d) Convex hull property:

Since the A-p B-spline basis functions for A = p=-1,0,1
have the properties of non-negativity and partition of unity,
the entire A-p B-spline curve segment must lie inside the
control polygon spanned by P_3, P_,, P_4, P.

4. Shape Analysis of the A-p B-Spline Curves

Given a control polygon, the shape of the usual cubic B-
spline curve is fixed but for a cubic A-p B-spline curv ,ihe
shape can be changed by altering the values of pe
parameters A and p.

For t € [0,1], we rewrite (2) as follows:

A
Ts ) = 3o 3(OP4—3 + :t A+t*=200F_; —
Pi—3+ut24(t—1)Pi—Pi—2 (4)

where co3(t) = 7 (142 = 2t), ¢;5(t) = (2 — t2), cp3(t) =
2

%(1 - tz + 2t)1c3,3(t) = %1t € [01 1]1 A'l u € [_1! 1]

From (4) we can predict the following behaviour of the

curve:

i.  When we select the same A but different p, the cubic A-
u B-spline curve segment T; 3(A, w; t) approaches to (or
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departs from) the line segment P_;P_; with the
increasing (or decreasing) of shape parameters p.

ii.  When we select the same p but differenta, the cubic A-p
B-spline curve segment T, 3(A, w;t) approaches to (or
departs from) the line segment P_,P. with the
increasing (or decreasing) of shape parameters A.

iii. When we select different A and p the cubic A-pn B-
spline curve segment T;3(A,p;t) approaches to (or
departs to) overall the control polygon with the
concurrent increasing (or decreasing) of shape
parameters A and p.

Figure 2 shows a computed example of cubic A-pu B-spline
curve with different values of shape parameter A and fixed
value of p. These curves are shown by blue lines which are

o)

Figure 2: Cubic A-p B-spline curve with different values of
A and fixed p.

=

Figure 3: Cubic A-p B-spline curve with different values of
p and fixed A.

&3

generated by setting A = —1, 0,1) and p=1. Similarly figure
3 shows a computed example of cubic A-p B-spline curve
with different values of shape parameter u and fixed value of
A. These curves are shown by blue lines which are generated
by setting p= —1, 0,1) and A =1. The corresponding cubic A-
u B-spline curve of [14] is shown by red lines in both figure
2 and figure 3. Thus the cubic A-u B-spline curve can be
made closer to the control polygon than the classical cubic

B-spline curve with Bernstein basis. Hence the shape
parameter A, i provides an efficient tool for obtaining various
smooth shapes in geometric modelling.

5. The A-p B-Spline Surfaces

Given control points P; (i=0,1,..,n; j=0,1,..,m) and
the knot vectors U = (ug,uy,uy,..,u;,..,u,43) and V=
(Vo, V1, V2,++,Vj, .-, Vi 43), Using the tensor product method,
we can construct cubic A-u B-spline surface pieces
3 3
Taww=> )
k=0 1=0
where by 3(A;pq;u) and by 3 (A;p,;v) are the cubic A-p B-
spline basis functions with shape parameters A; p; and A,, p;,
respectively. These surface pieces constitute cubic A-pu B-
spline surface

by (A1 by Wby 3 Az 125 V)P 3Py 3

TA1 15 Azuz5u,v)
. u-— ui ) VvV — Vj
=13 <7\1H1:A—ui: 7\2H2:A—Vj) (5)
Where: u€ [u,uiq] < uzg,unga],  VE[v, V] ©
[V3,Vn+1], Aui = ui+1 . ui, Avi = Vi+1 - Vil i:3,4,...,m,
j=3,4,...,n. Equation (5) is called cubic A-p B-spline
surface.

These surfaces have properties similar to the corresponding
cubic A-p B-spline curves. In addition, since the surfaces
have four shape parameters, the shape of the surfaces can be
adjusted from two direction (in each direction using two
shape parameter), so they can more conveniently be used in
the outline design. An example of surface designing by cubic
A-u B-spline curves is shown in figure 4.

% axis

¥ axis
Figure 4: cubic A-p B-spline surface

6. Conclusion

This paper defines a cubic A-p B-spline curve with two shape
parameters, and analysis properties of its basis functions.
Each section of the curve is defined by only four control
points. The structure of A-p B-spline curves is similar to the
cubic uniform B-spline curves so A-u B-spline curves can be
applied to CAD/CAM modelling system.
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