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Abstract: In this paper, the Homotopy Analysis Sumudu transform method is presented to find the exact solution of a more general
biological population model. The homotopy analysis Sumudu transform method is a combined form of Sumudu transform and
homotopy analysis method. The fractional derivatives are described in Caputo sense, some examples are provided.
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1. Introduction

In recent year’s fractional calculus have been given
considerable popularity due mainly to its various
applications in fluid mechanics, visco-elasticity, biology,
electrical network, optics and signal processing and so on.
Except in a limited number of these problems, we have
difficulty to find their exact analytic solutions. An effective
an easy to use method for solving such equations is needed.
Various powerful methods such as differential transform
method [1-3], Adomian decomposition method [4-8],
Variational iteration method [9-11], homotopy perturbation
method [12-16], homotopy perturbation transforms method
[17-18] etc., have been proposed to obtain the exact and
approximate analytic solutions of fractional differential
equations. Another analytical approach that can be applied
to solve many types of nonlinear fractional differential
equation is Homotopy analysis method (HAM)[19-27). A
systematic and clear exposition on HAM is given in [23-24].

The objective of present paper is to apply the homotopy
analysis Sumudu transform method, which is an elegant
combination of Sumudu transform method and homotopy
analysis method, to find the solution of time-fractional
biological population model [28], a representative biological

population diffusion equation is U, = U2, +U§y + f(u) ,

where u(x, y, t) denotes the population density and f(u)
represents the population supply due to birth and death. In
this paper, we propose a generalized time-fractional
nonlinear biological population diffusion equation as
follows:

o°u?

a 2,,2
U _Ou  OU L fu) 150
ot OX oy
with given initial conditions u(X,y,0), and according to
Malthusian law and Verhulst law, we consider a more
general form of f(x)=hu®(l—ru®) , where h, a, b r

are real numbers. When choose special values, they change
to Malthusian law and Verhulst law.

X,yeR (1.1)

The derivatives in Eq. (1.1) are the Caputo derivative. Linear
and Nonlinear population systems were solved by using

Variational iteration method [28], Adomian Decomposition
method [29], and Homotopy perturbation method [30].
However, one of the disadvantages ADM is the inherent
difficulty in calculating the Adomian polynomial. This paper
considers the effectiveness of the homotopy analysis
Sumudu transform method (HASTM) in solving fractional
biological population system.

2. Basic Definitions

For the concept of fractional derivatives, we will adopt
Caputo’s definition which is a modification of the
Riemann-Liouville definition and has the advantage of
dealing properly with initial value problems in which the
initial conditions are given in terms of the field variable
and their integral order which is the case in most physical
processes. Some basic definitions and properties of
fractional calculus theory which we have used in this paper
are given in this section.

Definition 2.1 A real function f(x), x > 0 is said to be in
the space C,, u € R, if there exist a real number p (>p)
such that f(x) = xPfy(x), where fi(x) € C [0,0), and it is
said to be in the space

Cr iff £ eC,.meN {0},

Definition 2.2.The Riemann-Liouville fractional integral
operator of order o > 0 of a function f € C,, p> - 1is
defined as

X
J“f(x):%jo (X—0)% () dt , @ >0,x >0

(2.1)

39 f(x) =f(x) 2.2)

Properties of the operator J% can be found in [31], we

mention only the following:

@) J* P F(x) = 3% f(x)
Gy I* 3P £(x) =3P 3* f(x)
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I'(y+1)
INa+y+1)
For f eCILL ,u>-La,p>0andy > —1.

Definition 2.3.The fractional derivative of f(x) in the
Caputo sense is defined as [31]

D f(x) = J™“ D" f(x) =

(i) J* X" = oty

[ -yt ar

(2.3)
For m—l<a<m, m € N, x > 0, feCTl.

'm-a)

Also, we need here three basic properties

(i) Dy 3 f(x) = f(x)
(i)
m-1 k
J* Dy f(x) = f(x) - f® (O+ x>0
k=0
(iii) Dy x” :Mx”‘ ;X > 0,7>0.
I'y-a+l

For m—1<a<m,meN,u>-1andf eCE‘.

Lemma 2.1If M-l<oa<m,meN, then the

Laplace transform of the fractional derivative D f(t) is

m-1

L (D{ f(t)) = s* f(s) - fP0")s“** t >0
k=0

(2.4)

Where f(S) is the Laplace transform of f (t).

3. Sumudu Transform

In early 90’s Watugala [32], introduced a new integral
transform, named the Sumudu transform and applied it to the
solution of ordinary differential equation in control
engineering problems. The Sumudu transform is defined
over the set of functions

A={f®)|3M,z,,z, >0,] f(t) <Me"" if t e (—i)! x[0,0)}

(3.1)
by the following formula
G(u)=S[F@)]= |, Fue'd, ue(-r,z,)
(3.2)

The existence and uniqueness of this transformation is
discussed in [33]. For further details and properties of this
transformation, see [34-36].

4. Basic Idea of Homotopy Analysis Method

To give the basic idea of Homotopy Analysis Method [23],
let us consider a nonlinear differential equation in the form:

Ou(x,t)]=0 t>0 (4.2)

Where L[] is a fractional differential operator and u(x,t) is
unknown function of the independent variable x and t. For

the simplicity we ignore all boundary or initial conditions,
which can be treated in the similar way.

In the frame of HAM [22-23], we can construct the
following zeroth-order deformation equation:

(- a)LLg(x,t;q) —uy (X, )] = g7H () [¢(x, t; )]
(42)

Where ( €[0,1] is an embedding parameter, h = Qis an
auxiliary parameter, H (t) # O is an auxiliary function, L is
an auxiliary linear operator, [J is fractional differential
operator, ¢(X,t;q) is an unknown function, and U, (t) is

an initial guess of u(x,t), which satisfies the initial
conditions. It should be emphasized that one has great

freedom to choose the initial guessu,(t), the auxiliary
linear operator L, the auxiliary parameter 7% and the

auxiliary function H (t). Obviously, when the embedding
parameter q=0 and g=1, it holds

#(X,1;0) =uy (X, 1) , #(X,t;1) = u(x,t)
respectively. Thus as g increases from 0 to 1, the solution
#(x,t;q) varies from the initial guess Uy (X,t) to u(X,t)
. Expending ¢(X,t;q) in Taylor series with respect to g, we
have

FED) =X+ DU, DT )

where

1 amqﬁ(x,t,q)|
m!  oq"

Assume that the auxiliary parameter, the auxiliary function
H(t), the initial approximation and the auxiliary linear

operator L are properly chosen, the series (4.3 ) converges at
g=1,then we have

u(x,t) =uy(x,t) + ium(x’t) (4.5)

which must be one of the solution of the original nonlinear
equations. According to the definition (4.5), the governing
equation can be deduced from the zero-order deformation
(4.2). Define the vectors

Uy (X, 1)}

Um ={U, (X,t),u, (X, t),u, (X, t),..., 4.56)
Differentiating equation (4.2), m-times with respect to

embedding parameter g, then setting g=0 and dividing them
by m! , we get the so-called mth-order deformation equation

LIty (6 8) = s (6 0] = AH R, W) (47,
Where

Uy (X,t) = (4.4)

1 "Op(x.t9)

Ry (Una) = T lo0 (a.8)
and
0, m<1
An = {1, m>1 (4.9)

The so-called mth-order deformation equation (4.7) is linear

which can be easily solved using Mathematica package.
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5. Homotopy Analysis Sumudu Transform
Method

To illustrate the basic idea of this method, let us consider a
general fractional nonlinear non homogeneous differential
equation

Dfu(x,t) + Ru(x,t) + Nu(x,t) = g(x,t) , O<a <1

Where g(x, t) is the source term, N represent the general
nonlinear differential operator and R is the linear differential
operator, Dt“ is the Caputo fractional derivative of the
function u(x, t) .

Now taking the Sumudu transform of both sides of (5.1), we
get

S[Du(x, y, )]+ S[R(u, )] + S[Nu(x, )] = S[g(X)]

(5.1) (5.3)
Subject to the initial conditions
u(x,0) = f(x) (5.2)
Using the differentiation properties of the Sumudu transform and above initial condition, we have
S[u] n-1 ) (0)
Y > —— =+ S[Ru(x,t)] +S[Nu(x, t)] = S[g(X)] (5.4)
k=0
n-1 u(k) (0)
S[u(x,t)]-u” kZ:(; e +U”[S[Ru(x,t)] +S[Nu(x,t)] - S[g(X)]] (5.5)
We define the nonlinear operator
K200 |
N[g(x,t;a)] = S[#(x,t;q)] —u Zun—_k +UT[S[RA(X, L] +SIN (X, &, A)] = S[G(X]] 5 ¢
k=0
Where g €[0,1] and ¢(X,t;q) is a real function of x, t, .
The so-called zero-order deformation equation of the Eq. (5.6) has the form
(1-0)S[H(x,t:0) Uy (] = aH (x O St - f (x) ~u“S[RA(x,t0) + Ne(x,t:0) g (x D] .

Where S is the Sumudu transform, g €[0,1] is the
embedding parameter, H(x, t) denotes a nonzero auxiliary
function, 72 # O is an auxiliary parameter, U, (X,t) is an
initial guess of u(X,t)and @(X,t;q) is an unknown
function. Obviously, when the parameter q=0 and g=1, it

holds

P(X,1;0) =u, (x,t) , #(x,t;1) =u(x,t) (5.8)
respectively. Thus as g increases from 0 to 1, the solution
#(x,t;q) varies from the initial guess U,(X,t) to the
solution u(x,t) . Expanding #(x,t;q) in Taylor series
with respect to g, we have

#(x,1,0) = U (X, 1) + D u(x,1)q" (5.9)
m=1
Where
1 (xtq),
m!  oq”
If the auxiliary linear operator, the initial guess, the auxiliary

parameter 7% , and the auxiliary function are properly
chosen, the series (5.9) converges at g=1, then we has

u(x,t) =u,(x,t)+ ium (x,t) (5.12)

Which must be one of the solution of the original nonlinear
equations. According to the definition (5.11), the governing
equation can be deduced from the zero- order deformation
(5.7). Define the vectors

u(X,t) = {uy (X, 1), U, (X, 1), U, (X, 1), ..., U, (X, 1)} (5.12)

u, (x,t) = g0 (5.10)

Differentiating the zero- order deformation equation (5.7) m-
times with respect to q and then dividing by m! and finally
setting q=0 we get the following m"- order deformation
equation;
Slug, (X,) = 2l ()] = 2H (X, )R (Um-2 (X, 1))
(5.13)
Applying the inverse Sumudu transform, we have

Up (1) = 24Uy 3 (6 ]+ ST [AH (X R Um-1 (X, 1))]

(5.14)

where

- 1 " 'N[g(x.t;0)]
R m-1) = _ (5.15
m(u 1) (m—l)l 8qm_l |q_0 ( )
and

B 0, m<1 5 16
An = 1, m>1 ( : )

6. Numerical Results

In this section we use the Homotopy Analysis Sumudu
transform method to solve nonlinear fractional biological
population equations:

Examplel. Consider the Eg.(1.1) with a=1, r=0,
corresponding to Malthusian law, we have the following
biological population equation

o“u  o°u® o°u’
e T a2 TTa
ot OX oy
Subject to the initial condition

+hu (6.1)

Volume 5 Issue 5, May 2016
WWWw.ijsr.net

Paper ID: NOV163474

Licensed Under Creative Commons Attribution CC BY

910




International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2015): 6.391

_ 2,2 2,2
=y C2 -y —u {S[a a hu]} 63)

Taking the Sumudu transform of both sides of Eq. (6.1), and

using (6.2)
Then
— aZ m-1 2 m-1
RUn1) = Sy 11— W= Z)\Xy =" [ 8] —7 3 U,y [+ Zujum_l_ hu, ]| 69
j=0
The m™- order deformation is given by
S[u,, (x,t) — 7. U, (X, )] =AR,_ (Un-1) (6.5)
Applying the inverse Sumudu transform, we have
u, (%) = .U, () + S AR (Un-a)] (6.6)

Solving eq. (6.6) for m=1, 2, 3, ... we have

u (x,y,t) = —hh\/ﬁ

U, (X, y,t) =

'd+ea)
2a

t
+h?h Xy ———
yF(l +2a)

+2h? 1 (L+ h)\/_

)

3a

(1 2) hh*/@r(usa)

Uy (%, y,t) = —ha+R)2xy T

u, (x,y,t) = —ha+ h)%/@ + 30277 (L+ B)? Xy —————

) F(l +2a)
da
-3+ +h'at Ixy ———
( )*/_ (1 3a) ‘/_yr(1+4a)
substituting Ug, Ug, Uy, Us, Uy, ..., into Eq. (5.11) gives the solution in series form by:
ta
Y, t) = 1-ha{l+ (A+h) + A+ h)> + A+ h)° +...
u(x, y,t) = xy[L— hafL+ (L+ ) + (L+ ) + @+ h)° + A
WAL+ 2014 B) 4304 B) 4 W3 )+ b PR ]
Ir'l+2e) rd+3e) Ird+4a)
(6.7)
Setting 7 =-1,
WGy, = I h— et e e T ©5)
Y I'(l+a) IFl+2a) T(@1+3a) C'(1+4a) '
as o —> 1, wehave
242 343 444
u(x,y,t):\/ﬁ[1+ht+h2t +h3tl +h4t| +...] (6.9)

u(x, y,t) = \/@e“‘ (6.10)

which is an exact solution to the standard form biological
population equation. The evolution result for the exact
solution (6.10) and the approximate solution (6.9) for the
case o=1, are shown in Fig.(1). It can be seen from Fig.1 that
the solutions obtained by the HASTM is nearly identical
with the exact solution. Fig.2 show the approximate
solutions. It also be concluded that the approximate solution
of fractional biological model is continuous with the
parameter a.
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Figure 1: The surface shows the solution u(x, y, t) for (6.8):

(i) exact solution (6.10); (ii) numerical solution (6.9) when
h=0.1, t=10

mx+ 212
S[u]—eJ;( DL {5[6 u

R(Una) =S[u_,]-A- ;(m)eE(HY)

2 m-1
—u“ S|:8_2
oxX* o

The m™- order deformation is given by

UjUn g

Applying the inverse Sumudu transform, we have

Up (X, 8) = ZyUps (X, 8) + SRR, (Un1)]

Solving eq. (6.16) for m=1, 2, 3,..., we have
hr
1f—(xw) t*
u, = —hne'?® _

aXZ

2 m-1
[EELN
5)/

STy, (%) = Zinly 2 (6 D] = 2R, (Un1)

Figure 2: The surface shows the solution u(x, y, t) for (6.7):
(i) h=-1.4, a =0.5 (ii) i=-1, a =0.9 when h=0.1,
t=10

Example2. Consider the Eg. (1.1) with a=1, b=1, this leads

to Verhulst law, and we have the following fractional
biological population equation

o°u _ o%u® U’
ot*  ox* oy?

+ hu(1-hu)

(6.11)
subject to the initial condition
J%T(Hy)
u, =e (6.12)

Taking the Sumudu transform of Eq. (6.11) and using the
Eg. (6.12), we have

2.,2
»oY +(hu—hru2)]}=0

(6.13)

. (6.14)

u;u '}+S|:hum—1_hrzujum—1—j:|

=0
(6.15)
(6.16)

rd+ea)
hr a hr 2a
— (X+Y) — (X+Y)
u, = —ha(+ h)eJ; ’ t—+h2h2e‘/; vt
I'l+a) I'l+2ea)
hr a hr 2a hr 3a
— (x+Y) — (x+Y) — (x+Y)
U, = —hA(l+ h)ze\/; YU owras h)eJ; 0 aslien
I'l+ea) I'l+2a) I'l+3a)
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hr a hr 2a
— (X+Y) — (X+Y)
u, :—hh(1+h)3e\/; ' t—+3h2h2(1+h)2e\/; vt
I'l+a) I'l+2a)
hr 3a hr 4a
— (X+Y) — (X+Y)
—3h3h3(1+h)eJ; ’ t—+h4h4e‘/; -
I'd+3a) I'dl+4a)
substituting Ug, Ug, Uy, Us, Uy, ..., into Eq. (5.11 ) gives the solution in series form by:
hr a 2c
F(Hy) t t
u=els 1-ha{l+ @A+ h)+ A+ A + L+ A +. .} ———— + W21+ 2L+ A) + 3+ A)? + ..} ————
[ {L+@Q+7)+ @+ 7)" + L+ ) }F(1+a) {L+2(1+n)+3(L+7) }F(1+2a)
t3a t4a
hr{l-3(1+h)+.}————+h* 'L+ . 3} ———+. 6.17
t ( ) }F(1+3a) t }F(1+ 4a) ] ( )

Set h=-1,

hr a 2a 3a 4a

— (X+Y)

u(x, y,t)=e\/j “IL+h t 21 . + 1 +..] (6.18)

+h +h +h" —
Ird+ea) I'dl+2a) I'dl+3a) I'dl+4a)
as @ —1, we have

h® h't*
+

0" (x+ 242
U(X,y.t)=eJ;( y)[1+ht+hzt| + 2 +...] (6.19)

3!

hr
— (x+y)+ht
u(x,y,t) = ejT (6.20)

which is an exact solution to the standard form biological o
model [6.11] i

Figure 4: The surface shows the solution u(x, y, t) for
6.17): (i) h=-1.4, « =0.95 (ii) i=-1, & =0.95

Figure 3: The surface shows the solution u(x, y, t) for when h=0.01, t=10, r=48

(6.18): (i) exact solution (6.20);(ii) numerical solution (6.19)

when h=0.01, t=10, r=48 Example3. Consider the Eq. (1.1) with h=1, r=0, a=1, we

have the following fractional biological population equation
o“u  o%u* o’
a = 2 + 2
ot OX oy
subject to the initial conditions

Uy = 4/Sinx Sinhy (6.22)

now taking the Sumudu transform of both sides of
(6.21),and using (6.22) we have
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2 2 2,2
S[u] - +/Sinx Sinhy —u {S{a 6 }}
R(Un1) = S[u,, ,1- (1—;(m)«/S|nx Sinhy
82 m-1 62 m-1
—u” s{yzujum“}{—zzujumlJ.}S[uml]
J= J=

The m™- order deformation is given by

S[up (%) = 2l (X, )] = AR, (Ums)
Applying the inverse Sumudu transform of above equation, we have

U, () = 7. U (X 1)+ S AR (Uns)]
Solving eq. (6.26) for m=1, 2, 3, ... we have

u, = —h#,/Sinx Sinhy

a

I'l+ea)

2a

:—hh(1+h)«/S|nxS|nh +hh SinxSinhyt—
I'l+2a)
= —ha(L+ #)*/Sinx Sinhy +2h / (1+h)«/8|nxS|nh (1 T20) —h3#®/Sinx Sinhy (1t
+
u, = —hal+n)’ JSlnxSlnh +3h 1* (L+ h)*Sinx Sinhy ———— (1 > )
(04
-3nr*(1+ h)JSlnxSmh +h “n* JSinx Sinhy

I'l+4ea)
substituting ug, Uy, Uy, Us, Ug, ..., into Eq. (5.11) gives the solutlon in series form by, 7 = —1 , we have
1 _ ta tZa t3a t4a
u(x, y,t) = {/Sinx Sinhy[1+ h +h? +h? +h’ +..] 6.27
(x.y:1) i I'd+ea) I'd+2a) I'l+3a) I'dl+4a) ] e2n

as @ —>1, we have

u(x,y,t Sinx Sinhy[1+ ht + ht h3t3 h4t4 6.28
(xyt) =/ yL+ a1 629
u(x,y,t) = 1/SmxSmhy e' (6.29)

which is an exact solution.

Example4. Consider the Eq. (1.1) with a=-1, b=1, we have the following fractional biological population equation
o°u _ou®  o'u’

- +hu™ —hr (6.30
ot*  ox* oy’ (630)

subject to the initial conditions

U, :\/%x2 +%y2 +Y+5 (6.31)

now taking the Sumudu transform of both sides of (26),and using (27) we have

2 2 2,,2
S[u] - \/—x +—y +y+5-u {S[a 6u +( h —hr)]}=0(6.32)
1

2
oy Uy

R(Un) =S[u,,1-A—-7.) Ex2+h—y +y+5

{ { mz(;“”ll} { ik miujumlj} L:l‘hrﬂ (6.33)

The m™- order deformation is given by
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S[u, (X, t) — 7, U, (%, )] = AR, (Un1) (6.34)
Applying the inverse Sumudu transform of above equation, we have
u, (%t) =z U, (x,t)+S7[AR (Un1)] (6.35)

Solving eq. (6.35) for m=1, 2, 3,..., we have

hr

u, =—hn Zx2+%y2+y+5

hr hr t
u, =-ha(l+h),|—x*+—y>* +y+5——
? ( )\/4 27 Y Il+a

L R R

u, = —ha(l+h)? %xz +%y2 +y+5 t

h%ﬁ(%x2 +%y2 +Y+5)

substituting ug, U, Uy, Us, ..., into Eqg. (5.11 ) gives the
solution in series form by, = —1 , Then the approximate

solution in series form is

ht* & n+l _hte )
u(x,y,t) =ty +—> ( ZJ

Uy oo T+ (n+Dea | ug

(6.36)
as @ =1, we have

ht —ht
u(x,y,t)y=u, + (—] exp [—ZJ (6.37)
uO uO

which is an exact solution of the integer order biological

population.

Figure 5: The surface shows the solution u(x, y, t) for
(6.30): (i) exact solution (6.37); (ii) numerical solution
(6.36) when h=0.01, t=10, r=48

I'l+ea)

-3/2

I'l+3a)

3a

100 —100

Figure 6: The surface shows the solution u(x, y, t) for
(6.30): (i) A=-1, & =0.9 (ii) A=-1, o =0.5 when
h=0.01, t=10, r=48

7. Conclusion

We employ the homotopy analysis Sumudu transform
method (HASTM) for finding the approximate analytical
solutions of time fractional degenerate parabolic equations
arising in the spatial diffusion of biological populations
subject to the some initial conditions. The results obtained
by using this method agree well with the results obtained by
ADM [29], VIM [28], HPM [30]. The reliability of HASTM
and reduction in computation gives this method a wider
applicability. Finally we can conclude that the HASTM is
very powerful and efficient in finding analytic as well as
numerical solutions for wider classes of linear and nonlinear
fractional differential equations. Mathematica has been used
for calculation and plot 3D graphs.
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