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Construction of Orthogonal Complex Wavelets
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Abstract: So for, the symmetric orthogonal complex wavelets with compact support were widely used in image processing and statistical
model. In this paper, we present a construction method for parameterizing orthogonal complex wavelets. By this method, we can construct
some complex wavelets with high sum rules or conjugate symmetric, at the same time, some examples are given in this paper.
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1. Introduction

As is known to all, in addition to the Haar wavelet, any
symmetric compactly supported orthogonal smooth real
wavelet ) do not exist. But in some applications, the
symmetry is very necessary. In order to overcome the
shortage with real wavelet and obtain this kind of wavelets,
some researches are devoted to M (M > 2) scale wavelet, and
higher dimensional wavelets and complex wavelets, etc. The
complex wavelets were widely studied , and it has very good
properties. With the orthogonal complex wavelets were
extensively studied, Lawton P constructed symmetric
orthogonal complex wavelets, According to the orthogonality
of Daubechies. Lina [ constructed symmetric orthogonal
complex 2-wavelets. At present, based on a large number of
references, there were constructed symmetric orthogonal
complex wavelets. Whether can we find a way, which using
the excellent characteristics of orthogonal complex wavelets
to depict a variety of applications?

In this paper, inspired by Lai and Roachl!, we presents a
simple but effective parameterization method to determine the
orthogonal complex wavelet filters. By choosing appropriate
parameters, we can get some symmetry or high sum rules of
orthogonal complex wavelets. Compared with the Lina’s[
method, our method is more convenient.

Here is a need to use a few symbols and definitions in this
paper. This paper| is said the imaginary unit and i*=—1.The
Fourier transform of function f(x) is defined as:

f(&)=] f(x)e™dx. f eL (R)
where one dimensional signal can be extended to two
dimensional.

In general, constructing compactly supported wavelet
corresponding scale function is defined as:

#(t) = 2. Pp(2x—k)
k
where the complex low-pass filter p, = X, +1y, .

The corresponding mask symbol P (f ) can be defined as:
1 i
P($) =52 pe ™
k

Where P(f) is limited nonzero trigonometric polynomial

with complex coefficients.

If ¢(t) are orthogonal, there are P (0) =1 and
||:>(é:)|2 +|p(é:+7,)|2 —1; when the symbol satisfy the
conjugate symmetry, there are P (&) = +e % P (—=&) setup;
P(§ ) satisfy the high
are p(&) = (1+e—ié )m Q(&) set up, where Q(g) is some

27 —periodic trigonometric polynomial.

when sum rules, there

In this paper, the following are arranged as following: the
second part, complex filter with length from four to five is
given, and they satisfies the high sum rules or conjugate
symmetric orthogonal complex wavelets required conditions.
According to the different properties of the orthogonal
complex wavelets, some examples are given. The last part
concludes this paper.

2. Main Results

For positive integer M, let
1 M-1 L
PM (5)252 p«€ ke
k=0
where p, (¢) is a trigonometric polynomial with a complex
low-pass filter {p = x, + iyk}:":;‘ » X, Y, €R and

k=0,1,---,M —1.In the part, we present the construction of

orthogonal complex wavelets method, where M =4,5.

Lemma 1[° P, (£) satisfies P, (0)=1 and
||:>4 (§)|2 +||::o4 (§+7[)|2 —1, ifand only if

1 2 2 .
X, :5+§cosacosﬁ, Yo :7s1nacos7,

1 2 . 2 . .
X, =—+——cosasin f,y, = ——sinasiny,
2 2 2 )
1 2 2 .
X, =————cosacos 3,y, =———sina cosy,
2757, B Y, 5 v
X3:%—%cosasinﬂ,yB=—72sinasin;/,

Where «, B,y €[0,27] -
13 e _ . 3.
Theorem 1 Let P, (&) :5; pee ™ AP =X +iY, 18

orthogonal complex values scale filter with M=4,
andp, (&) = (1 +e* )2 (ae’if + b) , ifand only if
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_1 \/5 . \/5 . \/5 1+e’i5 : N
_Z—Tcosamnﬂ—lTsmasmy 3(5):7( : ]((l_e-lé)l)
b—l+£cosacosﬁ+i—zsinacos 1S
2772 5 Ve Theorem 2 Let PA(éf):Ezpke—iks‘ , {pk =X, +iyk}i:0 is
2 in 8- =1 =
Where o, 5, 1 satisfies \/_cosa(sm,b’scosﬂ) orthogonal complex values scale filter with M=4, and
y=222 P, (&)= P, (~¢) then
47 4
Proof: By ae£0,2;r]
P,(&)=(1+e7) (ae™ +b) ﬂ=7ﬁ,%
=b+(a+b)e™ +(2a+b)e " +ae ™ T 57
and y_Z’T
_1 : —ik/;_l 1 -ig 1 iz 1 -3¢ iz . 1< )
P g2 P gy Pty e e Proofs By () =¢ P, (-£) and p (5) =1 3" pete
P =P+2p, then we have
p, :2p3 0 P, + pleﬂ‘f + pzeHZ‘: + p3eil3§
Then we have | e (— e e —.ise
a=-p, =& (p,+ pe + p.e + pe)
2 .
b_l = poeil35+ p197Izé + pzeHé + P,
—h o X, = X
X =X +2X, So we have {po =Poor Yo=Y
and Y =Y;+2Y, P, =P, X =X,
X, = 2X; + X, Y=Y
Y, =2Y;+Y, [ ]
. ac|0,2r
ﬁcosa(smﬂ—cosﬂ):l From (1), we can obtain solution 3z Tx
7 5w f=—,—
From (1), we can solution Y= 4 4
1 y=Z 3"
a=—p, 4’ 4
2
1 Example 3 Let azﬁ,ﬁ:?’_’f’yzl , then
b:E pO 2 4 4
P =—|(1+i)+(1+i)e ™ +(1-i)e " +(1—i)e™*
Example 1 Let a=2_”3=7_”’7/=1, then  (£) 4[( )+(1+1) (1-1) (1= ]
5 3§ X 4 4 Lemma 2 P,(&) satisfies p,(0)=1 and
3(1+e™ i N . .
P4(§):— (\/3(1+e"'f)+3(1—e"5)|) |PS(§)|2+|PS(§+7T)|Z=1, if and only if
3 2
Example2 Let 7% g—"* ,_7 , then
“ 4’ﬁ 277,
1 2 . 2 .
NG c Nl c Xl—5+7005asmﬂ,yl—TSmasmy,
X, =————cosacos f+—cosn,Yy,=———sinacosy +—sinyp,
4 2 4 2
1 2 2 .
X, =—+——cosacos f,Y, =——sinacosy,
P22 o2 (2)  x :l—ﬁcosasinﬁ,y :—Qsinasiny,
22 o2
X —l——zcosacosﬁ—gcos ———2$inacos —Ssin
T4 4 2 S8 Ya =Ty yopsmn
Where :%\/(1—\/Ecosacos,3)2 +2cos” ysin® « ’
aaﬂa}/’ne[anﬂ-]'

\ _ .
Theorem 3 Let Ps(g):%Zpke’“’ {Pe =% +iy,}, , i
k=0

orthogonal complex values scale filter with M=5, and
P (&)=(1+e ) (ae "> +be* +c)- ifand onlyif
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—l——zcosacosﬂ—gcos
8 8 4 g

NN C .
+1 —?smacos;f—qsmn

N

2 C
b=—cosasin f+—-cosacos § ——cos
4 B 2 B 5 oS
+i Qsinasin +—25inacos fgsin
4 v n Y 2 n

—1——2cosacosﬂ+gcos
8 8 4 g

[ 2. C.
+I| ———sma cosy +—sin
[ 3 v 2 n
where , 8, 1,n,C satisfies

icosasinﬂ = £cos
2 4 i

2
—smasmy Csing

2 cosacos,ﬁ) +2cos’ ysin® a

c-30-
Proof: By
P,(&)=(1+e7¢) (ae* +be ™ +c)

=c+(b+2c)e ™ +(a+2b+c)e " +(2a+b)e ™ +ae*

and

l 2 —il 1 1 —i. 1 —i —i —i
£=52pe ™ =op+ope o pe wl S Pse ol P
k=0

1 -
P
|
—p=h+2c
Then we have 2
p2 a+2b+c
7p3 2a+b
Epzx:a
From (2), we can solution
azl——zcosacosﬂ—gcosn
8 8 4

+i ——Zsinacos —Ssin
3 e 2 n

2 2 C
b=—cosasin B+—cosacos S ——cos

4 P 4 s 2 g
+i —zsinasin +—25inacos —Esin

n v n v 5 n

1

C————zcosacosﬂ+gcos
8 8 R

+i(—%sinacosy+%sinn]

Where «, B, 1,1,C satisfies

—zcosasinﬁ—gcos
2 4 g

2 . . .
7smasm7=Csm7]

C :%\/(l—x/fcosozcosﬂ)2 +2cos’ ysin’ «

V6 ++2
4

Example 4 Let

Va P2
o = arccos 0,y==,n=="
( jﬁ y=30=7

then
5( ) j 1+I 4+2\/_) (1+i)e‘i25)

Example5 Let , -7~ ,f=0

2
P.(£)= (”e

Jz

Theorem 4 Let p5(§)=

2

- 1[1+e'

_Z _7 , then
’7/ 3’77 2

| +2ie 7 — (l + \E) ie“z‘f)

%Z e P =%+ iyk}::O 18
k=0

orthogonal complex values scale filter with M=5, and
P,(£)=(1+e") (ae* +b), ifand onlyif

—l——zcosacosﬁ—gcos
g 8 4

[ NI C . J
+i —?smacosy—zsmi]

1 2

C
b=——-—cosacos f+—cos
8 8 fyeosn

+i —ﬁsinacosy +Esin77
8 4
Where a, B, A,n,C satisfies

gcosasinﬁ:%—\/Ecosacosﬁ+Ccos77

2
—smasm}/—— 2sinacosy +Csinng

A
Proof: By
(&) =(15¢") (s )
=b+(a+3b)e™ +(3a+3b)e " +(3a+h)e ™ +ae*
and

2c0sacosﬂ) +2cos’ ysin’ «

7| 1 —i 1 —i 1 _i4e
Zpk w1 p0+ pe +5p2e ”+5pse 35+5p4e *
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2
1

—p,=a+3b
Then we have 2 , from (2),we can solution

1
Ep2 =3a+3b

1
Ep3:3a+b

1
Ep4:a

a—l——zcosacosﬂ—gcos
88 4 S

(2. C .
+1 —?smacosy—zsmn

—l——zcosacosﬂ+gcos
8 8 4 i

+i —Qsinacos;ﬂrgsinn
8 4
Where «, 3,4,1,C satisfies

2 . 1
%cosasmﬂzE—ﬁcosacosﬂ+Ccosn

2 . . . .
TSIHCZSIII)/:—\/ESII’ICZCOS]/-FCSIIII]

C =%\/(1—\/§cosacos,8)2 +2cos” ysin’ a

Theorem 5 Let Ps(f):%i pe (P =X +iy L, 18
k=0

orthogonal complex values scale filter with M=4, and
P.(£)=e " P,(~£), then
Ccosnn=0
sinacosy =0

cosasin =0

C :%\/(1—\/§c050500s,8)2 +2cos’ ycos’ a

Proof: By
. —_— 4 A
P (§)=e R (-€) and P (&)= pe™ then we
k=0

have
P, + P e+ p,e +pe+pet

—e ™% (E+Ee‘§ +p,e + pe’ +p_4e‘45)

e P P pe 4,

B X, = X,
Po =Py Yo=Y,
50 p=p %y X=X

p2=p_2 Yi=-Y%

From (2), we can solution
Ccosn=0
sinacosy =0

cosasin f=0

2
C:%\/(l—\/fcosacosﬂ) +2cos’ ysin’ «
Example6 Let o-7" g—0.,=" -7, then
2’ﬂ KT

&(5):%{(1+i)+(2+2\/§)i645 +2¢7% +(2—2«/5)ie’”5 +(1—i)e"“5}

3. Conclusion

At present, the symmetric orthogonal compactly supported
complex wavelets were widely applied to image processing
and statistical model, based on orthogonal wavelet necessary
condition. In this paper, we present a construction method for
parameterizing orthogonal complex wavelets. By this method,
we can construct some complex wavelets with high sum rules
or conjugate symmetric, at the same time, some examples are
given. In addition, with the increase of positive integer M,
the number of parameters is increased.
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