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Abstract: So for, the symmetric orthogonal complex wavelets with compact support were widely used in image processing and statistical 

model. In this paper, we present a construction method for parameterizing orthogonal complex wavelets. By this method, we can construct 

some complex wavelets with high sum rules or conjugate symmetric, at the same time, some examples are given in this paper.   
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1. Introduction 
 
As is known to all, in addition to the Haar wavelet, any 
symmetric compactly supported orthogonal smooth real 
wavelet  1 2 do not exist. But in some applications, the 
symmetry is very necessary. In order to overcome the 
shortage with real wavelet and obtain this kind of wavelets, 
some researches are devoted to M (M > 2) scale wavelet, and 
higher dimensional wavelets and complex wavelets, etc. The 
complex wavelets were widely studied , and it has  very good 
properties. With the orthogonal complex wavelets were 
extensively studied, Lawton  3 constructed symmetric 
orthogonal complex wavelets, According to the orthogonality 
of Daubechies. Lina  4 constructed symmetric orthogonal 
complex 2-wavelets. At present, based on a large number of 
references, there were constructed symmetric orthogonal 
complex wavelets. Whether can we find a way, which using 
the excellent characteristics of orthogonal complex wavelets 
to depict a variety of applications? 
 
In this paper, inspired by Lai and Roach  5 , we presents a 
simple but effective parameterization method to determine the 
orthogonal complex wavelet filters. By choosing appropriate 
parameters, we can get some symmetry or high sum rules of 
orthogonal complex wavelets. Compared with the Lina’s  4  
method, our method is more convenient. 
 
Here is a need to use a few symbols and definitions in this 
paper. This paper i  is said the imaginary unit and 2 1i   .The 
Fourier transform of function f(x) is defined as: 

     1,i x

R
f f x e dx f L R


   
where one dimensional signal can be extended to two 
dimensional. 
 
In general, constructing compactly supported wavelet 
corresponding scale function is defined as: 

   2k

k

t p x k    

where the complex low-pass filter
k k kp x iy  .  

The corresponding mask symbol  P  can be defined as: 

 
1
2

ik

k

k

P p e     

Where  P   is limited nonzero trigonometric polynomial 
with complex coefficients.  
 

If  t are orthogonal, there are  0 1P  and 

   
2 2

1P P     ; when the symbol satisfy the 

conjugate symmetry, there are    icP e P     set up; 
when  P  satisfy the high sum rules, there 

are      1
m

iP e Q   set up, where  Q  is some 

2 periodic trigonometric polynomial. 
 
In this paper, the following are arranged as following: the 
second part, complex filter with  length from four to five  is 
given, and they satisfies the high sum rules or conjugate 
symmetric orthogonal complex wavelets required conditions. 
According to the different properties of the orthogonal 
complex wavelets, some examples are given. The last part 
concludes this paper. 
 
2. Main Results 
 
For positive integer M, let    

 
1

0

1
2

M
ik

M k

k

P p e 






   

where  MP  is a trigonometric polynomial with a complex 

low-pass filter  
1

0

M

k k k k
p x iy




  , ,k kx y R  and 

0,1, , 1k M  .In the part, we present the construction of 
orthogonal complex wavelets method, where 4,5M  . 
Lemma 1  6    4P   satisfies  4 0 1P   and 

   
2 2

4 4 1P P     ，if and only if 

0 0
1 2 2cos cos , sin cos ,
2 2 2

x y     
  

1 1
1 2 2cos sin , sin sin ,
2 2 2

x y     
           (1) 

2 2
1 2 2cos cos , sin cos ,
2 2 2

x y      
 

3 3
1 2 2cos sin , sin sin ,
2 2 2

x y      
 

Where  , , 0,2    . 

Theorem 1  Let  
3

4
0

1
2

ik

k

k

P p e  



  ， 
3

0k k k k
p x iy


  is 

orthogonal complex values scale filter with M=4, 
and      

2

4 1 i iP e ae b      ，if and only if 
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1 2 2cos sin sin sin
4 4 2

a i     
 

1 2 2cos cos sin cos
4 4 2

b i     
 

Where , ,    satisfies    2 cos sin cos 1
5,

4 4

  

 


  






    

 

Proof：By 
     

   

2

4

2 3

1

2

i i

i i i

P e ae b

b a b e a b e ae

 

  

  

  

  

       
and       

 
3

2 3
4 0 1 2 3

0

1 1 1 1 1
2 2 2 2 2

ik i i i

k

k

P p e p p e p e p e       



      

Then we have               

1 3 0

2 3 0

3

0

2
2

1
2
1
2

p p p

p p p

a p

b p

 


 


 






 

         and                 
1 3 0

1 3 0

2 3 0

2 3 0

2
2

2
2

x x x

y y y

x x x

y y y

 


 


 
  

 

From (1), we can solution  

 

3

0

2 cos sin cos 1
5,

4 4
1
2
1
2

a p

b p

  

 


  

 










 

Example 1  Let  2 7, ,
3 4 4
  

      ，then 

      
2

4
3 1 3 1 3 1

3 2

i
i ie

P e e i


 


  
    

 
 

Example 2  Let  , ,
4 2 4
  

       ，then
 

       
    

2

4
2 1 1

2 2

i
ie

P e i





 
  

   
Theorem 2  Let  

3

4
0

1
2

ik

k

k

P p e  



  ， 
3

0k k k k
p x iy


  is 

orthogonal complex values scale filter with M=4, and 
   3

4 4
iP e P   ，then   

 0, 2
3 7,
4 4

5,
4 4

 

 


 



 







   . 
Proof：

 
By    3

4 4
iP e P     and  

3

4
0

1
2

ik

k

k

P p e  



  , 

then we have 

 

2 3
0 1 2 3

3 2 3
0 1 2 3

3 2
0 1 2 3

i i i

i i i i

i i i

p p e p e p e

e p p e p e p e

p e p e p e p

  

   

  

  



  

  

   

     

         
 So we have    0 3

1 2

p p

p p

 




    or     
0 3

0 3

1 2

1 2

x x

y y

x x

y y




 



  

 

          From (1), we can obtain solution     
 0, 2
3 7,
4 4

5,
4 4

 

 


 



 









   

Example 3  Let   3, ,
2 4 4
  

      ，then 

         2 3
4

1 1 1 1 1
4

i i iP i i e i e i e                
Lemma 2  6

    5P    satisfies  5 0 1P    and 

   
2 2

5 5 1P P     ，if and only if 

0 0
1 2 2cos cos cos , sin cos sin ,
4 4 2 4 2

C C
x y          

1 1
1 2 2cos sin , sin sin ,
2 2 2

x y     
  

2 2
1 2 2cos cos , sin cos ,
2 2 2

x y     
                （2）

   
3 3

1 2 2cos sin , sin sin ,
2 2 2

x y      
 

4 4
1 2 2cos cos cos , sin cos sin ,
4 4 2 4 2

C C
x y          

 
Where  

2
2 21 1 2 cos cos 2cos sin

2
C       ，

 , , , 0,2     .  

Theorem 3 
 
Let  

4

5
0

1
2

ik

k

k

P p e  



  ， 
4

0k k k k
p x iy


   is 

orthogonal complex values scale filter with M=5, and 
     

2 2
5 1 i i iP e ae be c         ，if and only if 
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1 2 cos cos cos
8 8 4

2 sin cos sin
8 4

2 2cos sin cos cos cos
4 4 2
2 2sin sin sin cos sin

4 4 2

1 2 cos cos cos
8 8 4

2 sin cos sin
8 4

C
a

C
i

C
b

C
i

C
c

C
i

  

  

    

    

  

  


  


  

     
  

   



 
    

 



  

  

     
  

 

where , , , ,C    satisfies     

 
2

2 2

2 3cos sin cos
2 4

2 sin sin sin
2

1 1 2 cos cos 2cos sin
2

C

C

C

  

  

   











  


 

Proof： By
 

     

     

2 2
5

2 3 4

1

2 2 2

i i i

i i i i

P e ae be c

c b c e a b c e a b e ae

  

   

   

   

   

        

 
and

 
4

2 3 4
5 0 1 2 3 4

0

1 1 1 1 1 1
2 2 2 2 2 2

ik i i i i

k

k

P p e p p e p e p e p e         



     

 

       Then we have           

0

1

2

3

4

1
2

1 2
2

1 2
2

1 2
2

1
2

p c

p b c

p a b c

p a b

p a





  




  



 

 


 

      From (2), we can solution     
1 2 cos cos cos
8 8 4

2 sin cos sin
8 4

2 2cos sin cos cos cos
4 4 2
2 2sin sin sin cos sin

4 4 2

1 2 cos cos cos
8 8 4

2 sin cos sin
8 4

C
a

C
i

C
b

C
i

C
c

C
i

  

  

    

    

  

  


  


  

     
  

   



 
    

 



  

  

     
  

 

Where , , , ,C    satisfies  

 
2

2 2

2 3cos sin cos
2 4

2 sin sin sin
2

1 1 2 cos cos 2cos sin
2

C

C

C

  

  

   











  


 

Example 4  Let 6 2arccos , 0, ,
4 2 2

 
   

 
     

 

 ，

then 

        
2

2
5

3 1 1 1 4 2 3 1
2 2

i
i ie

P i e i e


 


   
       

 

 

Example 5 
 
 Let , 0, ,

2 3 2
  

        ，then 

      
2

2
5

2 1 2 2 3 1 2 1 3
4 2

i
i ie

P i ie ie


 


  
      

   
Theorem 4  Let  

4

5
0

1
2

ik

k

k

P p e  



  ， 
4

0k k k k
p x iy


   is 

orthogonal complex values scale filter with M=5, and 
     

3

5 1 i iP e ae b      ，if and only if 

1 2 cos cos cos
8 8 4

2 sin cos sin
8 4

1 2 cos cos cos
8 8 4

2 sin cos sin
8 4

C
a

C
i

C
b

C
i

  

  

  

  


  


  
     
  



  



 
     
 

 

Where , , , ,C    satisfies 

 
2

2 2

2 1cos sin 2 cos cos cos
2 2

2 sin sin 2 sin cos sin
2
1 1 2 cos cos 2cos sin
2

C

C

C

    

    

   


  




  



  


 

Proof： By 

     

     

3

5

2 3 4

1

3 3 3 3

i i

i i i i

P e ae b

b a b e a b e a b e ae

 

   

  

   

  

         
     and    

 
4

2 3 4
5 0 1 2 3 4

0

1 1 1 1 1 1
2 2 2 2 2 2

ik i i i i

k

k

P p e p p e p e p e p e         



     
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        Then we have     

0

1

2

3

4

1
2

1 3
2

1 3 3
2
1 3
2

1
2

p b

p a b

p a b

p a b

p a





  




 



 

 


,   from (2),we can solution 

1 2 cos cos cos
8 8 4

2 sin cos sin
8 4

1 2 cos cos cos
8 8 4

2 sin cos sin
8 4

C
a

C
i

C
b

C
i

  

  

  

  


  


  
     
  



  



 
     
 

 

Where , , , ,C     satisfies 

 
2

2 2

2 1cos sin 2 cos cos cos
2 2

2 sin sin 2 sin cos sin
2
1 1 2 cos cos 2cos sin
2

C

C

C

    

    

   


  




  



  


 

Theorem 5  Let  
4

5
0

1
2

ik

k

k

P p e  



  ，  
4

0k k k k
p x iy


  is 

orthogonal complex values scale filter with M=4, and 
   4

5 4
iP e P   ，then  

 
2

2 2

cos 0
sin cos 0
cos sin 0

1 1 2 cos cos 2cos cos
2

C

C



 

 

   









   


 . 

Proof： By 

   4
5 5

iP e P     and  
4

5
0

1
2

ik

k

k

P p e  



  ,then we 

have 

 

2 3 4
0 1 2 3 4

4 2 3 4
0 1 2 3 4

4 3 2
0 1 2 3 4

i i i i

i i i i i

i i i i

p p e p e p e p e

e p p e p e p e p e

p e p e p e p e p

   

    

   

   



   

   

    

      

               so          
0 4

1 3

2 2

p p

p p

p p

 







  or 

0 4

0 4

1 3

1 3

2 2

x x

y y

x x

y y

y y




 



  


 

 

From (2), we can solution   

 
2

2 2

cos 0
sin cos 0
cos sin 0

1 1 2 cos cos 2cos sin
2

C

C



 

 

   









   


 

Example 6   Let   , 0, ,
2 2 2
  

         ，then 

         2 3 4
5

1 1 2 2 2 2 2 2 2 1
8

i i i iP i ie e ie i e                
 

 

 
3. Conclusion 
 
At present, the symmetric orthogonal compactly supported 
complex wavelets were widely applied to image processing 
and statistical model, based on orthogonal wavelet necessary 
condition. In this paper, we present a construction method for 
parameterizing orthogonal complex wavelets. By this method, 
we can construct some complex wavelets with high sum rules 
or conjugate symmetric, at the same time, some examples are 
given.   In addition, with the increase of positive integer M, 
the number of parameters is increased. 
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