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Abstract: The concept of generalized open sets in generalized topologies was investigated by Csaszar [2]. In this paper we introduce
spaces namely Quasi u-J -regular spaces, Almost u-# -Normal spaces and Quasi ultra p- F-Normal spaces with a fixed set of

parameters and obtain some properties in the light of these notion. We also introduce Quasi | 8" H -regular spaces and Quasi LL 8" H -

normal spaces and investigate some properties of these new notions by using some basic properties of (u, 7)-continuity in generalized
topological spaces introduced by M.Rajamani, V.Inthumathi and R.Ramesh [5]. Moreover we obtain relations between Quasi u-H
normal spaces and Almost u-A -normal spaces with respect to (u, 7)-continuity and (u, 2)-open map.
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1. Introduction and Preliminaries

The idea of generalized topology and hereditary class was
introduced and studied by Csaszar[2]. A subfamily p of P(X)

is called a generalized topology if ¢ € p and union of

elements of p belongs to p. The space X together with the

generalized topology p is said to be generalized topological
space and denoted by (X, w). i“[ﬂ:] and €, (A) denotes the

interior and closure of 4 in (X, ). The elements of u are

called open and is denoted by p-open. The complement of -
open is p-closed. We say a hereditary class % on (X, p) is a

non-empty collection of subset of X such that A & B , B &€
H implies

A € . With respect to the generalized topology p and a
hereditary class 7€, for a subset A of X we define }lu* (H)
Orsimply.ﬁl;‘ ={xEX:MnNAe¢H forevery M € p
such that x € M }. The closure €,"(A) = AU A" (F).
The space (X, p) with the hereditary class  is called
hereditary generalized topological space and denoted by (X,
u, H). A subset A of (X, p) is po-open [2] (resp. p-semi
ppre up-open[2]), if A €

i, (€, (i, (4))) (resp. 4 € €, (i, (A)), 4 S 1, (c,(4)),
ALc, (L'H[C“ (A))). We denote the family of all p o -open

sets, p-semi open sets, | -pre open sets and p f-open sets by
a (n), o(p ), m(p) and B (w) respectively. On generalized

topology, p Sa(n) Sn(w) S B (1),

open [2], open [2],

InGTS ¢, (A4) and Cug (A) denotes a-closure of A and B-

closure of A in (X, p) respectively. A subset A of (X, p) is

said to be u- regular open[4] if 4 = i“[c“ (A)) and the

complement is p -regular closed. The finite union of p -
regular open sets is called pr -open sets and its complement

is um -closed set. A set A is said to be pg-closed [2] if,
€y (A) € A whenever A € U and U is p -open and its
complement is p g-open.

Definition 1.1: For a subset A of hereditary generalized
topological space (X, p, )

DA (H)={x EX: MNAeH forevery M € o ()
such that x € M }[2].

ii)}luﬁEc H)=fxEX :MnAe¢H forevery M € ()
such that x € M }[2].

Definition 1.2: A subset A of a hereditary generalized
topological space (X, p, H) is said to be K" -closed [3] if
AS(H) A and ppg'-closed [3] if A“I: (H) € A

Then cuﬁ* (A)=4AU Au; (H).

Definition 1.3: Let (X, u) and (¥, 1) be generalized
topologies. A function f: (X, u) — (¥, %) is said to be

i) (u, A)-continuous if for every closed set ¥ in (¥, 2)
(denoted by A-closed set), f_l (1) is p-closed,

ii) (1, A)-open if for every p-open set I/, (L) is open in
(¥, ) (denoted by A-open).
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2. Quasi p-H -regular spaces, Almost p-H -
Normal spaces and Quasi ultra p- H-Normal
space

Definition 2.1: A hereditary generalized topological space
(X, u, H) is said to be Quasi p-H-regular space if for every

un -closed set A and a point X ¢ A, there exist p-open sets L
and V' suchthat A-U EH, x EVandU NV EH.

Definition 2.2: Let (X, pu, #) be a hereditary generalized
topological spaces. A space (X, p, #{) is said to be quasi u-
- normal if for every pair of p 7 -closed sets A and B of X,
there exist p-open sets I/ and V' such that 4 — U € 7,
E_-V Ex,andU NV EXH.

Theorem 2.3: Let (X, p, H) be a Hereditary generalized
topological space.

Then the followings are equivalent:
(a) X is a quasi pu-H -regular space.
(b) for each point & € X and for each um -open

neighbourhood F of X, there exists a p -open set I of X
such that €, (V)—Fe H.
(c) For each point x € X and for each p 7 -closed set 4 not

containing, there exists a p -open set ¥ of X such that

c, ‘VINAeEHXH.

Proof:
(a) = (b) Let F be pn-open neighbourhood of . Then

there exist a u n -open subset & of X such that
XEG SF. Since G° is un -closed and x € G by
hypothesis, there exist disjoint p-open sets IJ and V' such
that G°—UEH xEVandUNV EH andso V —
Ue EH. Since us is u-closed,
Cy (V)—U°EXH implies U°—G €EH. Hence
€y (V)—FeEH.

(b) = (a): Let F®be any pm -closed set and x ¢ F°.
Then x € F and F is prn-open

neighbourhood of x. By hypothesis, there exist a p-open set
7 of x such thatx €V and €y 3[:1-’:] — F € H, which
implies F© —¢, (V) EH. Then (cy (V) is p-
open set containing Ffnd V N (g, VI eH.
Therefore is X quasi pu-F-regular space.

(b) = (c):Let x € X and A be pn-closed set such that x
¢ A. Since A® is pn -open neighbourhood of x and by
hypothesis, there exist a p-open set ¥ of X such that

c, "(V)—A°€EH andc, (VI)NAEH.

(c) = (a):Letx E XandAbea pn-closed set such that
x ¢ A . By hypothesis, there exists p-open set U such that
€y (VINAEH LetV=X— €y *(U). Since Vis . -
opensetand U MV € H X is quasi p-7 -regular space.

Definition 2.4: Let (X, p) and (¥, X) be generalized
topologies. A function f: (X, u) — (¥, %) is said to be

i) Completely (p, A )-irresolute if for every n-closed set I in
(¥, 1) (denoted by An- closed set), f_l(V] is 7 -closed in
(X, ) (denoted by un-closed).

ii) Completely (u, A)-continuous if for every A-closed set V',
FH(V) is pn-closed.

iii) Almost (u, A)-open if for every m -open set V' in (X, p)
(denoted by pm-open set) , f(V) is m -open in (¥, X)
(denoted by Am-open).

iv) Almost (u, A)-closed if for every pm -closed set F, f(F)

is Am -closed.
v) Perfectly (u, A)-continuous if for every open set F in (¥,

A) (denoted by A-open set), f_i (F) is p-open and p-closed.
vi) (u, A)-R-irresolute if for every regular-closed set V' in (Y,
A) (denoted by A-regular-closed), f_l (V) is p-regular

closed.
vii) (u, 1) B-irresolute if for every B-closed set V' in (¥, &)

(denoted by AB-closed set ), f_l[V] is p-closed in (X, )
(denoted by p B-closed set).
viii) (1, &) B-continuous if for every A-closed set V', f ~* (1)

is up-closed in (X, p).
ix) ( p, A)R-pre-closed if for every p-regular-closed set IJ,
F(U) is A-regular-closed.

Lemma 2.5 [3]: If ' # ¢ is a hereditary class on (X, w)
and f: (X, p) — (¥, )) is a function, then
F(H)={ f(H): H € H}is a hereditary class on (¥, }).

Theorem 2.6: Let (X, u, H) be a hereditary generalized
topological space and (¥, ) be a generalized topology. A
function f: (X, p) — (¥, 1) is bijective, completely (u, 1)-
irresolute and (u, A)-open. If X is quasi p-H -regular space,
then ¥ is quasi A- f{H)-regular space.

Proof: Let ¥ € ¥ and A be any An -closed set. Since fis
completely (, A)-irresolute, £~ (A) is pr -closed subset of
X. Since f is a bijection, f(x) =V, then Vv & f_l[x]
for every x € X. Since (X, u, H) is quasi p-H -regular
space, there exists p-open sets IJ and V' such that x € U,
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FHA) -V EH and UNV € H . Since f is (1, M-
open, f(U) and f(V) are p-open sets in ¥. Also
vefU), ad A-f(V)Ef(H)  and
FUYN F(V)= F(UNV) € f(F). Hence by using
lemma(2.5) ¥ is quasi A- f{H)-regular space.

Lemma 2.7 [3]: If ' # ¢ is a hereditary class on (¥, %)
and f: (X, ) — (¥, ), then fH(H) = {f H(H):H €
H'} is a hereditary class on (X, ).

Theorem 2.8: Let (X, 1) be a generalized topological space
and (¥, A, H) be hereditary generalized topology. A
function f: (X, ) — (¥, &) is injective, Almost (u, A)-
closed and (u, A) -continuous. If ¥ is quasi A-F -regular
space, then X is quasi p -f ~+{(H )-regular space.

Proof: Let X € X and A be any pn -closed subset of X.
Since f is Almost (u, A)-closed, f(A) is An -closed subset
of ¥. Since (¥, A, ) is quasi A-H -regular space, there
exists A-open sets U and V' such that f(x) €U,
flA)—V E H and UNV E H. Since f is (u, A)-
continuous and injective, FYU) and f_l[:V:] are | -open
sets in X, such that x € fY ),
A— W) e fFHID) and i) n
FAWV)=FHU nV) € f 1(H). Hence by using
lemma (2.7) X is quasi p -f ~ 2 (F )-regular space.

Lemma 2.9 [3]: If ' # ¢ is a hereditary class on (¥, &)
and ¥ is a subset of X. Then Hy ={ Y N H: H EH }isa
hereditary class on ¥

Theorem 2.10: Let (X, u, ') be a generalized topological
space. If X is quasi p - -regular spaceand ¥ © X isu = -

closed set, then ¥ is quasi p -JHy —regular space.

Proof: Let ¥ €Y and A be nu m -closed subset of ¥ and
VEA Since Vispn-——closedsetand Y € X, Aisun -
closed subset of X. Since X is quasi p -J -regular space,
there exist u- open sets U and V" such that 4 — U € H,
xEVad UNVE H. IfA—U=HE H | then
Ac(UUH). SinceAcF, Ac (Fn(UUH)) and
soA C (FnuU)U(F NH). Therefore,
A—(FnU)c (FNH)eH,,y € (VN F). Hence
(FNU) and (FNV) are p -open sets in ¥ such that
A—(FNU)EH, ,y EVand

(FNU)yn (FNV) € Hy. Hence Y is quasi u -Hy —
regular space.
Definition 2.11: A generalized topological space (X, p) with

the hereditary class J is said to be Almost p- H- normal
space if for every pair of disjoint p-regular closed sets A and
B there exist p-open sets F' and & such that 4 — F € J,
A—GEHaadFNG EH.

Theorem 2.12: Let (X, p, ) be a hereditary generalized
topological space and (¥, L) be a generalized topological
space. Also let f: (X, p) — (¥, 1) is (u, 1) R-pre-closed and
(n, A)-continuous injective function. If ¥ is Almost A- H -

normal space, then X is Almost pt -f_i (7 )-normal space.

Proof: Let A and B be disjoint p-regular-closed subsets of
X. Since f is (u, ) R-pre-closed, f(A4) and f(F) are
disjoint A-regular-closed. Since ¥ is Almost A- H -normal

space, there exist A-open sets IJ and V' in ¥ such that
flLA)—UeH, fF(B)—VEH,UNV € H. Then

A - W) e FH(FH) and
FHFBY)—F (V) e fTY(H) which implies
A-fHWe ) . B—fHV)E FH(FD)
and f7HUY N F7H(V) € FTH(H). Since fis (u, M)
continuous, £~ (U) and f_l[V:] are L -open subsets of X .
Hence (X, p) is Almost p-f ~*(FH )-normal space.

Definition 2.13: A generalized topological space (X, p) with
the hereditary class 7 is said to be quasi ultra p - }{ normal
space if for every pair of disjoint un-closed sets A and B
there exist p-clopen sets F and & such that A — F € H|
A—-GEHadF NG EH.

Theorem 2.14: Let (X, p, ') be a hereditary generalized
topological space and (¥, L) be a generalized topological
space. Also let f: (X, u) — (¥, 1) is Almost (u, M) -closed
and perfectly (u, A) -continuous injective function. If ¥ is

Quasi A-H -normal space, then X is Quasi ultra p-
F{(F)- normal space.

Proof: Let F and & be disjoint un-closed subsets of X.
Since f is Almost (u, 1) n-closed, f(F) and f(G) are
disjoint Am—closed subsets of ¥. Since ¥ is quasi A-JH -
normal space, there exist A-open sets IJ and V" in ¥ such
that fF(F)—UEH, f(G)—VEH andU NV EH.
Then F—Ff"Yu) e F Y ),
G—FfYv)e FHH) and
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FH) 0 F7Y V)Y e F7HH). Since f is perfectly (i,
\) -continuous, FHUY and F7HV) are p-open and p -
closed subsets of (X, p). Hence X is quasi ultra p-
FHH)- normal space.

Remark 2.15: Let (X, p, 7{') be a hereditary generalized
topological space and (¥, A) be a generalized topological
space. Also let f: (X, p) — (¥, %) is (u, A) n-pre-closed and
(4, A)-continuous injective function. If ¥ is Quasi A - H-

normal space, then X is Almost p -f Y H)-normal space.

Proof: Let F and & be disjoint p-regular-closed subsets of X
and hence pm-open. Since f is Almost (1, A)m -closed, f(F :]
and f[G] are disjoint Am-closed. Since ¥ is quasi A-F -
normal space, there exist A-open sets I and V' in ¥ such
that F(F)—UEH, f(G)—VEH andUNV EH.
Then F—FfYu)e F (),
G—FfYV)e F () and
FUHU N FY V)Y e FHH). Since f is (w A) -
continuous, f (U} and F (V) are p-open subsets of
(X, w). Hence X is Almost -f ~X(F)-normal space.

Theorem 2.16: Let (X, p, ) be a hereditary generalized
topological space and (¥, A) be a generalized topological
space. Also let f: (X, p) — (¥, 1) be a bijection (u, 1) -R-
irresolute and (p, A )-open function. If X is Almost p- H -

normal space, then ¥ is Almost A- F(H )-normal space.
Proof: Proof is similar to the proof of (2.6) .

3. Quasi [ig- H -regular spaces and Quasi Hs-

H -normal spaces

Definition 3.1: A hereditary generalized topological space
(X, u, ) is said to be Quasi - H -regular space if for
every p m -closed set A and x ¢ A, there exist p [5 -open sets
UandVsuchthat A-U EH, x EVand U NV EH.

Definition 3.2: Let (X, pu, #) be a hereditary generalized
topological spaces. A space (X, p, #) is said to be quasi
Wg-H- normal if for every pair of p m -closed sets Aand B
of X, there exist p 5-open sets U and V' such that A — U &
H,E-V EH,andU NV E .

Theorem 3.3: Let (X, pu, ) be a hereditary generalized

topological spaces. Then the followings are equivalent:
(a) X'is a quasi Hg- } -normal space.

(b) for every um -closed set ' and pm -open set G containing

F, there exists a pu 8 -open set V' such that F — I/ € # and
&

Cug (V)—GEeH.

¢) For each pair of disjoint un -closed sets A and B, there

exists an p 5 -open set U such that A — U € # and

€ S* (U)nEB EH.

Proof:
(a) = (b) Let F be un -closed set and G be a un -open subset

of X. —<closed and F C G,
FN(X—G)=¢.Since X is quasi Lg- H-normal space,

Since X—G is pun

there exist disjoint p 5 -open sets U/ and V' such that F —
Ve H and (X—G)-VEH. Then
CH;(V] c(X—-U) and
[X—GJHCHS*[V:]C (X—G)n (X —U). Hence
CH';(V] —GEH.

(b) = (¢) It is obvious.

() = (a) Let 4 and E be pr -closed sets. By (c) there exists
a pfB-open U that 4 — U E H and
CH;(U:] NEB EH. Let V =X — Cu;(Uj' Since V' is

such

u 5-open and
V=X-— c“;[Uj, UnV € H Hence X is quasi Hg- H-

normal space.

Theorem 3.4: Let (X, u, H) be a hereditary generalized
topological space and (¥, ) be a generalized topological
space . Also let f: (X, p) — (¥, 1) is a bijective function,
completely (u, A)- continuous and (u, A) F- open. If X is
quasi Mg- H- normal space, then ¥ is quasi Ag- f(FH)-

normal space.

Proof: Let A and F be An-closed subsets of ¥. Since f is
completely (i, A)-continuous, £ +(A) and £ ~1(B) are un
-closed subsets of X. Since X is quasi K- H-normal space,
there exist p [S-open sets U and V' in X such that
FFU A -UeH, fFYB)-VEHadUNV €3
Since f is bijective, f(fT(A)) -F(U) € F(H),
FF1(B))- f(V) € fo) and fFUYNF(V)Ef
(#) and hence A-f(U) € f(H), B— f(V) € f(3) .
Since [ is (1, ) B- open, f[U] and f[V:] are 1f3 -open
sets in ¥. Hence it follows that ¥ is quasi Ag- f(FH)-

normal space.
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Theorem 3.5: Let (X, p, ) be a hereditary generalized
topological space and (¥, A) be a generalized topological
space. Also let f: (X, u) — (¥, 1) is an injective function,
and Almost (u, A )-closed and (p, A)S-irresolute. If ¥ is
quasi lg—}(—normal space, then X is quasi LLE—f_l[:H -

normal space.

Proof: Let A and F be Ln -closed subsets of X. Since [ is
Almost (u, M)-closed, f(A) and f(E) are disjoint An -
closed. Since ¥ is quasi lg—}[-normal space, there exist
p B-open sets U and V in ¥ such that f(A) — U € H and
f(B)—V € Hand unv e H. Then
FHFA) — £ (U) € FA(0) and
BN — (V) efFH(I) and
fFRUnv)=FU)nf V) e FH(30) which
implies A —f_l[U:] € f(#) and
B— fY(Vy € f (). Since f is (u, M)B-irresolute,
FHU) and £1(V) are p S-open subsets of X. Hence it
follows that X is quasi Lt E-f_i (H )-normal space.

Theorem 3.6: Let (X, u, ') be a generalized topological
space. If X is quasi W p- H-normal space, and YocXisun-

closed set, then ¥ is quasi W g- Hy-normal space.

Proof: Let A and B be disjoint un-closed subsets of ¥. Since
Y is pn-closed set and ¥ © X, A and B are pn-closed
subsets of X. Since X is quasi Hg- #-normal space, there
exist p ff-open sets U and V such that A —U € H,
E—VeHad UNV ex IfA-—U=HEHXN,
E-V=GeH, then Ac(UUH) and
Bc (VUG).SinceAcY, AcYn(UUH) and so
Ac(¥nU)vu (¥YnH).
A—(¥YnU)c(¥YnH)eH,. Similarly
BE—(YnV)c(¥nG)E Hy. Hence ¥YNU and
YNV are pf-open sets in ¥ that
A—(¥YnU)E Hyand B— (Y NV) E Hy. Hence ¥

is quasi L g- Hy-normal space.

Therefore

such

4. Conclusion

In this paper we introduced new classes of spaces namely
quasi p- F- regular space ,quasi Wg- FH-regular space,
quasi Lp- H- normal space, Almost pu-7 -Normal spaces,

Quasi ultra p- H-Normal space in hereditary generalized
topological spaces and derived some properties by using

some basic properties of (i, A)-continuity in generalized
topological spaces.
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