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Abstract: We discuss the uniqueness of entire functions concerning differential polynomials. The results extend and generalise recent
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1. Introduction

Let f and g be two non-constant meromorphic functions
defined in the open complex plane €. For a € € U {oa} we
say that f and g share the value aCM (counting
multiplicities) if the a-points of f and g coincide in locations
and multiplicities. If we do not consider the multiplicities,
we say that f and g share the value alM(ignoring
multiplicities). For standard definitions and notations of the
value distribution theory we refer to [1].

We denote by Sir.f) any quantity satisfying
S(r.f) = ofT (r.f)} as r — @ possibly outside a set of
finite linear measure. A meromorphic function & = a(z) is
called small function of fif T (x.a) = 5{r. f).

In [2] and [3] the idea of weighted sharing is introduced
which measures how close a shared value is to being shared
IM or to being shared CM. We now explain the idea of
weighted sharing of values.

Definition 1.1. [2, 3]Let k& be a nonnegative integer or
infinity. For & € Cwe denote by Ej(a f) the set of all a-
points of f where an a-point of multiplicity m is counted m
times if m = k and k+1 times if m=zk If
E.(a.f) = E.(a. g) we say that f.g share the value a with
weight k.

The definition implies that if f.g share a value @ with
weight k then z; is a zeroof f — & with multiplicity m{= k)
if and only if it is a zero of g — @& with multiplicity m{= k)
and zg is a zero of f — a with multiplicity m{> &) if and
only if it is a zero of g — & with multiplicity n{= k), where
m is not necessarily equal to .

We write f. g share (& k) to mean that f, g share the value
a with weight k. Clearly if f. g share (a. k) then f. g share
(@ p) for all integers p. 0 = p < k. Also we note that
f. g share a value & IM or CM if and only if f. g share
{a 07 or [a o)) respectively.

Definition 1.2. Let f be a non-constant meromorphic
function and & € C U {eo}. Fora positive integer k we
denote by Ny (r.a; f) (N(r.a: f))the counting function
of those @-points of f whose multiplicities are less than or

equal to kigreater than or equal to &}, where an a-point is
counted according to its multiplicity.

Also by ﬁ;‘-:, (r.a: f) and ﬁ,:;l-{'.'", a: f1) we denote the
corresponding reduced counting functions.

We put
log* T(. f)
A =1l _—
2 lT_,iup logr
and
Nir.a; f)

S{G,fj =1- l[msupTﬂ.

Alflandé(a, f) are called the order of f(z) and the
deficiency of @ with respect to f(z) respectively.

Definition 1.3. Let f and g5 be two non-constant
meromorphic functions for anypositive integer £ we denote
by Ni(r.1: f) the counting function of zeros of f — 1
andg — 1 whose multiplicities are not less than k and about
which f —1has larger multiplicity than g— 1. By
NE(r.1: fY(NE (v 1; £)) we denote the counting function
of zeros off — 1 and g — 1 whose multiplicities are not less
(greater) than & and about which f — land g — 1 have equal
multiplicities. ByN}(r.1; fL.NL(r. 1; f) and NE (. 1: )
wedenote the corresponding reduced counting functions.

Definition 1.4. Let fbe a non-constant meromorphic
function we denote by Ny(r.0: f"ithe counting function of
zeros of f" which are not zeros of f(f — 1].

In 1976 C. C. Yang [7] asked: If two transcendental entire
functions f and gassume the same zeros with the same
multiplicities and that their first derivatives assume the same
1-points with the same multiplicities then what can be said
about therelationship between f and g ?

To solve the above question in 1981 K. Shibazaki [6] proved
the following:

Theorem A. [6] Let f and g be two entire functions of finite
order. If f' and g'share the value 1 CM with &(0.f) = 0
and 0 being lacunary for g then either f = g or f'g' = 1.

In 1990 H. X. Yi [10] proved the following theorem:
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Theorem B. [10] Let f and g be two non-constant entire
functions and let kbe_a non-negative integer.If f and g share
the value 0 CM, %) and g'®! share the value 1CM and

5(0,F) = %, then either f = gor f& g¥l =1,

Let f be a non-constant meromorphic function. We denote
by Pf) =XF, a[f':fj the differential polynomial of f,
where ;i = 0LL.2,...... k are finite complex numbers and &
is a positive integer.

Recently Jiang-Tao Li and Ping Li [4] proved the following
theorem:

Theorem C. [4] Let f and g be two non-constant entire
functions. Suppose that fand g share the value 0 CM, F(f)
and P{g) share the value 1 CM and &{0, f) :r%. If

A(f) # 1, then f = g unless P(f)P(g) = 1.

Theorem D. [4]. Let f and g be two non-constant entire
functions. Suppose that fand g share the value 0 CM, F(f]}

and P(g) share the value 1IMand §(0, f} = E IfA(fy = 1,
then f = g unless F(fI}F(g) = 1.

In this paper we prove the following theorem which extend
and generalise Theorem C and Theorem D.

Theorem 1.1. Let f and g be two non-constant entire
functions. Suppose that fand g share the value 0 CM, F(f)
and Pig)share (1.[}, where [=0.1,2,.....02, If
A(f) #= 1, then f = g unless P(fIP(g) = 1lif one of the
following holds:

() = 0and8(0,f) >3

1+1

21+1

(i) 0 =1 < coand 8(0,F) =
(iii) I = ©0and 5(0,f) ==

2. Lemmas

Lemma 2.1. [5] Let f be a non-constant meromorphic
function and let kbe a nonnegative integer. Then
T(r.P(F)) < TG f) + k NG, 00 f)

+50r, f1(2.1)

Lemma 2.2. [4] Suppose that f{z} is a non-constant
meromorphic function in the complex plane and a(z} is a
small function of f(z]). If f(z} is not a polynomial, then

N(#,0: P(F) — P(@)) = T(+.P(F)) =Tl ) +
Nir.a: f} + 5(n.f)

2.2)

and

N(r,0; P(f) — P(@)) < N(r.a: f)

+EN(r.00: £) + S(rf) (2.3)

Lemma 2.3. [4] Let f and g be two non-constant

meromorphic functions such that fand g share the value 1
IM. Let

Efl' gl'f zgf

1 g "g-1

f”
h=——
A
Ifh £ 0, then
Tl f) < N0, 0; f) + 2 NG00 f) + 28501 F) +
N(r,0; g)+2 NCr,co: g)+ N5 (r. 1: g) + 50, fi S0, g)

Lemma 2.4. Let f and g be two non-constant meromorphic
functions such that f and g share (1.1} where [ is a positive
integer. Let
poofr_2 gv, g
fr e T 24

Ifh £ 0, then _
T(r.f) = NG 0; f) + 2 N(r,00; f)

+ 85,01 f) + N, 0; g)

+2N(r,o; g) + N, ,(r. 1; g)
+ 50 )+ 5(r.g) (2.5

Proof. We get from Nevanlinna’s second fundamental
theorem
T f) +TCG.g) = NG 0; f) + NG 1; f)
+N(r. oo £) = No(r. 0; 1)
+N 0.0 g) + Nl 1 g)
+N(r,o0; g) — Ny(r.0; g")
+50r.f) + 5(r. g). 2.6)

Since f and g share (1. 1), we get

NG 1:£) = NE(r1; f) + NG, (15 f)
+ NG, 0.1 g) + NG, 0r 1 f)
+50.f) + 5Cr. g)
= N(r.1: g} + S0 f) + 50, g).

Hence

N 1:f) + Nir. 1: g)

= Nyl fl + Nolr.1: ) + N 1 g)
+50r.f) + 5. g)

= Nyln 1 )+ Nl 1 g) + NG 1 g)

+5G. f) + 5(r. g)

Ny(r1: f) + NG, 1: g) + S5Cr.f) + S(r, g)

Ny 1 ) + Tl g)

+ 5.1+ S(r.g) 27

=
=

From (2.6) and (2.7) we get

T, f) + To.g) = N, 0:f) + N, 1 )
+ N, oo f) — Ny(r. 0: F')
+ Nir, 0; g:l + Nir, 1 3:]
+ NG, 0o g) — Nyl 0: g')
+ 50, f) + SCr. g)
=N 0 f) + NGrooo: F)
—Ny(r. 0: ')+ N(r.0:g)
+ N oo g) — Ny, 0; g")
+ Ny 1; £) + T, g)
+50nf) + 5(r.g)
Therefore

T(rf) < NG@ 0 )+ NG, o0 f) — NG, 0; 1)
+ N(r,0: g) + N(r,00; g) — Ny(r,0; g")
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+Ry61: ) + 56 + 5(ng) 28)

From (2.4) it can be easily calculated that the possible poles
of h occur at (i) multiple zeros of f and g, (ii) those 1 points
of f and g whose multiplicities are different (iii) those poles
of f and g whose multiplicities are different, (iv) zeros
f'(g") which arenot the zeros of F{f — 1}{g{g —17).

Since i has only simple poles, we have

Nir,w; h) £ N(r,o0; f) + N(r,o0; g)
+ NG, 01 f)+ NG, (.1 g)
+ N0 f) 4+ Ny, 0 g)
+N 0 0 F )+ Nylr, 0: g")
+ 50 f) + 5(r.g). 2.9)

Let z; be a common zero of f —1 and g — 1 then by (2.4),
we have zj is a zero of h.

Also from (2.4), we have

mlr,h) = S, f) + S(r. g).

Hence by (2.9) we have

Nyl 1: f) = NG, 0: B) = T, h) + O(L)

< N(r,o0; b) + 5, f) + 5(r. g)
< NGr.co; £} + Nir.oo; g)
+Ni, L f) + NG, (15 g)
+ Nl 0 f} + Nl 0: g)
N 0 ) 4+ NG, 0: ")

+ 5. f) + 5(r. g). (2.10)

From (2.8) and (2.10) we have

Tir.f) = NG 0: f) + NG o0 £} — NG, 0: 1)
+N(r,0: g) + N(r,c0: g) — Ny, 0: g°)
+N(r,00:f) + N(r,00; g} + N}, ,(r. 1: 1)
+NE, O 1 g) + N, 0: )

+ N, 0:g) + N0, 0:F') + Ny, 0; g")
+ 5. fl + 50 g)

<N, 0 f) + 280, 0o F) + NG, 0: g)

+ 2N (r,o0; g) + N, (r. 1: )

+N7,, 01 g) + Nio(n 0; f)

+ N0 0: g) + S0, f) + SCr. g)
<Nl 0 f) + 2N, 0o F) + NG, 0; g)

+ 2N (r,o0; g) + N, (r. 1: )

+8: 1 gd + St f) + 50, g)

This completes the proof.

Lemma 25. [8] Let fi(j = 1LZ....m + 1) and
g;(j = LZ,.....m) are entire functions satisfying the
following conditions:

(i)z_rir;i. fi (z) g% = frnaa(2): .

(ii) The order of f;(z) is less than the order of e9xZ for
1 =j=m+1 1 =k =m andthe order off_i-'fz] is less
than the order of 918k for =2
l=j=m+11 =ik =ml=k

Then f; =0(j = 1.2,.....m + 1).

and

Lemma 2.6. Let f and g be two non-constant entire
functions. Suppose that f and gshare the value 0 CM, P(f)
and FPig) share the value 1IM. If A{f} #1land

P(fy= P(g),then f = g.

Proof. It can be proved easily with the help of the proof of
the Theorem D.

3. Proof of the Theorem 1.1

Proof. If I = 0.2 then by Theorem D and Theorem C we
get the result.

Now suppose that 0 <2 [ << ¢2. Then we have to consider the
following two cases:

Case 1 Any one or both of P{fland P{g} is constant.
Suppose that F(f} = ¢; where ¢ is a finite complex
constant.Then

m
fd+) m@ew,

I=
whered is a finite complex constant, #; (i = L1L.2,...,m )
are polynomials and c; (i = 1.2,.....m Jare distinct finite
complex constants. Since A(f) # ltherefore
f =d +E%,p(z), that is f is apolynomial.Suppose the
degree of fis . Then
N(r.0;f)=nlograndT(r.f) = nlogr + 0(1).

Therefore
&(0,f) = 1 —limsup

r—==
which is a contradiction.

N(r.0; f)
Tlr.f)

il

Case 2P(f). P{g) £ c where c is a finite complex constant.
Let rF :”P{f],r G = Plg) and

2 _ i—, + %then F and & share (1.1,

Fr F-1
By Milloux’s basic result we have

Tlr.f) = NG.0: fl + N(r,oo f)

+ Nir. 1 POFY) + S0 F)

< N0 g) + N(r.1: P(g)) + S f)
=Tl g) + T(r.Plg)) + 5(r.f).

Hence by Lemma 2.1 we have
T f) =2T(rg) + 5(n.f) + S5(ng) (3.1

Similarly we have
Tirg) =2T(nf) + 5(r.f) + 5(r.g) (3.2)

From (3.1) and (3.2) we have
s(rnf) = 3(rg) 33)

Now we have to consider the following two subcases:

Subcasel” = 0.

In this case we have
_PG+@Q
F= s B9
whereF. @, R and 5 are finite complex constants such that
PS5 —QR = [:

Now we have to consider the following three cases:
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Case IP =
In this case F =
If5 # 0; then
N (’r,—% : Gjl = Nir, oo F),

By Nevanlinna’s Second Fundamental Theorem we have
r6.6) <NG0:6) + N (r.— 7 1)

+ Niroo:G) + 50, G)

= N(r0:G) + Nir,oo; F)
+ Niroo:G) + 50, G)

= Nr.0:6) + 5@.G)(3.5)

Qand B = 0.
2
RG+5

By Lemma2.2 from (3.5) and (3.3) we have

T(r.P(g)) = T(r.P(g)) -
+N(rO:g) + 5(n )
Hence

T(r. g)

T(r.g) < N@.0: g) + S(r.f)
= N0 f) + 5(n.f) (3.6)

By (3.1) and (3.6) we have

T(r.f) < 2N, 0; f) + 5. ), )

which contradicts the condition &0, f) = LL;:L

Hence & = 0 and so F& = 5 If 1 is a Picard exceptional
value of ¥ then % = 1 otherwise it contradicts the Deficiency
Theorem [9]. SoﬁFG =1.

If 1 is not a Picard exceptional value of F, then there exist a
complex number zysuch that Fiz;) = &{z) = 1.So
2_1.

Hence FG =1.

Case lIP = O0andR =00

In this case we have F = ?G +%.
IfQ # 0, then

N (’r% : Fjl = Nir.0: G).

Hence by Nevanlinna’s Second Fundamental Theorem we
have

T(,F) < NG 0; F)+ N (T,E; F)

5
+ N(r,c0; F) + S(r,F)
= Nr0; F) + Nir,0:6) + S(r.F)(3.7)

By Lemma 2.2 from (3.7) and (3.3) we have

T(r.P(F)) < T(r.P(F)) -
+ N0 g)+ 5 )
Hence

T(r.f) £ NGO f) 4+ N(»0; g)+ 5(. f)
= 2N{r.0; f) + S(r. f).

which contradicts the condition &0, f) = — l
Hence @ = 0and soF = 55'

If 1 is a Picard exceptional value of F then E = 1 otherwise
it contradicts the Deficiency Theorem [9]. So F = (.

T f) + NG, 0: f)

+1
2+1"

If 1 is not a Picard exceptional value of F, then there exist a
complex number Zgsuch that F(z;) = &(zy) = 1.

Hence F = 6.

By Lemma 2.6 we have f = g.

Case IIIPR = 0
From (3.4) it is clear that Eis a Picard exceptional value of F.
Hence by Nevanlinna’s Second Fundamental Theorem we
have

P
Tir,Fl = N(r.0; F) + N( =1 F]
+ N(@r,o0; F) + 5(r,F)

= N0 F) + S(nF)  (3.8)

By Lemma 2.2 and (3.8) we have
T(r. f) = NG 0: f) + 50, fl.which

condition &10, £ > iy

Subcase 2H = 0.
By Lemma 2.4 we have

contradicts the

T(r.F) < N(.0: F)+ N, (. 1: F)
+ NG 0:6) + N, 0n 1 6)

+ 5(r.F) + 5(r.G) (3.9)
Hence by (2.3) we have

L
lrl"rl |.+1.

== {N'::‘."‘ U F:]
= iNgr.0: F) +3W(r.00: F) + S5(r.F) (3.10)

(r.1; F) + I'uf“+1{?",1 G)

From (3.9) and (3.10) we have
T(r.F) = N(r,0: F)+ N(r.0:6)
+5(nF) + 5(r.G) (3.11)

Hence by Lemma 2.2 and (3.11) we have

T(r.P(F)) = T(r.P(F)) = TG £) + NG, 0: f)
1
+?N{r, O A+ENFD g+ 5 )+ 5 g)

Therefore

T(r.f) = N(r.0; f) +%N(’.’",U: )+ N0 g)
+ sgrf] + 5(r. g)

= N(.0: f) + SCr. f).

[+1
whlch contradicts the condition &(0,f) = ﬁ

This completes the proof.
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