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Abstract: We consider a predator-prey system with generalized Holling type-111 functional response. The results developed in this article
reveal far richer dynamics compared to the model without Holling type-111 functional response. The model have two equilibrium in the
interior for some values of parameters. We perform a qualitative analysis of model which includes positivity of solutions local asymptotic
stability and bifurcation of equilibrium and analyze the local stability properties of the equilibrium of the model through the standard
linearization technique. The main purpose of the article is to offer a relatively complete mathematical analysis for the model.
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1. Introduction

The purpose of this section is to propose a prey-predator
mode:
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Let X(t) and Y(t) denote densities of the prey and predators

respectively at time t .The coefficients I' and K represent
intrinsic growth rate and environmental carrying capacity for
the prey in the absence of predation. The growth rate of the
predator under natural conditions by S ,while SC, is the
maximum value of the pre capita reduction rate of

predators. C, is the maximum value of the per capita reduction

rate of prey, while M, and M, represent the extent to which

the environment provides protection to the prey and predator,
respectively. All the parameters are assumed to be positive
due to biological considerations.

System (1) has been studied by many scholars [1-8], A
prey-predator model with (predator harvesting) Holling
type-III is studied in this paper. Using the scaling we obtain
the following system of differential equations [9];

1= x=—F =X O(x.y),
dt m+ X (2)
d
D pyi-LL sy =y O (),
t m+ X
with the initial conditions
X(0)=x,>0,y(0)=y,>0 3)
Here
FOxy) =1-x——2 f0xyy = pa-LL sy @)
m+ X m+ X

We are only interested in the dynamics of system (2) in the
first quadrant from the standpoint of biology.

Ry xRy ={(x,y)eR’|x=0,y >0} )

2. Positivity of solution

Lemma 2.1 For all t >0, all solution (X(t), y(1)) of (2) with
initial condition (3) are positive.

Proof. System (2) gives

x(t) = x(O)exp(J; £ (x(s). y(5))ds) > 0,
and

y(® = y(O)exp([ £ (x(s), y(s)ds) >0,

With initial condition (3), hence all solution starting from an
interior of first quadrant remain in it for all future time.

3. Existence and stability of axial equilibrium

In order to find t growth isoc he equilibrium of system (2), we
consider the zero lines of the system,

xf ' (x,y)=0,yf ?(x,y)=0

The equilibrium are now the point of intersection of these zero
growth isoclines. The axial equilibrium of system (2) are

s, =(0,0),s, =(1,0) s, =(0,m/ (B +5m)).

Lemma 3.1 (i) The origins; =(0,0)is always a unstable
point.

(i1) The axial equilibrium s = (1,0) is always a saddle point.
(iii) The axial equilibrium s, =(0,m/ (£ + om)) is a stable if
a > f+0om and a saddle point if o < f#+6m.

Proof. The Jacobin matrix of system (2) is given by

|y cmy —ax
7 (M +x)? m + X
B pBY’ 2pBy
(m+x)° Tmex 2PV
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The eigenvalues of Jjare 4, =land 4, = p

-

-1
J, = m+1
0 p

The eigenvalues of J, are 4, =—land 4, = p

(24

J2: l_ﬂ;é‘m s
P
(B+omy  ©

A =1-a/(f+om)and A, =—p are the eigenvalues of

J, .Therefore the result follows.

4. Bifurcation of interior equilibrium

In this section, we study the bifurcation of co-existing
equilibrium which are important form an ecological point
view. S, =(Xu.,Y;:) and S, =(X,.,y,.) are the interior
equilibrium points, where X, and X,. are the positive root

of the quadratic equation:

OX +(f+mS—8)X+(a—f—-m)=0, (6)

That is

- (5-B-ms)-JA . - (5-B-mS)+/A

" 26 g 26
and

Yy = (1_ Xl*)(m + Xl*) VY = (1_ Xz*)(m+ Xz*).
(04 o

together with

A=(B+SM—G) —45(ci— f—5m)
Case I: Ifa > f+3Sm, (B+0m—06) <46(a— f—Sm)

then no interior equilibrium exists.

Case Il: ifa > S+ Omand (B +Sm—35)* =45(a— f—Oom)
[ +0m < O then the equation (6) has a multiple root, say

(6=B-m5) 4y - (1=Xx)(m +x)

26 a

has an instantaneous interior eauilibrium S = (X, y).

X= . Hence system (2)

Case 1. if (B+5m-5)’ >45(a—B—om)and f+om<o
Sy =(Xs, Y,:) andS,, =(x,., y,.) as the two distinct interior

equilibria.
Let
G(X) =25%> +(B+36M—9)Xx+(M’S +mB—mo)
We know
G'(X)=40x+ +36m—-¢o
That is
o—pf-3om
46
Theorem 4.1 0<M <X, < X< X, <land B+6m< &

M =

(i) The equilibriu S, = (X, Y, ) is always a saddle point .
(ii) The equilibriu S,, =(X,., ¥,.) is always a stable point if

. Xy — 2X7 5 — MXy,) .

(m + Xz*)(l - Xz*)(IB +om+ sz*)
(iii) System (2) undergoes a Hopf-bifurcation around the
equilibriu S, = (X,., ¥,.) if

P

B (X, —2X°, —MX,,)
(M+ %)= X,)(B+IM+5X,.)

Yo,

Theorem 4.2 0 < X, <x< Xy <M and f+06m<o
(i) The equilibriu S,, = (X,., Y,.) is always a saddle point .
(ii) The equilibriu S . = (X, Y. ) is always a stable point if
. Xy — 2X7 5 — MXy,)
(M+X,)(A =X )(B+Oom+0X,.)
(iii) System (2) undergoes a Hopf-bifurcation around the
equilibriu S, = (X, Y;») if

B (X, —2X°,. —MX,,)
P M x) (1= )(B+0m+0%,.)

Proof. According to the proof of the theorem 3.1, we have
theorem 4.1and 4.2.

Theorem 4.3 System(2) undergoes a saddle-node bifurcation
around S = (x, y) with respect to bifurcation parameter &

with bifurcation threshold &'V, if : 8+ 6m < & and

a(x=2x-mx) J(B+SM—5) =48(a— f—5m).
M+ X)(1=x)(B+Mm+0X)

Proof. The Jacobian J at the equilibrium S = (i,}) is given
by

X(1-x) —ax
J=Dg(xy)=| "X _ m+X
1— _
pﬂ(zx) —oy( /J’_+5)
[24 m+X
We know
3 (60— f—mS) y_(1-%)(m+§)
20 ’ a
We also see that
if
o= = (B+6+om)’ a(x=2X —mx)
46 (M+X)(1=X)(B+5m+5X)
We have
ﬂi —ax
J= S(M+X) m+x
P
ad r
SO B 3
detd = _’Dﬂx_ — (—ax)pg =0
o(m+Xx) a(dm+Xx)
trd = Bx < Bx _ a(x—2x —mx) _
5(M+X) SM+x)  (M+X)1=x)(B+5m+5X)
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The eigenvalue of the Jacobin at the saddle-node equilibrium
Must be zero and the other eigenvalue must have negative real
part. Therefore we can use Sotomayor’s theorem. Let

9=(g".9")
There
g(l) = xf @ , g(z) = xf (2)
LetV =(v,V, ) andW = (W, W, )" be the eigenvectors of

- =T
J and J corresponding to the zero eigenvalue,A simple
calculation yields

V=& 1y
B
1—X)*(Xx+m X+m
W:(pé‘( Z( + ),_I)T:(p( + ),—I)T
a X axX
Therefore,
—2
—WTg,(S,a") = P <0
Q' 9,(5,a77) (5 + B +om)(m+X)
Since
Xy
' sn 0 ' sn - =
0,5,0") = S,a") =| Tmix
oa
0
szwT[ng(ia[s"l)(\/,V)]=—2—p—i[(3m—1)(5+ﬂ+5m—1)]<0
Xy pBxy

We also see that
f @) f 1)
T XX Xy
v [ f 1) f 1) \
yx yy

f (2) f (2)
T XX
v {f(Z) f(2)XyJV
yX

yy

D*g(S,a™ )(V,V) =

Thus from Sotomayor’s theorem, system(2) undergoes a
saddle-node bifurcation around S = (x, y).

5. Conclusion

In this paper, we considered a biological prey -predator model
with Holling type-III functional response. It is observed that
the model have two equilibrium in the interior of the positive
prey-predator plane. The stability of the equilibrium has been
discussed. There are two kinds of interior equilibrium which
is locally stable for certain parametric restrictions. Saddle
node and Hopf-bifurcation are also exhibited in this paper.
There results indicate that prey-predator with nonlinear
functional response not only depend on bifurcation
parameters but also are so sensitive to parameter perturbations
that it is important for the control of infections diseases or
biological species. Finally the analysis provides a certain
method for understanding biological information and carrying
on the related intelligent computation.
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