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Abstract: In this paper, we derive an analog of Binet’s formula for the Tetranacci sequence with initial terms
to=t; =1t =0 & t3 =1 and with recurrence relation t, =t, 1 +t, o +t, 3+ t,_4, n > 4. This formula gives t,
explicitly as a function of index n and the roots of the associated characteristic equation x* — x> —x* —x—1=0. In
this study we also prove that the ratio of two terms T, . ; and T, of the generalized Tetranacci sequence approaches the

value a'asn tends to infinity. where, a is the Tetranacci constant.
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1. Introduction

The terms of a recursive sequence are usually defined by a
recurrence procedure; this means that any term is the sum of
preceding terms. Such a definition might not be entirely
satisfactory because to compute any term, we require
computing all of its preceding terms. An alternate definition
gives any term of a recursive sequence as a function of index
of the term. For the simplest non trivial recursive sequence,
the Fibonacci sequence, Binet’s formula [1]

_ (an+1 _ ‘8n+1)

V5

defines any Fibonacci number as a function of its index and
the constants

a=%(1+\/§)

u, =

and B=%(1—\/§)

W.R. Spickerman [2] derived an analog of Binet’s formula
for the Tribonacci Sequence 1, 1, 2, 4, 7, .....with initial
terms

[ug, uy, uxl =11, 1, 2]

with recurrence relation u, = u,_{ +u,_» +u,_3, n=3.
In this paper we derive an analog of Binet’s formula for the
Tetranacci sequence [3] denoted by {t,}n—, with initial
terms

[to, tl’ tz, t3] = [O, 0, O, 1]
and with recurrence relation,

th=thg Tttt 3 tts n=4

In this note, we also provide a property of the generalized
Tetranacci sequence {T,}n—, with arbitrary initial values
Ty, T1, T,, T3 (not all simultaneously zero). We prove that
the ratio of two terms T), ;. ; and T,, of generalized Tetranacci
sequence approaches the value of as n tends to infinity.
Where, o is the Tetranacci constant.

2. Binet’s Formula for the Tetranacci

Sequence {t,};_,

The Binet’s formula is derived by determining the generating
function for the difference equation,

t0=t1=t2=03ndt3=1

th =th1 Tttt 3ty n=4
Let,
T(x) = tog+tix + tx% + oo + X" + .= Z t;x!
i=0

be the generating function then,

1=—x—x2=x3=xHT(x) = x3

3

T _ X
() = 1—x—x2—x3—x*
x3
T (d—a0){ - Bx)d -y (1 - 6x)
x3
1e))

The roots of p(x) = 0are 1/, 1/ﬁ , 1/}/ and 1/5.
where @, 8, y and § are the roots of

p(l)=x4—x3—x2—x—1=0.

X

Applying Cardano’s formula to p ( %) = 0, yields

L U S U £ R
=TT 4
_tpioorn o, 13
F=3+3 2|4 4
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1 1R+1 11 . 13R_1
V=372 2 | 4
sl 1l 11 13

T4 02 204 4

Where,

/s /s
11+ —65 . 563 . -65 (563
12 54 108 54 /108

Approximate numerical values for a, 8, y and § =¥ are:

R =

a =192756, f =—0.774804, y = —0.0764 + 0.8147i,
y =38 =-0.0764 — 0.8147i

Since, the roots of p(x) = 0 are distinct, by partial fractions,
3

X
"™ = A= end - —70d -5
_ A B C 21
"o a-ptaotage &V
Here,
A= 1
“@-Pa-Na-7
1
B = —,
B-0B-1BE-7
C= 1
- -y -7
and !

D= -G -HG-7

From (2.1), we have

1 S
O e I

1 Sy
+w—ww—ww—ﬂ;Bx

1 o
+(y—a)(y—ﬁ)(y—)7);yx

1 iy
+()7—a)(?—ﬁ)(?—y);yx

e} Ofi
2 T(x) = ; ((a —-B)a—-y)(a-7)
+ d
B-0B-NE-7
+ v
-y - -7

+ v )xi
-G -G -7

Thus, the Binet’s formula for the Tetranacci sequence is:
an B
“@-Pa-na-n B-0G-NE-1
+ " —
- -Br-v

—n

)

ty

(2.2)

Now, multiply the numerators and denominators of the last
two terms by (a—y)(a—y) and (B-y)(B-Y)
respectively, we get,

t, = il + 7

" @-Bla-Na-7) B-aB-nNEB-7)
N (a—pY)@-YB-vB-V)r"

- - -Va-a-NB-rB-7
N (@=-N@=-NB-NE-NY"

Y- -BF-a-ya-rEB-vEB-7)
_ an + ﬁn
C(@=Bla-yl? B-a)B -yl

(a-YEB-Vy"
-V la—vyPIB -7yl
(@a-NBE-NYy"
-V la—vyPIB -7yl

Sty

(2.3)

Using the relation,
y =r(cos @ + isin 6),
y™® =r"(cosné + isinnd), 0= tan"{Im(y)/Re(y)}
& y—y=2iIm(y)

.. From (2.3), we have,
_ an + ﬂn
C(@=PBla-y? B-a)IB-vI?

tn

+(a—)7)(/>’—7))/" —(@-NB-NY
2irsin Ola — y|%|B — y|?
This can be simplified as:
_ aTL + ﬂn
C(@=Bla—yl? " B-a)IB -y

tn

(a+ B —2rcos )

la =128 —yI?

(af — (@ + B) rcos O+ 1?cos20)
rsindla—yl> B -yl

r™ cosné

r*sinné

Denoting the coefficients of a™, ", " cosnf & r" sinné
by P, Q, R &S respectively we get,

t, =Pa™ + QB" + r"(R cosnf+ Ssinnd) (2.4)
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Approximate values for the constants are:
r = 0.81827, 0 = 1.6643,
Q = —0.32136, R = 0.24228,

p = 0.07908
S =-047
3. An Application

The value of
R cosn@+ Ssinn@= 0.24228 cosnf— 0.47 sinnd

= M cos(nf— w)
Where, M =+vR? + S2 = 0.52877
We have,
M cosw =R & M sinw =S

S
w=—tan™! |E| = —1.09483

.. Rcosn@+ Ssinnf= 0.52877 cos(nf+ 1.09483)

The maximum value of |[Rcosné+ Ssinn@| = 0.52877 is

at
néd=—1.09483 £kll, k=0,123,.....

So, the value of

1
| " (Rcosn@+ Ssinn) | <E' forn=>0

Since,|r| <1, the n"™ Tetranacci number is the integer

nearest Pa™ + Q" when

calculating the terms of the Tetranacci sequence is:

t, = [Pa™ +QB"+.5], forn = 0.

(where, [ ] is the greatest integer function).

4. Ratio of Generalized Tetranacci Sequence
through Limits

The roots a, B, y and ¥ have the following properties:
n yn 7 n

lim — =0,
n-o "

and

where, the root « is called Tetranacci constant.
The generalized Tetranacci sequence denoted by {T,}r_,
satisfy the recurrence relation

Tn = Tn—l + Tn—Z + Tn—3 + Tn—4—1 n=4

Where the initial terms Ty, T;, T,, T3 are arbitrary but not
all simultaneously zero. Mansi N. Zaveri and Dr. J.K.Patel
[4] provided a formula for finding n™ term of a generalized
Tetranacci sequence defined by the formula,

T, = Totp—q + Ty (ty—1 + ty3) + To(ty—1 +ty_p +t,_3)

+ Tst, (2.5)

Our goal in this paper is to study the generalized Tetranacci

1 sequence through limits [5]. Particularly, where we will be
| " (Rcosnf+ Ssinnd) | < 5 dealing on the limit given by lim,,_, o, Tnti where i is the
Therefore, a short form of the formula that is appropriate positive integer.
4.1. Theorem: Prove that
T, .i .
lim —* = o
n-oow T,
Proof: From (2.5), we can write,
. Tn +i
lim
n— oo n
— lim Totnyio1 + T1(bnyic1 + Grgi2) + To(bnic1 + tngiz + Gagi3) + Tatny
n—eo Totn1 + Ti(tn1 + 6 2) + To(tpoy + thy + tr3) + Tty
Divide by t,,, both in numerator and denominator, we get,
bntiog bnti-a t thyiog bnyig ttpyi—p Hthtig oy
— lim TO( t, )+Tl( t, )+T2( t, )+T3(tn)
n- oo bh1 th1 + th th1 + th2 + th3
To(tn)+T1( t, )+T2( t, )+T3
Claim : lim,,_ ., % = at
From result (2.2), we can write,
. tn +1i
lim —
n- oo tn
r anti ﬁn+i n+i —n+i 'l
+ = + = + = v
~ lim | e=Pe=—ne=n " F-aB=—1E-1 " G-a00¢-Pu—p ' G-0G-PHFT-1 |
n- oo | an ‘Bn n —n |
— + — + Y — b=
| @=Pla-ne-7 " BF-0B-NE-n " G-OG-Ne-n" G-aG-HG-1]
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|' an+i/an + Bn+i/an 4 .yn+i/an N 7n+i/an ‘|
o (@a=B)a-na-y) B-a@B-NB-Y) G-d¢-BHDr-M" G-aF-HFT-7)
- n—>nc}o | ar/ar + ﬂn/an 4 yn/an + 7n/a"

l@=-Bla-N-v) " E-B-NB-7)  G-ad0¢-Hr-7  G-a0G-BF-7)|

= lim [a™"/a™]

(" by the properties of roots of a, B,y & 7)
Continuing and using proven claim, we obtain,

Tn+i

lim
n— co n

Toa' '+ Ty(@ + a™®) + T, (@'t + a2 + a'™3) + Tza!
T T l+T@t+a )+ (el +a2+a3)+T;

_a'[Tpa' +Ti(@ ' +a )+ T +a?+a)+T;]
T l+Ti(el+a)+Thal+a2+a3)+T,

=al

. Tn+i
.. lim =a

n— oo n

i
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