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Abstract: India has a long tradition of study of Mathematics. In India, all Mathematicians and mathematics were deeply respected.

The development of mathematical ideas in India should be studied from the history of Indian Mathematicians and their texts. Indian
Mathematicians made significant contribution in the field of mathematics and produced a large contribution in which some concepts of
calculus are present. The idea of calculus in India starts with the development of decimal number system, concept of zero and infinity,
irrational numbers, trigonometry, arithmetic and geometric progression, finding the value of m and calculating the first order and
second order differences of sine values. Now our aim is to discuss the background of Indian Mathematicians in the field of calculus.

The most important core concept of calculus is infinite series. Indian mathematicians developed the concept of infinite series without
using the concept of set theory and functions. We discuss how the concept of infinite series is development in India.
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1. Introduction

Indian mathematicians studied arithmetic and geometric
series at a very early date. Arithmetic and geometric
progressions are found in the Vedic literature of Indians:
Taittiriya-Samhita, Vajasaneyt Samhita and Kalpa-sitra of
Bhadrabahu etc (2000 B.C.). Aryabhata — 1 (499 A.D.),
Brahmagupta (628) and most of Indian mathematicians have
stated various formulae for sum of n terms of series,
arithmetic mean of a finite sequence, number of terms in
series and common difference in Arithmetic progression. For
the first time Mahavira (815 to 878 A.D.) gives the formula
for the geometric progression. He also gave a rule of
beautiful series known as aritmetico- geometric series.
Indian mathematicians knew that the infinite geometric
series converges if its common ratio is less than one.

The first and most important result stated by Narayana
Pandita (1340 to 1400 A.D.) is the general formula for the
sum of any triangular number (The triangular number & is
a figurate number that can be represented in the form of a
triangular grid of points where the first row contains a single
element and each subsequent row contains one more element
than the previous one). He stated it as sum of sums called as
Varasankalita. He generalised the formula of
Varasankalita. The first Varasankalita will give sum of first
order triangular numbers; the second Varasankalita will give
sum of second order triangular numbers and finally stated
the result for the sum of k™ order triangular numbers or k™
Varasankalita of an arithmetic progression.

Various geometrical proofs for the convergence of finite or
infinite geometric series are given by the followers of Kerala
School of mathematics. Madhava of Sangamagrama stated
an infinite series for m. He stated the value of m as
3.141592653592...which is correct up to 11 decimal places.
He used the method of infinite series with end correction for
finding the value of m. He is also the founder of series for
sine and cosine function. Here we discuss the contribution of
Indian mathematicians in infinite series with special
reference to Yukti-bhasa of Jyesthadeva.

2. Arithmetic Progression

Aryabhata — I (499 A.D.) stated following results on
arithmetic progression in his text Aryabhatiya. For an
arithmetic series, a + (a+d) + (at2d) + (a+3d) + ......... + (a+
(n-1) d)

The arithmetic mean of the n terms of series is M = a +
(n-1) d/2

The sum of series is S = % [a+ @+ (n-1Dd)]
= sum of first and last term multiplied by half number of
terms

Number of terms in arithmetic progression

If S is sum, d is common difference and a is first term of
arithmetic progression then Aryabhata — I gives the formula
for number of terms n as

= —(\/8dS+ 2a—d)? - 2a +d)

Sum of the series 1 + (1+2) + (1+2+3) +..ccueeeeee upto n
terms

1+ (142) + (142+43) + _ D) _ (k) - (nh )

6
P+27+3%+.... +upt0nterms:w and

6
1°+2°+ 3% +...+upto nterms = (142+3+....4+n)> = (n
(n+1)/2)?

Other mathematicians Mahavira (815 to 878 A.D.),
Bhaskara (1114 to 1193 A.D.), Narayana (1340 to 1400
A.D.) stated the results on arithmetic progression in their
texts Ganitasarasangrhah, Patiganitam, Ganitakaumudi
respectively. In these texts there are many examples on
arithmetic progression.

A commentary on Aryabhatiya, the bhasya of Nilakantha is
the most elaborate and interesting. The ganitapada of this
bhasya contains rationale and logical explanation to various
mathematical concepts discussed in Aryabhatiya. Similarly
the commentary on Lilavati of Bhaskara II, Kriyakramakari
authored by Sankara Variyar and Narayana (completed the
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text), contains proof and logical explanations to the
mathematics in Lilavati.

The geometrical approach to arithmetic progression is a
special feature of the bhasya of Nilakantha and
Kriyakramakari of Sankara Variyar. In both the works 8
arithmetical progression are used to find number of terms in
arithmetic progression. The geometrical diagrams itself
derive the formula. This shows the development of
mathematics in India.

3. Narayana: Varasankalita of Natural
Numbers

In India the significant development of series occurred after
Bhaskara’s time. These developments of series occur
because of treatment of two ideas Varasankalita in Ganita
Kaumudi and Sama-ghata-sankalita in Yukti-bhasa. These
work leads to evaluate integration as the summation of
series. Now we eclaborate the concept of Varasankalita
discussed by Narayana in Ganita Kaumudr.

3.1 Definition Varasaikalita of Natural Numbers (*V,,)

Varasankalita is defined as follows

1Vnzzn=1+2+3+ _________ +up to n terms
2Vn:zzn=1+3+6+10+ _________ +up to n terms
3Vnzzzzn:1+4+1o+20+ ......... + up to n terms

Formula for an

The first order Varasankalita is the sum of first n natural
numbers. This formula is coated by most of all Indian
Mathematicians. The formula coated by Narayana Pandita is

Heueead 4 HS &iadd, |
saikapadaghnapadardham sankalitam

1
Vo= =
n 2

or

Formula for ZV,,

Bhaskara 1II coated

Varasankalita
Heuceuad el dcdsHgfa: [&d aeamiaansr |
|1 afagd= udq faf=h wa fHgar =9 ﬂa—cl;ﬁq'

the formula for second order

saikapadaghnapadardhamathaikadyankayutih kila
sankalitakhya |
sa dviyutena padena vinighni syat trihrta khalu
sankalitakhya ||

Meaning:- The sum of n numbers starting from 1 up to n
(by common difference 1) is (n+1) multiplied by (n/2) this
sum is called sankalita.

That is (sum of natural numbers) is multiplied by (n+2) and
then divided by 3 is the sum of sum of natural numbers
(second order Varasankalita).

2V _n n+1) (n+2) n n n+2) _n n n+2)
2 3!

This result can be proved as follows

V,=L%n = §—

=~ S(m% + n)

_n (n+1) n+2)

Formula for 3Vll

The formula for 3™ order triangular number or third order
Varasankalita is

3Vn _ (n+1) (:!+2)

Formula for k™ order Varasankalita in Ganita Kaumudi
of Narayana Pandita *V,

The formula stated by Narayana Pandita is

THITHIRTHAT: Tafar®u wRE Y, JEe:
THIedGaae el daRESH oddq, |

Meaning:- The numbers beginning with the number of
terms in the series increasing by one and equal in number to
one more than the number representing the order of
summation separately from the numerators. The
corresponding denominators are the natural numbers
beginning with one. Product of these (fractions) is the
Varasankalita.

kVn= (n+1) (n+2) ..

3.2 Approach to modern methods

According to modern text Varasankalita is the integration of
integration. For the large value of n, put n = (n+1) the result
is

2

2
v, = z%or1V=fxdx=x7
3
2Vn n (n+1) n+2) or V ffde _ ?
Similarly
k+1
kVn= (n+1) (n+2) .. ~ n or
(k+1)!
A ) okt
Vo= II.(k times).] x dx = D!

Varasankalita of terms in Arithmetic progression was also
discussed by Narayana Pandita and gave the formula for k™"
order Varasankalita of terms in Arithmetic progression. He
constructed example which elaborate this idea clearly.

Example:- A cow gives birth to one calf every year. The
calves become young and themselves are being giving birth
to calves when they are three years old. O learned man, tell
me the number of progeny produced during twenty years by
one cow.

4. Sum of 1¥+ 2" + ......+ n* or sama-ghata-
sankalita for large n.

The method of calculating circumference without finding
squares roots is the greatest contribution of Madhava. It is
based on concept of infinite series and covers the idea of
Integration. This result gives us values of m (for ratio of
circumference to diameter) in terms of infinite series. We
use the results of sama-ghata-sankalita in Yukti-bhasa
stated by Jyesthadeva for finding infinite series of &.

Calculation of sama-ghata-sankalita is given in Yukti-bhasa

S, = 12+20+ ..+n? where n is very large.

The method is as follows:
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4.1 Sum of first n natural numbers Miila-sarnkalita

SV =14243+ i 4n
=n+m-1D+M—-2)+ .. +2+1
=n+(n—1)+(n—2)+---...........+(n—(n—2))+
(n—(n—-1))

—(1+24+34+.... +(n—1))

_g®

n—1

For large n, Sr(ll) = Sr(ll_)1
@ @®
Sn =~ 1’12—2 Sn—l
I T (1)

4.2 Sum of square of first n natural numbers (Varga-
sankalita)

Sum of squares of first n natural numbers is known as
Varga-sankalita given by

SP =124 224 324+ . .....+n2

Sf,z) =n’+ n—1%?+ (n—2)2+ ... 422+ 12
............ 2)

We use r(ll)and

(ns;” =1+ @=2) . t2+1)
............. 3)

Now (3) - (2)

() = S =28P) (4)

2
But when n is very large Sr(lz_)1 ~ ng) and Sl(ll) ~ n7

So equation (4) becomes
(2) 2

3
(nSr(ll)) — SSZ) = % or nn? — Sr(lz) =

()
s
1 or S& z—’;

2
4.3 Sum of 1 + 25 + ...... + n* or sama-ghata-sarikalita for
large n.

Sum of k™ power of first n natural numbers is called as
sama-ghata-sankalita given by

S, =n?+ =12+ (n—2)2+ ... +28+ 17

So that

(") —sP =5

.
s@D 1

- -1 -1)
-1 + Sn—Z + Sn_3 o

n

and

=

results Sr(l) ~

(In  modern text we usefx%dx="—, in Indian

mathematics, repeated summations are also calculated)

5. Infinite Series

The formula for the sum of an infinite geometric series, with
common ratio less than unity was known to Jain
mathematician Mahavira. Application of this formula was
made to find the volume of the frustum of a cone.

The mathematicians of Kerala school of Mathematics have
made a significant contribution in the theory of infinite
series. In the fifteenth century they discovered infinite series
for m, Sine and cosine of an arc. Use of this series is made in
astronomy.

Madhava obtained the basic x series also discuss the method
of end correction. Complete chapter VI of Ganita-Yukti-
bhasa popularly known as Yukti-bhasa written by
Jyesthadeva is devoted to find the ratio of circumference and
diameter and development of series for m. The beauty of this
chapter is that all the lemma and propositions needed in
developing the series for m taken up and proved in logical
sequence. This series for m is slowly converging. The
method of end correction after finite number of terms is
discussed. They also discovered the arctangent series.

In the process of finding the infinite series for i,
infinitesimal calculus is developed. This is one of the most
significant events in the history of mathematics.

Mr. Charles M. Whish, a civil servant in Madras
establishment of east India Company was the first Westerner
to take note of the work of the Kerala School. In his paper in
1832, he drew attention of the world for first time on Kerala
School of Mathematics and Kerala Mathematicians.

6. Madhava’s Series for ©

The infinite series is credited to Madhava but quoted by
Sankara Variyar in his commentary Yukti-dipika and Kriya-
kramakari. The method of calculating -circumference
without finding square roots is the greatest contribution of
Madhava based on concept of infinite series. Also it covers
the idea of Integration. This result gives us values of m. The
quoted verse is as follows

@ Fikfafed SUgd STHErRIAE |

Bremfafayagendad =l W YuarAd, §4id | |
Meaning:- The diameter multiplied by four and divided by
unity, decreases and increases should be made in turn of

diameter multiplied by four and divided one by one by the
odd numbers beginning with 3 and 5.

This series is written as

. 4d | 4d  4d
Circumference = 4d — ?+? - + -
B 1.1 1
r—= 1_ - —— =
0 4 3+5 7+
p Pr  p, Pig P; Pn
1:5)
R U g
1S Qi1 Ra
Qi
Sy
Qa
0

The circle is inscribed in a square of side equal to the
diameter of the circle. This circle touches the middle points
of the sides of square. A quarter of the circle with the
circumscribing square is shown in the figure. The half side
of square PP, is divided into small number of equal parts
PPl, P1P2, P2P3, ........ Pn-IPn each of length Ar. PPl, PPz, ......
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are called bhujas. The points P, Py, Ps,......... P,are joined to
centre O. The line OP; cuts the circumference at Q,
similarly line OP, cuts the circumference at Q,,......and OP,
cuts the circumference at Q,,.

Lines OP;, OP,, ...... OP, are called as karnas. From P, Py,
P,,....perpendiculars PR, P|R,, .... are drawn on next karnas.
Means PR; is perpendicular from P on OP;, PR, is
perpendicular from P; on OP, similarly PR, is
perpendicular from P;; on OP;. Now from Q;, Q,,.. which
are the points of intersection of karnas and circumference of
circle perpendiculars are drawn on next karmas. Q,S, is
perpendicular on OP,, Q,S; is perpendicular on OP; and Q.
1S; is perpendicular on OP;.

Here the arc circle is divided in large number of small arcs.
Length of every small arc is measured in terms of side of
square which is also divided into small arcs. This is the
important idea of “infinitesimal calculus” is “infinitely
large” and “Infinitely small”. The detail proof of this series
for m is very interesting. The proof of series for m is
depending on the properties of similar triangles and several
techniques including the ideas of integration and
differentiation. The detailed proof is avoided.

This series does not converge rapidly. It is so slow that even
for obtaining the value of T correct to two decimal places we
have to find hundreds of terms and for getting T correct to 4
or 5 decimal places we have to find millions of terms.

To find the accurate value circumference we have to derive
rapidly converging series. Yukti-bhasa deals with the rapidly
converging series and contains many series derived from
original series by grouping the elements. The new series
obtained converges rapidly.

C=4d(1-+:—2+-)
(-9 C- D+ G- )+
) () () )

Similarly
C= 4d—4d((§—§)+ (§—§)+)

—4d -8d((421_1) + (ﬁ) + o )

7. Madhava’s Series for 0 in terms of tan 0.
(Madhava Gregory Series)

Madhava beautifully expressed circumference in terms of
diameter and the detail proof is also given in the last article.
The other series represented is following verses is a
Madhava-Gregory Series quoted in Kriya-kramakari and
assigned to Madhava
TS SIAH ard, $edr" 999 Bd |
TS [UE Feodl Hifeat 9 G ||
wEfah v T 4T Heaiaqs: |
THATHAHEAN A Fasa s A |
A HYdwadl AN gHdd. |
o BICIREHIT Hod-dids Saq ||
Kriya-kranakart 692-693.

Meaning:- The product of the given sine- chord and radius,
divided by the cosine chord, is the first result. Then a series
of results are to be obtained from this first result and the
succeeding ones by making the square of the sine-chord the
multiplier and the square of the cosine-chord the divisor.
When these are divided in order by the odd numbers 1, 3,
S...etc, the sum of the terms in the even places is to be
subtracted from the sum of the terms in the odd places to get
the arc. The smaller of the sine and cosine-cord is to be used

for calculation.
X nAr C M

A B

0

g
The detailed explanation is given in Kriya-kramakari. 1dea
of calculus of dividing XC in to n parts each of equal
length Ar is used.

tan 50 _ tan’0

0 =tan 6 — 5

This series was derived by Madhava in 14" century before
Gregory. Now it is called as Madhava- Gregory series.

tan30

8. Geometric progression and Infinite
geometric series.

Mahavira Jain mathematician of ninth century gives the
formula for sum first n terms of geometric progression with
common ratio less than unity

atar+ar’+ar ... +ar =

The geometrical representation of convergence of
summation of geometric series is beautifully explained in
Nilakantha’s Aryabhatiyabhasya and Jyesthadeva’s Yukti-
bhasa.

Visual Demonstration of convergence of geometric series
forr<1
Let r be a real number such that -1<r < 1 show that

I+r+2 410+ ... = i (Infinite Series) and
l+r+2+ 0+ = % (finite Series)
?'z—ral r—r? ] 1-r1 |

0 r3 re T
In above figure

l-1)+(r-1)+ @ -) Frren. =1
(
(1-1)(+r47 4+, )=1
Therefore

I+ + P, =

In Finite case
A-t)+(r-tH+@-) ot =N =1- "
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Taking the factor ( 1 - r ) common from each term on left
hand side and rearrange we get

1kt
I+ 14+ P A, k=

. . . . . 1
9. Derivation of binomial series for am

In Yukti-bhdsa Nilakantha presented a beautiful derivation
of binomial series for 1 with the use of iterative

(14x)
substitution.

Using above explanation in sun of infinite geometric series

. . c . .
obtained series for a (;). For this series we have sequences

as follows.

(©)-2-at
al;)=a-a—

a(b;c)z Q070 (L= (-0

(ho o) (e o) o
(b-c)b

Continuing the process of replacing divisor b present in the
last term of the bracket by ¢, we have to make a subtractive
correction every time. We obtain the series in which all even
terms are negative, and series is as follows,

-2 (22 )

_ana (=0 (o)
+(-Dra(22) 24

It is mentioned in Yukti-bhasa and Kriya-kramakari that
there is no logical end to this process. However the process
may be terminated after obtaining desired accuracy by
neglecting subsequent phalas (terms) as their value become
smaller and smaller.

e

b— 1
(G = x, then 15)= e hence above

serles is nothing but a known binomial series
=a—ax+ax?+ - LH(EDax™ e

TS L ED T A

which is convergent for -1 <x < 1.

Explanation: - put

(1+x)
=1—x+x%+-

10. Series for sine and cosine

The derivation of sine and cosine series is obtained in Yukti-
bhasa by making use of the sankalita (method of
integration). The derivation is obtained in two steps. The
first step is to find (calculate) change in two consecutive
sine chords (bhujajya) and obtain the expression for this
change, same for cosine chords. This change in sine chord is
called as bhujakhanda and change in cosine chord is called
as Kotikhanda.

The second step is to obtain the difference between two
bhujakhandas which is sine difference of second order.
Third step is to find the difference between arc and sine

chord. Finally the result is

ad a® a’

. a
sinf=--—+—-—+...
r 303 S‘r 717
93 0°
sin 0 = 6-—+—— ......
31 5l

buta=10

Similarly
4
Cos =1 - —' + i—l — e

11. Conclusion

1) Aryabhata Discussed arithmetic progression in details,
also obtained an andZ:n3 . Mahavira, Bhaskara,

Narayana stated the results on arithmetic progression in
their texts Ganita Sarasangrhah, Patiganitam,
ganitakaumudi. Mahavira gave the formula of cube of
number in terms of arithmetic progression of n terms.

2) Bhaskara II preliminary concept of infinitesimal
calculus, along with contributions towards integral
calculus and conceived the differential calculus after
discovering the derivative and differential coefficient.

3) The important idea of “infinitesimal calculus” is
“infinitely large” and “Infinitely small”. So when n
increases Sama-ghata-sankalita is the integration and
Varasankalita is integration of integration.

4) Madhava (Founder of Kerala School Mathematics
(1340 — 1425)) expressed the approximate value of m
using by the method of calculating circumference
without finding square roots is one of the contributions
of Madhava based on concept of infinite series. Also he
expressed the approximate value of min terms of
infinite series. This series converges slowly.

5) The infinite series is credited to Madhava but quoted by
Sankara Variyar in his commentary Yukti-dipika and
Kriya-kramakari. The method of calculating
circumference without finding square roots is the
greatest contribution of Madhava based on concept of
infinite series. Also it covers the idea of Integration.

6) Madhava stated the foundation of calculus.

7) Madhava found the approximate value of 1 using by the
method of calculating circumference without finding
square roots is one of the contributions of Madhava
based on concept of infinite series. Also found the value
of min terms of infinite series. This series converges
slowly.

8) Madhava found the series for arctan (tan™), sine, versed
sine and cosine.

9) The geometrical representation of convergence of
summation of geometric series is beautifully explained
in Nilakantha’s Aryabhatiyabhasya and Jyesthadeva’s
Yukti-bhasa.

10) In Yukti-bhasa Nilakantha presented a beautiful

.. . . . 1 .
derivation of binomial series for am with the use of

iterative substitution. It is mentioned in Yukti-bhasa and
Kriya-kramakari that there is no logical end to this
process. However the process may be terminated after
obtaining desired accuracy by neglecting subsequent
phalas (terms) as their value become smaller and
smaller.

11) The proofs of sine and cosine series are obtained by sine
and cosine difference of second order.
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