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1. Introduction

Dual, triple and quadruple series equations play an important
role in finding the solution of mixed boundary value
problems of elasticity, electrostatics and other fields of
mathematical physics.Dual and triple equations involving
orthogonal polynomials have been considered by many
authors [1], [3], [4], [5]. Cooke [2] devised a method for
finding the solution of quadruple series equations involving
Fourier- Bessel series and obtained the solution using
operator theory. In this paper, we have considered six series
equations involving heat polynomials which are extensions
of dual, triple and quadruple series equations considered by
authors[1],[3],[41,[5].

2. Six Series Equations

We consider here the following sets of the six series
equations of first kind:

Six series equations of the first kind are as follows:
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wheref; (x, t)are unknown functions for
(i=1,2,3,4,5,6 ).B, , (x, —t)is a heat polynomial
andCoefficients A4,, to be determined.

3. Preliminary Results

In the course of analysis, we shall use the following results:
(1) The orthogonality relation for the heat polynomials
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where6,,,, is the Kronecker delta,
1
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and,K,, = o)
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If h(y) is strictly monotonically increasing and differentiable

function in (a,b) andh(y) #0 in this interval, then the
solutions to the Abel integral equations.
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where,a,,” =

and

) = [ Gt

oeE i 0<a<1 (10)

are given by,

__ sin(am) i y h'(x)F(x)
*0) ==l Gorney= ¥ (D
and
sin(an) d (° R (X)F(x)
D = — —_— d 12
o ™ dyfy e — hoyype * (42
respectively.

4. The Solution of Six Series Equations of the
First Kind

Let us assume that,

o]

n
> Pripo (=)
r(p+i+n+p) "

n=0
P(x,t) ,a<x<b
Dy(x,t) ,c<x<d (13)
B3(x,t) ,e<x <™
where ¢, (x,t),D,(x,t)and ¢5 (x,t) are  unknown
functions.

Using orthogonality relation(3), we get A4,, from equations

(1,(2)

Volume 5 Issue 12, December 2016

Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20163430

836



International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

pe

I"(a+l)1“(y+l+n+p) a 2 2\m—1,,.2 2yv—o+m-1
An = Zi(n+p)(n_ﬁp)! Offl (X, t) bfn(y)(f -y ) (x -y ) dy

b c d _ImI'v—0+m)
oo+ [pwo+ [0, a1
a b c

d
- f 0, (¢, )¢ wdg

Fi(x,t)

¥ df fi (6, 0)

X

o fn(y)(s‘2 =y = yP)r ol dy
+ f 03 (x, t)} W tp,0 (2, £)d2(x) 0 o
e - [ o5 opgevas
14) M
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with the help of equations (4), (7), we get
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Then equation (20) can be rewritten as below:
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Inverting the order of integration in the II integral of R.H.S. in equation (24),we get,

n»o, ) = F1(y,t) —

o

a 2
sin(l —v+o0-m)r d d ‘ 2xdx . 0., t)fe_i_f
7 || 1015 | Gt | G
02 d a d(Z) (&,t)¢ % a
xdx 2 , e 4t
JTI(Z)dZ j (y2 — x2)v+o-m(x2 — z2)l-v+o-m | (§2 _ z2)1-m d
‘4 &2
2xdx D2(&,t)Se 4
f’l(z)dzf( 2 _ x2)vro-m(x2 — g2)l-vto-m | (g2 _ z2)1-m
‘o ¢?
2xdx P38, t)se 4
+ f n(Z)dZ@f (y% — x2)oro—m (x2 — z2)i-vto-m | (g2 — z2)i-m
a y y e
d p 2xdx
+EJ- U(Z) Zf (yz _ xZ)U+a'—m(x2 _22)1—u+a—m
a z _ﬁ
I @)

Paper ID: ART20163430

Volume 5 Issue 12, December 2016

Licensed Under Creative Commons Attribution CC BY

838



International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

It can be easily proved that,
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d ry
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Now using the results (28) and (29) in equation (27),we
obtain
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Equations (21),(22) and (23) are also Abel type integral
equations. Therefore the solution of these equations are
given by
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Substituting the values from equations (34),(35)and (36) in equation (30), we obtain
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With the help of equations(31),(32) and(33) the above equation takes the form
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x c d §2
n(y)dy 0,(&,t)ée 4
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This is an Abel type integral equation and its solution ,with

the help of equation (4) is given by a 2xdx
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Substituting the values from equations (34),(35)and (36) in
equation (52), we obtain

N0, ) = F,(y,t)
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Inverting the order of integration in second integral of
R.H.S. in equation (46)
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(2)dz—- — — n(z)(a* - z%) dz 2x0; (x)dx
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(CZ_ZZ) m

(x% = c2)m (x2—22)

a n(z)(a* — z*)"~7*"dz 2x0 (x)dx
f (e*—z f (x?

2)—m (yZ_ZZ) (yZ — a)v—a+m

T

— e2)m (x2—z2)

with the help of equations(31),(32) and(33) , the above equation takes the form
b

N8 (0) = Fy(nt) — f B, (0 (x,y) dx
B, ()05 (x,y) dx

B (0)Q3(x, y) dx,

“’\8”\&

c<x<d (53)

where,
sin(l—v+o0—m)msin(l —m)m
(
Q1(ey) = n2(y? — cZyv-o+m
c
2x J- n(z)(az _ ZZ)U—O’+2m J
Ay ) T2
sin (1-m)m 2x d ry n(z)(az—zz)m
t— (Z—a2ym Efc 222 dz(54)
sin(1—v+o0—m)msin(l —m)rw
(
Q2(x,y) = T2 (y2 — cZ)v—otm
2x Cn(z)(cz—zz)u_a+2m
(x2—c2ym fo (2—22)(x2—22) dz  (55)
sin(1 —v+o0—m)msin(l —m)rw
Q3(x,y) (
3Wy) =

7.[2(},2 _ a2)v—a+m

2x f-n(z)(az _ ZZ)u—o+m (eZ _ ZZ)m

T R e B
y
sin(l—m)r 2x d [n(z)(e?—z2)"
4 4 f e (56)

i (x2 —e)mdy
Now starting with equation (5) ‘
[} 01 (5,05 (x,§,d0() +
f @ (£, 6)S; (x, €, )d0(E) + [ (03 (€, )8 (x, §,)d2()

+[ B3 (,)S¢ (x, &, )d0(E) = ( )F4(x t) ,e<x<

0 (57)
where,

(6, t) = fo(x, ) = [ €27 £ (§, S (x, &, 0)d§ —

Jy £ (€, 0)S(x, &, 0)dE — [/ €% f5 (§,0)S(x, &, 1) dE
(38)
with the help of equations (4) and (7),we get

f 04(5, )Ee T de

fof 77(}’)(52 - yZ)m—l (xz — yz)v—6+m—1dy

dr n(z)dz 2x05 (x)dx
[

sinl1 —v+o0—m)n'dy) (e?—z2)=™"
a e

— e2)m (x2—z2)

°° e
+ f 05(, D)Ee T de

[ no =y 2 - yoyrrenray
0
I'ml(v—o+m)
= @ % xl-2v

b
52
F4- (X, t) — f Ql(f: t)fe_ﬂdf
f’l(}')(fz - yz)m—l (xz _ yZ)u—o+m_1
0

- f 0,(¢, t)Ee " wdE

fox U(Y)(fz - yZ)m—l (xz — yZ)U—0+m—1

Now inverting the order of integration, we obtain,
e

f )t =yt mlgy
xO
j 05(8, e (82 — y)mdg

+ j ()G — y2)P-omlgy

e

f 04(€, )Ee T (€2 — y?)m 1 de
+ f ()G — y2)r-omigy
0

f 05(8, e (82 — y )" ds

I'ml(v—o+m)
= % x1-2v

- j ()G — y2)r-omlgy
0

j 01(6, e (82 — y)m1d¢

F4 (x! t)

—fn(y)(x2 —yHr-otm-igy
0

1% 0,(¢, )¢ (82 — yHymlde
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© 2 [ 0B ()dy

r’
f U(Y)dy r @3(6. t)fe_i_t (xZ _yZ)l—v+U—m
(x?

d
_J’Z)l_””_my (2 —y2)tm d ‘ FmF(v—0+m)F( 5
= X,
I'ml(v—o +m) axx1i=2v * ,
=——————F Kt e «° i
) axxt=% 2 B f n(y)dy 03(§, t)¢e
f n(dy 03(§, )ée * i J (2 —yylmvremm ) (g2 -yt
(xZ — yZ)l—u+a—m (52 — yZ)l—m x b _ﬁ
0 e 2 _f n()dy 0, (§,t)e =
n(»dy 01(§, )§e * (x2 —yB)tvomm ) (§2 —y2)tm
T ] (= y2ytvrom | (g2 — y2)i-m d¢ 0 4 2
0 a ) n(y)dy 0., t)Se *
P d £ - 2 _v2yl-vto-m 7 onyim % e<x<®
_f n(y)dy 0,6, t)§e dE(61) ) Gt =y?) J (=¥
(xZ — y2)1—u+a—m (‘SZ — yZ)l—m (62)
Hence, 0 ¢ This is an Abel type inte'gra'l equation and its solution ,with
the help of equation (4) is given by
nBs () = F,(,¢)
x y b _ﬁ
sinl—v+o—m)m d 2xdx B, (&, t)ée x
- fn(z)dz.—f 2 2Yv—0+m (42 2\l—v—c+m ° 2 2)1-m
m . dy) (y* —x?%) (x* —z%) (§?—z%)
X ye a
d 2xdx
+Jn(z)dz EJ (y2 — x2)v=0+m(x2 — z2)l-v—o+m
0
d 92(§,6)§ ’% d e 2xd B3(,)¢ "Ti
, e e y xdx [e) ) e
fc (;Z_Zm dg + fo n(z)dz "dy Jo (y2—x2yv-otm (x2_;2)l-v—o+m 'fe (22_22)1—m d{]where,
(63)
y
F _sin(l—v+o-m)mr I'ml(v—0+m)d 2x%VF,(x, t)
) = T : a * d_y (y?2 — x2)v—o+m
e
Inverting the order of integration in second integral of R.H.S. in equation (62)
_ , sinl—v+o0—-—m)w
n()03 () =F 4, t) — -
e y
d 2xdx
fn(Z)dZd—yf (yZ — x2)v+z7—m(x2 — 22)1—u+o—m
0 e e
b @1(¢,t)ée 4t d ry
Jo i ity I n(2)dz
y b £
2xdx P, (&, t)¢e
j (yZ — xZ)v+a—m(x2 — ZZ)l—v+zr—m (52 — ZZ)l—m
4 : () i ‘ 2xdx
fn z Zdyf (yz _ x2)u+a—m (xZ _ 22)1—U+a—m
N P
2 (¢, e 4t
+ Wdf-FJ‘T](Z)dZE
y c o " B
2xdx B3¢, t)ée w
f (yZ _ xZ)U+U—m (xz _ 22)1—U+a—m (52 _ ZZ)l—m
dye [ 2xd e d@(s‘t)s‘_ﬁ
xdx 2(& e n
+@j n(z)dzf (y2 — x2)vtom(x2 — g2)lvio-m | (g2 — z2)l-m d ]
(64)
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It can be easily proved that,
y
2xdx
EJ- (yZ — xZ)v—0+m(x2 — 22)1—v+o—m
e

(82 _ Z2)v—a+m

T (9% — 22)(y? — e2)v-otm

(65)
And

fzy 2xdx — T ( 6 6)

(yZ_XZ)v—a+m (x2_22)1—v+a—m sin (1-v+o—-m)m
Now using the results (65) and (66) in equation (64),we
obtain

_ , in(1 — -
100 ) = Faty, ) - SmE 2O
RO G o A A NGO
J- (yZ_ZZ) (yZ _ eZ)u—fr+m (52 — ZZ)l—m 5
(o e
T 1€, e 4t
+ sin(l—v+o0— m)n@f n(z)dzf (&2 — z2)1—m %
(e =2y tmds o080
) (yz_zz)(yz — eZ)v—0+m (52 — ZZ)l—m {
[ @) =22 mdz [ 0y, 08e
) (yz_Zz)(yz — eZ)v—o’+m (EZ _ZZ)l m {

y
n d 0,(§, t)§e w
sin(l —v+o0— m)n@f n(x)dz f (82 — z2)t—m d%
(67)
Substituting the values from equations (34),(35)and (36) in
equation (67), we obtain

183 (v) = F'4(y,t) )
sin(l1-v+o0—-—m)m sinif@l —-m)mw

r](z)(e _ZZ)U 0’+2de
' E!-(aZ_ZZ) m(y _ZZ) (y _eZ)U —o+m

N T d ‘ n(z)dz f 2x@; (x)dx
sin(l—v+o—-—m)r'dy) (a?—z2)™™ ) (x? — a?)™(x2—z2)

2x0, (x)dx
f =

— aZ)m (XZ_ZZ)

f 77(2)(62 _ZZ)v—o+de
(

CZ—ZZ)_m(yZ—ZZ) (yZ — eZ)v—cr+m
c

n(2)dz f 2x@, (x)dx
(x?

(CZ_ZZ)—m — CZ)m(xZ_ZZ)

d _
f 2x0, (x)dx
(2 — cO)m (x2—72)
y
T d
+= —
sin(l1—v+o—m)w dy
e

n(z)(ez _ ZZ)u—a+de
(eZ_ZZ)—m(yz_ZZ) (yz — eZ)v—o‘+m
0 e

(xZ — eZ)m(XZ_ZZ)

2x05 (x)dx ]

(68)
with the help of equations(31),(32) and(33) , the above
equation takes the form

N0IB3 0) = Fa0,0 - [ B COR () dx
d a
~ [ 8, R,
- [ B Ry ar,
e<x <o (69)

where,

sin(l —v+o0—m)msin(l —m)mw 2x
Ri(x,y) = T2 (y2 — e2)v-o+m (xZ — at)m
fn(z)(aZ _ ZZ)m (62 _ ZZ)U—(7+m p
072 @ —2) ’
sin (1-m)x 2x y r](z)(az—zz)m
+ b3 (x2—q2)m dyf (x2-22) dz (70)
sin(l —v+o0—m)msin(l —m)mw 2x
Ry(x,y) = 72(y% — e2)v-o+m (x% — c2)m
¢ 1(2) (% — 22)m (e2 — z2)v=o+2m ;
072 @ —2) ’
sin (1-m)m 2x vy n(z)(cz—zz)m
T (x2—cZ)m dyf (x2-22) dz (71)
sin(l1 —v+o0—m)msin(1 —m)m 2x
Ry(x,y) = 7T2(y2 — e2)v—o+m (x2 — e2)m
2.2 v—o+2m
fen@(e’~2) dz (72)

0 22D —z?)

Equations (27),(53) and (69) are simultaneous Fredholm
integral equations of the second kind. With the help of these
equations we can calculate the values of @, (y), @, (y)and
@5 (). Then using equations (31),(32) and (33),we can
calculate the values of @, (¢,t),d,(&,t)and @5(&,t) After
these calculations A, can be determined by equation (14).

5. Particular Cases

When e — o in equations (1) and (2)then above equations
reduce to the five series equations and the solutions obtained
for the six series reduce to the solution of five series
equations. Similarly if d > oo and ¢ = d in equations (1)
and (2) the series reduces to quadruple series equations and
the solution obtained here agrees with[4]and the solutions of
dual and triple series can be obtained as a particular case
studied earlier[1 ]Jand [3].
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