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1. Introduction 

If we review the literature then we observe that the existing 
solutions on series equations are derived only from dual to 
six Fourier series equations. No further generalizations are 
available till date. This tempted us to find the solution of n-
Fourier series equations involving some special functions 
and in this paper we have obtained certain results. By 
considering the special values of n = 2,3,4,5,6 we shall be 
able to derive solutions of dual, triple,quadruple,5-tuple and 
6-tuple Fourier series equations involving respective special 
functions. 

2. N- Series Equations of the first kind 
 
(i) N-series equations of the first kind 

 𝐴𝑚𝑗𝑚(𝛼, 𝛾; 𝜍)∞
𝑚=0 = 𝑓𝑖 𝜍 , 𝑎𝑖−1 < 𝜍 < 𝑎𝑖(1)

where, i =  1,3,5, . . . . , n − 1 and𝑎0 =0.
 𝐴𝑚
∞
𝑚=0 𝑃𝑚(𝜆 − 𝜌, 𝛾)(1 + 𝐻𝑚)𝑗𝑚(𝛼, 𝜆; 𝜍) =  𝑓𝑗  𝜍 ,

𝑎𝑗−1 < 𝜍 < 𝑎𝑗 (2)
where, j =  2,4,6, . . . . , n and 𝑎𝑛 = 1.
Here n is taken as an even number. If n is odd then the 
equations will be

 𝐵𝑚𝑗𝑚(𝛼, 𝛾; 𝜍)∞
𝑚=0 = 𝑓𝑖 𝜍 , 𝑎𝑖−1 < 𝜍 < 𝑎𝑖 (3)

where, i =  1,3,5, . . . . , n and𝑎0 =0.
 𝐵𝑚
∞
𝑚=0 𝑃𝑚(𝜆 − 𝜌, 𝛾)(1 + 𝐻𝑚)𝑗𝑚(𝛼, 𝜆; 𝜍) =   𝑓𝑗  𝜍 ,

𝑎𝑗−1 < 𝜍 < 𝑎𝑗 (4)

where, j =  2,4,6, . . . . , n − 1.
(ii) N-series equations of the second kind

 𝐷𝑚
∞
𝑚=0 𝑃𝑚(𝜆 − 𝜌, 𝛾)(1 + 𝐻𝑚)𝑗𝑚(𝛼, 𝜆; 𝜍) =

                  𝑔𝑖 𝜍 , 𝑎𝑗−1 < 𝜍 < 𝑎𝑗 (5)
where, i =  1,3,5, . . . . , n − 1 and 𝑎0 = 0.

 𝐷𝑚𝑗𝑚(𝛼, 𝛾; 𝜍)∞
𝑚=0 = 𝑔𝑗  𝜍 , 𝑎𝑖−1 < 𝜍 < 𝑎𝑖(6)

where, j =  2,4,6, . . . . , n and 𝑎𝑛 = 1.
Here also n is taken as an even number. If n is odd then the 
equations will be

 𝐸𝑚
∞
𝑚=0 𝑃𝑚(𝜆 − 𝜌, 𝛾)(1 + 𝐻𝑚)𝑗𝑚(𝛼, 𝜆; 𝜍) =

                  𝑔𝑖 𝜍 , 𝑎𝑗−1 < 𝜍 < 𝑎𝑗 (7)
where, i =  1,3,5, . . . . , n and𝑎0 =0

 𝐸𝑚𝑗𝑚(𝛼, 𝛾; 𝜍)∞
𝑚=0 = 𝑔𝑗  𝜍 , 𝑎𝑖−1 < 𝜍 < 𝑎𝑖(8)

where, j = 2,4,6, . . . . , n − 1and 𝑎𝑛 = 1.

𝑃𝑚 𝜆 − 𝜌, 𝛾 =
Г(𝜆−𝜌+𝑚)Г(1+𝛼+𝛾+𝑚)

Г(𝛾+𝑚)Г(1+𝛼−𝜆+𝜌+𝑚)
(9)

𝐽𝑚 is the Jacobi polynomial. 𝐻𝑚 is a known coefficient of 
m.𝑓𝑖 𝜍 , 𝑔𝑖 𝜍 where (i= 1,2,3,…n) all are known functions 

and 𝐴𝑚 ,𝐵𝑚 , 𝐷𝑚 , 𝐸𝑚 are known coefficients.

Here we solve only equations (1),(2)of first kind and
equations (5),(6) of the second kind and the solution of 
equation (3),(4) of first kind and equations (7),(8) of the 
second kind can be obtained easily by following similar 
procedure.

3. Preliminary Results 

In the analysis, we shall use the following results: 

(i)The orthogonality relation for the Jacobi polynomial is, 

 𝑡𝛾−1(1 − 𝑡)𝛼−𝛾𝑗𝑚 𝛼, 𝛾; 𝑡 𝑗𝑛 𝛼, 𝛾; 𝑡 𝑑𝑡

1

0

=  
𝜹𝒎𝒏

∆𝒏
𝟐

(10) 
Where 𝛼+1> 𝛾>0, 𝛿𝑚𝑛 is the kronecker delta. 

∆𝑛
2 =

 𝛼+2𝑛 𝛤(𝛼+𝑛)𝛤(𝛾+𝑛)

𝛤(𝑛+1)𝛾2𝛤(1+𝛼−𝛾+𝑛)
  (11)

(ii) When 𝛼+1+𝜌> λ> ,𝛾+𝜌> λ>𝜌>0. 

K(σ,t)=
𝛤𝛾𝛤𝜌𝛤 (𝛾−𝜆+𝜌)

𝛤𝜆   𝜍1−𝜆  𝑡1−𝛾
 ∆𝑛

2∞
𝑛=0 𝑃𝑛  𝜆 − 𝜌, 𝛾 .

. 𝑗𝑛 𝛼, 𝜆; 𝜍 𝑗𝑛 𝛼, 𝛾; 𝑡                  (12) 

=  𝑚 𝑥 (𝜍 − 𝑥)𝜌−1𝑠

0
(𝑡 − 𝑥)𝛾−𝜆+𝜌+1 𝑑𝑥(13) 

= 𝐾𝑠 𝜍, 𝑡 

Where, m(x) = 𝑥𝜆−𝜌−1(1 − 𝑥)𝜆−𝜌−𝛼  and  
𝛿= min(σ,t).

(iii) Iff(x) and 𝑓′(𝑥) are continuous in a a<x<b and if 
0<𝜌<1 .then the solutions to the Abel integral equations. 

𝑓 𝑥 =  
𝑓 𝑦 

 𝑥−𝑦 𝜌
𝑑𝑦

𝑥

𝑎
                                 (14)

and𝑓 𝑥 =  
𝑓 𝑦 

 𝑦−𝑥 𝜌
𝑑𝑦

𝑏

𝑥
                                  (15)

are given by , 
𝑓 𝑦 =

sin (𝜌𝜋 ) 

𝜋

𝑑

𝑑𝑦
 

𝐹(𝑥)

{𝑦−𝑥}1−𝜌 𝑑𝑥  
𝑦

𝑎
               (16) 

and𝑓 𝑦 =  −
sin (𝜌𝜋 ) 

𝜋

𝑑

𝑑𝑦
 

𝐹(𝑥)

{𝑥−𝑦}1−𝜌 𝑑𝑥            (𝟏𝟕) 
𝑏

𝑦

respectively. 
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4. The Solution 

(i) Equations of the first kind: 
Let us assume 
 𝐴𝑚
∞
𝑚=0 𝑗𝑚(𝛼, 𝛾; 𝜍) =  𝜙𝑖 𝜍 , 𝑎𝑖−1 < 𝑥 < 𝑎𝑖 (18)

where, i =  2,4,6, . . . . , n. and 𝜙𝑖 𝑥  are  unknown functions.
Using orthogonality relation it follows from equations (1) 
and (18). 

𝐴𝑚 = ∆𝒏
𝟐   𝑓

2𝑖+1
(𝜍)

𝑎2𝑖+1

𝑎2𝑖

+  𝜙
2𝑖+2

𝑎2𝑖+2

𝑎2𝑖+1

(𝜍) 

𝑛−2

2

𝑖=0

.𝜍𝛾−1(1 − 𝜍)𝛼−𝛾𝑗𝑚(𝛼, 𝛾; 𝜍). D𝜍             (19) 
𝑓2𝑖+1
′  𝜍 =  (1 − 𝜍)𝛼−𝛾𝑓2𝑖+1 (𝜍)  (20) 

i = 0,1,2,………(n-2)/2 
∅2𝑖+1
′  𝜍 =  (1 − 𝜍)𝛼−𝛾∅2𝑖+1 (𝜍                   (21) 

i = 0,1,2,………(n-2)/2 
equation(19) reduces to, 

𝐴𝑚 = ∆𝒏
𝟐   𝑓

2𝑖+1
′ (𝜍)

𝑎2𝑖+1

𝑎2𝑖

+  ∅2𝑖+1
′

𝑎2𝑖+2

𝑎2𝑖+1

(𝜍) 

𝑛−2

2

𝑖=0

.𝜍𝛾−1𝑗𝑚(𝛼, 𝛾; 𝜍). d𝜍  (22) 
Substituting this expression for 𝐴𝑚  in equation (2) we obtain  

   𝑓2𝑖+1
′  𝜍 

𝑎2𝑖+1

𝑎2𝑖

 𝐾 𝜍, 𝑡 + 𝑆 𝜍, 𝑡  𝑑𝑡

𝑛−2

2

𝑖=0

+              ∅2𝑖+1
′

𝑎2𝑖+2

𝑎2𝑖+1

 𝜍  𝐾 𝜍, 𝑡 + 𝑆 𝜍, 𝑡  𝑑𝑡 

=
𝛤𝛾𝛤𝜌𝛤 𝛾 − 𝜆 + 𝜌 

𝛤𝜆   𝜍1−𝜆
𝑓𝑗  𝜍 ; 𝑎𝑗−1 < 𝜍 < 𝑎𝑗         (𝟐𝟑)

j =  2,4,6, . . . . , n
where K (σ ,t)is defined by equation (12) and 

S(σ,t) = 
𝛤𝛾𝛤𝜌𝛤 (𝛾−𝜆+𝜌)

𝛤𝜆   𝜍1−𝜆  𝑡1−𝛾
 ∆𝑚

2∞
𝑚=0 𝑃𝑚  𝜆 − 𝜌, 𝛾 .

𝐻𝑚 . 𝑗𝑚 𝛼, 𝜆; 𝜍 𝑗𝑚 𝛼, 𝛾; 𝑡                         (24) 
It is assumed that 𝐻𝑚 is in the form such that S(σ,t) 

converges. Now starting with equation (23) if j=k where k is 
an even number and 2 ≤k ≤ m we have , 

   ∅2𝑖+2
′  𝑡 

𝑎2𝑖+2

𝑎2𝑖+1

𝐾𝑡 𝜍, 𝑡 𝑑𝑡 +               ∅𝑘
′

𝜍

𝑎𝑘−1

 𝑡 𝐾𝑡 𝜍, 𝑡 𝑑𝑡

𝑘−4

2

𝑖=0

+  ∅𝑘
′

𝑎𝑘

𝜍

 𝑡 𝐾𝜍 𝜍, 𝑡 𝑑𝑡 +

  ∅2𝑖+2
′  𝑡 

𝑎2𝑖+2

𝑎2𝑖+1

𝑆 𝜍, 𝑡 𝑑𝑡 +

𝑛−2

2

𝑖=0

  ∅2𝑖+2
′  𝑡 

𝑎2𝑖+2

𝑎2𝑖+1

𝐾𝜍 𝜍, 𝑡 𝑑𝑡

𝑛−2

2

𝑖=𝑘/2

=  𝑀𝑘 𝜍 , 𝑎𝑘−1 < 𝜍 < 𝑎𝑘                                             (25) 
Where, 
𝑀𝑘 𝜍 = 𝛤𝛾𝛤𝜌𝛤  𝛾−𝜆+𝜌 

𝛤𝜆    𝜍1−𝜆 𝑓𝑘 𝜍 −

  𝑓2𝑖+1
′  𝑡 

𝑎2𝑖+1

𝑎2𝑖
 𝐾 𝜍, 𝑡 + 𝑆 𝜍, 𝑡  𝑑𝑡

𝑛−2

2
𝑖=0

(26)
Using equation (13) in equation (25) , we get  
 ∅𝑘

′ (𝑡)  𝑚(𝑥)(𝜍 − 𝑥)𝜌−1(𝑡 − 𝑥)𝛾−𝜆+𝜌−1𝑡

0

𝜍

𝑎𝑘−1
 𝑑𝑥 𝑑𝑡 + 

 ∅𝑘
′ (𝑡) 𝑚(𝑥)(𝜍 − 𝑥)𝜌−1(𝑡 − 𝑥)𝛾−𝜆+𝜌−1

𝜍

0

𝑎𝑘

𝜍

 𝑑𝑥 𝑑𝑡

= 𝑀𝐾(σ)–  ∅2𝑖+2
′𝑎2𝑖+2

𝑎2𝑖+1

𝑘−4

2
𝑖=0

 𝑡 

. 𝑚(𝑥)(𝜍 − 𝑥)𝜌−1(𝑡 − 𝑥)𝛾−𝜆+𝜌−1

𝑡

0

𝑑𝑥 𝑑𝑡

−   ∅2𝑖+2
′

𝑎2𝑖+2

𝑎2𝑖+1

𝑛−2

2

𝑖=𝑘/2

 𝑡 

. 𝑚 𝑥  𝜍 − 𝑥 𝜌−1 𝑡 − 𝑥 𝛾−𝜆+𝜌−1

𝜍

0

 𝑑𝑥𝑑𝑡

-  ∅2𝑖+2
′𝑎2𝑖+2

𝑎2𝑖+1

𝑛−2

2
𝑖=0

 𝑡 𝑆 𝜍, 𝑡 𝑑𝑡

Inverting the order of integration, we obtain 

 
𝑚 𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌  
∅𝑘
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎𝑘

𝑥

𝜍

𝑎𝑘−1

+ 𝑚 𝑥 𝑑𝑥

(𝜍−𝑥)1−𝜌

𝑎𝑘−1

0
 

∅𝑘
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1
= 𝑀𝐾(σ)

−   
𝑚 𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌

𝑎2𝑖+2

𝑎2𝑖+1
 

∅2𝑖+2
′  𝑡 𝑑𝑡

 𝑡−𝑥 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑥
+

𝑘−4

2
𝑖=0

0𝑎2𝑖+1𝑚𝑥𝑑𝑥𝜍−𝑥1−𝜌𝑎2𝑖+1𝑎2𝑖+2∅2𝑖+2′𝑡𝑑𝑡𝑡−𝑥1−𝛾+𝜆−𝜌−

   
𝑚 𝑥 𝑑𝑥

(𝜍−𝑥)1−𝜌

𝜍

0
 

∅2𝑖+2
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑎2𝑖+1
 +

(𝑛−2)/2
𝑖=𝑘/2

  ∅2𝑖+2
′  𝑡 𝑆 𝜍, 𝑡 𝑑𝑡

𝑎2𝑖+2

𝑎2𝑖+1

(𝑛−2)/2
𝑖=0                               (27) 

Assuming, 

 
∅𝑘
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎𝑘

𝑥
= ∅ 𝑘  𝑥    (28) 

for allk =  2,4,6, . . . . , n. 
with the help of equation (28) the equation (27) takes the 
form 

 
𝑚 𝑥 ∅ 𝑘  𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌

𝜍

𝑎𝑘−1
=  𝑀𝐾(σ)− 

𝑚 𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌

𝑎𝑘−1

0
.

 
∅𝑘
′  𝑡 𝑑𝑡

(𝑡 − 𝑥)1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1

−   
𝑚 𝑥 𝑑𝑥

 𝜍 − 𝑥 1−𝜌

𝑎2𝑖+2

𝑎2𝑖+1

 

𝑘−4

2

𝑖=0

.

 
∅2𝑖+2
′  𝑡 𝑑𝑡

 𝑡 − 𝑥 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑥

+  
𝑚 𝑥 𝑑𝑥

 𝜍 − 𝑥 1−𝜌

𝑎2𝑖+1

0

.   
∅2𝑖+2
′  𝑡 𝑑𝑡

(𝑡 − 𝑥)1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑎2𝑖+1

 

  
𝑚 𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌

𝜍

0

(𝑛−2)/2
𝑖=𝑘/2  

∅2𝑖+2
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑎2𝑖+1
 + 

  ∅2𝑖+2
′  𝑡 𝑆 𝜍, 𝑡 𝑑𝑡

𝑎2𝑖+2

𝑎2𝑖+1

(𝑛−2)/2

𝑖=0

This is an Abel type integral equation and when  
0 <𝜌 < 1.the we can solve it as, 

𝑚 𝑥 ∅ 𝑘  𝑥 
= 𝐴𝑘 𝑥 

−
sin 1 − 𝜌 𝜋

𝜋
  𝑚 𝜉 𝑑𝜉

𝑎𝑘−1

0

 .

𝑑

𝑑𝑥
 

𝑑𝜍

 𝑥 − 𝜍 𝜌 𝜍 − 𝜉 1−𝜌

𝑥

𝑎𝑘−1

 
∅𝑘
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1

+

   𝑚(𝜉)𝑑𝜉
𝑎2𝑖+2

𝑎2𝑖+1

 (𝑘−4)/2
𝑖=0 . 𝑑

𝑑𝑥
 

𝑑𝜍

 𝑥−𝜍 𝜌  𝜍−𝜉 1−𝜌

𝑥

𝑎𝑘−1

 
∅2𝑖+2
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑎2𝑖+1

+
𝑑

𝑑𝑥
 𝑚 𝜉 𝑑𝜉

𝑥

𝑎𝑘−1

.

 
𝑑𝜍

 𝑥 − 𝜍 𝜌 𝜍 − 𝜉 1−𝜌

𝑥

𝜉

  
∅2𝑖+2
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑎2𝑖+1

 

+ 
𝑑

𝑑𝑥

(𝑛−2)/2
𝑖=0  

𝑑𝜍

 𝑥−𝜍 𝜌

𝑥

𝑎𝑘−1
.  ∅2𝑖+2

′  𝑡  𝑠(𝜍, 𝑡)𝑑𝑡 
𝑎2𝑖+2

𝑎2𝑖+1
(31) 

Using the results, 
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𝑑

𝑑𝑥
 

𝑑𝜍

 𝑥−𝜍 𝜌  𝜍−𝜉 1−𝜌

𝑥

𝑎𝑘−1
=

 𝑎𝑘−1−𝜉 
𝜌

 𝑥−𝑎𝑘−1 
𝜌 (𝑥−𝜉)

                 (32)

And,   𝑑𝜍

 𝑥−𝜍 𝜌  𝜍−𝜉 1−𝜌

𝑥

𝜉
=

𝜋

sin⁡(1−𝜌)𝜋
                   (33)

Now equation (31) will be  

𝑚 𝑥 ∅ 𝑘  𝑥 = 𝐴𝑘 𝑥 −
sin 1 − 𝜌 𝜋

𝜋
.

  
 𝑎𝑘−1 − 𝜉 𝜌𝑚 𝜉 𝑑𝜉

 𝑥 − 𝑎𝑘−1 
𝜌(𝑥 − 𝜉)

𝑎𝑘−1

0

  
∅𝑘
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1

+

   
 𝑎𝑘−1 − 𝜉 𝜌𝑚(𝜉)

 𝑥 − 𝑎𝑘−1 
𝜌(𝑥 − 𝜉)

𝑑𝜉

𝑎2𝑖+2

𝑎2𝑖+1

 

(𝑘−4)/2

𝑖=0

 
∅2𝑖+2
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝜉

+

 
 𝑎𝑘−1 − 𝜉 𝜌𝑚(𝜉)

 𝑥 − 𝑎𝑘−1 
𝜌(𝑥 − 𝜉)

𝑑𝜉

𝑎2𝑖+1

0

  
∅2𝑖+2
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑎2𝑖+1

 +

   
 𝑎𝑘−1−𝜉 

𝜌𝑚 𝜉 𝑑𝜉

 𝑥−𝑎𝑘−1 
𝜌 (𝑥−𝜉)

.
𝑎𝑘−1

0
 (𝑛−2)/2

𝑖=𝑘/2  
∅2𝑖+2
′  𝑡 𝑑𝑡

 𝑡−𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑎2𝑖+1
 + 

𝜋

sin ⁡(1−𝜌)

𝑑

𝑑𝑥
 𝑚 𝜉 𝑑𝜉.
𝑥

𝑎𝑘−1

  
∅2𝑖+2
′  𝑡 𝑑𝑡

 𝑡−𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝑎2𝑖+1
 + 

+ 
𝑑

𝑑𝑥

(𝑛−2)/2
𝑖=0  

𝑑𝜍

 𝑥−𝜍 𝜌

𝑥

𝑎𝑘−1
.  ∅2𝑖+2

′  𝑡  𝑠(𝜍, 𝑡)𝑑𝑡 
𝑎2𝑖+2

𝑎2𝑖+1
     (34)

Equation (28) is also an Abel type integral equation and its 
solution is given by 

∅𝑘
′  𝑡 =

−sin⁡(1−𝛾+𝜆−𝜌)𝜋

𝜋

𝑑

𝑑𝑡
 

∅ 𝑘  𝑥 𝑑𝑥

 𝑥−𝑡 𝛾−𝜆+𝜌   

𝑎𝑘
𝑡

             (35)
For all k= 2,4,6,……n.

Therefore, 

 
∅𝑘
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1

=
−sin⁡(1 − 𝛾 + 𝜆 − 𝜌)𝜋

𝜋 𝑎𝑘−1 − 𝜉 −𝛾+𝜆−𝜌
 

∅ 𝑘  𝑥 𝑑𝑥

(𝑥 − 𝜉) 𝑥 − 𝑎𝑘−1 
𝛾−𝜆+𝜌

𝑎𝑘

𝑎𝑘−1

For all k= 2,4,6,……n.                      (36) 
Applying the equation (36) in equation (34) and also 
applying the Leibnitz theorem, we get  

𝑚 𝑥 ∅ 𝑘  𝑥 = 𝐴𝑘 𝑥 −
sin 1 − 𝜌 𝜋 sin 1 − 𝛾 + 𝜆 − 𝜌 𝜋

𝜋2 𝑥 − 𝑎𝑘−1 
𝜌

.

  
 𝑎𝑘−1−𝜉 

2𝜌+𝛾−𝜆𝑚 𝜉 𝑑𝜉

(𝑥−𝜉)
.

𝑎𝑘−1

0
  

∅ 𝑘  𝑦 𝑑𝑦

(𝑦−𝜉) 𝑦−𝑎𝑘−1 
𝛾−𝜆+𝜌

𝑎𝑘

𝑎𝑘−1
 + 

  −
1

(𝛾−𝜆+𝜌)−1  
 𝑎𝑘−1−𝜉 

𝜌𝑚(𝜉)

(𝑥−𝜉)
𝑑𝜉

𝑎2𝑖+2

𝑎2𝑖+1

 (𝑘−4)/2
𝑖=0  . 

 
𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝜉

.  
∅ 2𝑖+2 𝑦 𝑑𝑦

 𝑦 − 𝑡 1+𝛾−𝜆+𝜌

𝑎2𝑖+2

𝑡

+

 
 𝑎𝑘−1 − 𝜉 𝜌𝑚 𝜉 𝑑𝜉

(𝑥 − 𝜉) 𝑎2𝑖+1 − 𝜉 −𝛾+𝜆−𝜌
.

𝑎2𝑖+1

0

  
∅ 2𝑖+2 𝑦 𝑑𝑦

(𝑦 − 𝜉) 𝑦 − 𝑎2𝑖+1 
𝛾−𝜆+𝜌

𝑎2𝑖+2

𝑎2𝑖+1

 

+

   
 𝑎𝑘−1 − 𝜉 𝜌𝑚 𝜉 𝑑𝜉

 𝑎2𝑖+1 − 𝜉 −𝛾+𝜆−𝜌 (𝑥 − 𝜉)
.

𝑎𝑘−1

0

 

(𝑛−2)/2

𝑖=𝑘/2

   
∅ 2𝑖+2 𝑦 𝑑𝑦

(𝑦−𝜉) 𝑦−𝑎2𝑖+1 
𝛾−𝜆+𝜌

𝑎2𝑖+2

𝑎2𝑖+1
   - sin⁡(1−𝛾+𝜆−𝜌)𝜋

𝜋

𝑛−2

2
𝑖=𝑘/2

 . 

𝑑

𝑑𝑥
 

𝑚 𝜉 𝑑𝜉

 𝑎2𝑖+1 − 𝜉 −𝛾+𝜆−𝜌
.

𝑥

𝑎𝑘−1

 
∅ 2𝑖+2 𝑦 𝑑𝑦

(𝑦 − 𝜉) 𝑦 − 𝑎2𝑖+1 
𝛾−𝜆+𝜌

𝑎2𝑖+2

𝑎2𝑖+1

+sin  1−𝜌 𝜋 sin  1−𝛾+𝜆−𝜌 𝜋

𝜋2 𝛾−𝜆+𝜌 −1
  𝑑𝑡

𝑎2𝑖+2

𝑎2𝑖+1

(𝑛−2)/2
𝑖=0

.  
∅ 2𝑖+2 𝑦 𝑑𝑦

 𝑦 − 𝑡 1+𝛾−𝜆+𝜌

𝑎2𝑖+2

𝑡

𝑑

𝑑𝑥
 

𝑠(𝜍, 𝑡)𝑑𝜉

 𝑥 − 𝜍 𝜌
.

𝑥

𝑎𝑘−1

𝑚 𝑥 ∅ 𝑘  𝑥 = 𝐴𝑘 𝑥 −  ∅ 𝑘 𝑦 𝐿𝑘(𝑥, 𝑦)𝑑𝑦

𝑎𝑘

𝑎𝑘−1

-  ∅ 2𝑖+2 𝑦 𝑀2𝑖+2(𝑥, 𝑦)𝑑𝑦
𝑎2𝑖+2

𝑎2𝑖+1

(𝑘−4)/2
𝑖=0

-  ∅ 2𝑖+2 𝑦 𝑁2𝑖+2(𝑥, 𝑦)𝑑𝑦
𝑎2𝑖+2

𝑎2𝑖+1

(𝑛−2)/2
𝑖=𝑘/2

−  ∅ 2𝑖+2 𝑦 𝑂2𝑖+2(𝑥, 𝑦)𝑑𝑦
𝑎2𝑖+2

𝑎2𝑖+1

(𝑛−2)/2
𝑖=0                (37) 

For all k= 2,4,6,……n.

where, 
𝐿𝑘 𝑥, 𝑦 =

sin  1−𝜌 𝜋 sin  1−𝛾+𝜆−𝜌 𝜋

𝜋2 𝑥−𝑎𝑘−1 
𝜌

 . 1

 𝑦−𝑎2𝑖+1 
𝛾−𝜆+𝜌

.  
 𝑎𝑘−1−𝜉 

2𝜌+𝛾−𝜆  𝑚 𝜉 𝑑𝜉

(𝑥−𝜉)(𝑦−𝜉)

𝑎𝑘−1

0
                            (38) 

𝑀2𝑖+2 𝑥, 𝑦 

=
sin 1 − 𝜌 𝜋 sin 1 − 𝛾 + 𝜆 − 𝜌 𝜋

𝜋2 𝑥 − 𝑎𝑘−1 
𝜌

 
1

 𝑦 − 𝑎2𝑖+1 
𝛾−𝜆+𝜌

 .

. 
 𝑎𝑘−1−𝜉 

𝜌𝑚 𝜉  𝑎2𝑖+1−𝜉 
𝛾−𝜆+𝜌𝑑𝜉

(𝑥−𝜉)(𝑦−𝜉)

𝑎2𝑖+1

0
−  𝛾 − 𝜆 + 𝜌 .

. 
𝑑𝑡

 𝑡−𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+2

𝜉
.    𝑎𝑘−1−𝜉 

𝜌𝑚(𝜉)

(𝑥−𝜉) 𝑦−𝑡 1+𝛾−𝜆+𝜌
𝑑𝜉 

𝑎2𝑖+2

𝑡
          (39) 

𝑁2𝑖+2 𝑥, 𝑦 

=
sin 1 − 𝛾 + 𝜆 − 𝜌 𝜋

𝜋
 

sin 1 − 𝜌 𝜋

𝜋 𝑥 − 𝑎𝑘−1 
𝜌
 .

1

 𝑦 − 𝑎2𝑖+1 
𝛾−𝜆+𝜌

. 
 𝑎𝑘−1−𝜉 

𝜌𝑚 𝜉  𝑎2𝑖+1−𝜉 
𝛾−𝜆+𝜌𝑑𝜉

(𝑥−𝜉)(𝑦−𝜉)

𝑎𝑘−1

0
+

1

 𝑦−𝑎2𝑖+1 
𝛾−𝜆+𝜌

.

𝑑

𝑑𝑥
  

𝑚 𝜉 𝑑𝜉

(𝑦−𝜉) 𝑎2𝑖+1−𝜉 
−𝛾+𝜆−𝜌

.
𝑥

𝑎𝑘−1
                            (40)

𝑂2𝑖+2 𝑥, 𝑦 =
sin 1 − 𝜌 𝜋 sin 1 − 𝛾 + 𝜆 − 𝜌 𝜋

𝜋2 𝛾 − 𝜆 + 𝜌 −1
.

             .  𝑑𝑡

 𝑦−𝑡 1+𝛾−𝜆+𝜌

𝑦

𝑎2𝑖+2

𝑑

𝑑𝑥
 

𝑠(𝜍,𝑡)𝑑𝜍

 𝑥−𝜍 𝜌
.

𝑥

𝑎𝑘−1
                 (41) 

Substituting k =  2,4,6, . . . . , n. in equation (37) we will get 
n/2simultaneous Fredholm Integralequations of the second 
kind. With the help of these n/2 simultaneous equations we 
can calculate ∅ 2  𝑥 , ∅ 4  𝑥 , …… . . ∅ 𝑛 (𝑥) and Then the 
values of ∅`2 𝑡 , ∅`4 𝑡 , … . ∅`𝑛 𝑡 can be determined .After 
all these calculations we cancompute the coefficient 𝐴𝑚  with 
the help of equation (22).           

(ii) Equations of the second kind:
Let us assume 

 𝐷𝑚
∞
𝑚=0 𝑗𝑚(𝛼, 𝛾; 𝜍) =  𝛹𝑖 𝜍 , 𝑎𝑖−1 < 𝑥 < 𝑎𝑖  (42)

where, i =  1,3,5, . . . . , n − 1. and 𝛹𝑖 𝑥  are  unknown 
functions in the given interval. 
Using orthogonality relation it follows from equations (6) 
and (42). 

𝐷𝑚 = ∆𝒎
𝟐    𝛹2𝑖+1(𝜍)

𝑎2𝑖+1

𝑎2𝑖

+  𝑔
2𝑖+2

𝑎2𝑖+2

𝑎2𝑖+1

(𝜍) 

𝑛−2

2

𝑖=0

.𝜍𝛾−1(1 − 𝜍)𝛼−𝛾𝑗𝑚(𝛼, 𝛾; 𝜍). d𝜍(43) 
𝑔2𝑖+1
′  𝜍 =  (1 − 𝜍)𝛼−𝛾𝑔2𝑖+1 (𝜍) (44) 

 i = 0,1,2,………(n-2)/2 
𝛹2𝑖+1
′  𝜍 =  (1 − 𝜍)𝛼−𝛾𝛹2𝑖+1 (𝜍)                   (45) 

i = 0,1,2,………(n-2)/2 
we get, 

𝐷𝑚 = ∆𝒎
𝟐    𝛹2𝑖+1

′ (𝜍)

𝑎2𝑖+1

𝑎2𝑖

+  𝛹2𝑖+1
′

𝑎2𝑖+2

𝑎2𝑖+1

(𝜍) 

𝑛−2

2

𝑖=0
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.𝜍𝛾−1𝑗𝑚(𝛼, 𝛾; 𝜍). d𝜍  (46) 

Substituting this expression for 𝐷𝑚  in equation (5) we get on 
interchanging the order of integration and summation, 

   𝛹2𝑖+1
′  𝑡 

𝑎2𝑖+1

𝑎2𝑖

 𝐾 𝜍, 𝑡 + 𝑆 𝜍, 𝑡  𝑑𝑡

𝑛−2

2

𝑖=0

+               𝑔2𝑖+1
′

𝑎2𝑖+2

𝑎2𝑖+1

 𝑡  𝐾 𝜍, 𝑡 + 𝑆 𝜍, 𝑡  𝑑𝑡 

=
𝛤𝛾𝛤𝜌𝛤 𝛾 − 𝜆 + 𝜌 

𝛤𝜆   𝜍1−𝜆
𝑔𝑗  𝜍 ; 𝑎𝑗−1 < 𝜍 < 𝑎𝑗               (𝟒𝟕)

j =  1,3,5, . . . . , n − 1.
Let 𝑗 = 𝑘 where k is an odd number &1 ≤ 𝑘 ≤ 𝑛 − 1.

   𝛹2𝑖+1
′  𝑡 

𝑎2𝑖+1

𝑎2𝑖

𝐾𝑡 𝜍, 𝑡 𝑑𝑡 +              𝛹𝑘
′

𝜍

𝑎𝑘−1

 𝑡 𝐾𝑡 𝜍, 𝑡 𝑑𝑡

𝑘−3

2

𝑖=0

+  𝛹𝑘
′

𝑎𝑘

𝜍

 𝑡 𝐾𝜍 𝜍, 𝑡 𝑑𝑡 +

  𝛹2𝑖+1
′  𝑡 

𝑎2𝑖+1

𝑎2𝑖

𝑆 𝜍, 𝑡 𝑑𝑡 +

𝑛−2

2

𝑖=0

  𝛹2𝑖+1
′  𝑡 

𝑎2𝑖+1

𝑎2𝑖

𝐾𝜍 𝜍, 𝑡 𝑑𝑡 = 𝑀𝑘 𝜍 

𝑛−2

2

𝑖=(𝑘+1)/2

𝑎𝑘−1 < 𝜍 < 𝑎𝑘                         (𝟒8) 
where, 
𝑁𝑘 𝜍 = 𝛤𝛾𝛤𝜌𝛤  𝛾−𝜆+𝜌 

𝛤𝜆    𝜍1−𝜆 𝑔𝑘 𝜍 −

  𝑔2𝑖+1
′  𝑡 

𝑎2𝑖+2

𝑎2𝑖+1
 𝐾 𝜍, 𝑡 + 𝑆 𝜍, 𝑡  𝑑𝑡

𝑛−2

2
𝑖=0

(49)
Using equation (13) in equation (48) , we get  
 𝛹𝑘

′ (𝑡)  𝑚(𝑥)(𝜍 − 𝑥)𝜌−1(𝑡 − 𝑥)𝛾−𝜆+𝜌−1𝑡

0

𝜍

𝑎𝑘−1
 𝑑𝑥 𝑑𝑡 + 

 𝛹𝑘
′ (𝑡) 𝑚(𝑥)(𝜍 − 𝑥)𝜌−1(𝑡 − 𝑥)𝛾−𝜆+𝜌−1

𝜍

0

𝑎𝑘

𝜍

 𝑑𝑥 𝑑𝑡

= 𝑁𝐾(σ) –  𝛹2𝑖+1
′𝑎2𝑖+1

𝑎2𝑖

𝑘−3

2
𝑖=0

 𝑡 

. 𝑚(𝑥)(𝜍 − 𝑥)𝜌−1(𝑡 − 𝑥)𝛾−𝜆+𝜌−1

𝑡

0

𝑑𝑥 𝑑𝑡

−   𝛹2𝑖+1
′

𝑎2𝑖+1

𝑎2𝑖

𝑛−2

2

𝑖=(𝑘+1)/2

 𝑡 

. 𝑚 𝑥  𝜍 − 𝑥 𝜌−1 𝑡 − 𝑥 𝛾−𝜆+𝜌−1

𝜍

0

 𝑑𝑥𝑑𝑡

-  𝛹2𝑖+1
′𝑎2𝑖+1

𝑎2𝑖

𝑛−2

2
𝑖=0

 𝑡 𝑆 𝜍, 𝑡 𝑑𝑡

Inverting the order of integration, we obtain 

 
𝑚 𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌  
𝛹𝑘
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎𝑘

𝑥

𝜍

𝑎𝑘−1

+ 𝑚 𝑥 𝑑𝑥

(𝜍−𝑥)1−𝜌

𝑎𝑘−1

0
 

𝛹𝑘
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1
= 𝑁𝐾(σ)

−   
𝑚 𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌

𝑎2𝑖+1

𝑎2𝑖
 

𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡−𝑥 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑥
+

𝑘−3

2
𝑖=0

 
𝑚 𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌

𝑎2𝑖+1

0
 

𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡−𝑥 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖
 −

   
𝑚 𝑥 𝑑𝑥

(𝜍−𝑥)1−𝜌

𝜍

0
 

𝛹2𝑖+1
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖
 +

(𝑛−2)/2
𝑖=𝑘+1/2

  𝛹2𝑖+1
′  𝑡 𝑆 𝜍, 𝑡 𝑑𝑡

𝑎2𝑖+1

𝑎2𝑖

(𝑛−2)/2
𝑖=0 (50)

Assuming,

 
𝛹𝑘
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎𝑘

𝑥
= 𝛹 𝑘  𝑥 (51)

for allk =  1,3,5, . . . . , n − 1.
Now equation (50) can be written as,
 

𝑚 𝑥 𝛹 𝑘  𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌

𝜍

𝑎𝑘−1
=  𝑁𝐾(σ)− 

𝑚 𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌

𝑎𝑘−1

0
.

 
𝛹𝑘
′  𝑡 𝑑𝑡

(𝑡 − 𝑥)1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1

−   
𝑚 𝑥 𝑑𝑥

 𝜍 − 𝑥 1−𝜌

𝑎2𝑖+1

𝑎2𝑖

 

𝑘−3

2

𝑖=0

.

 
∅2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝑥 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑥

+  
𝑚 𝑥 𝑑𝑥

 𝜍 − 𝑥 1−𝜌

𝑎2𝑖+1

0

.   
∅2𝑖+2
′  𝑡 𝑑𝑡

(𝑡 − 𝑥)1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

 

-   
𝑚 𝑥 𝑑𝑥

 𝜍−𝑥 1−𝜌

𝜍

0

(𝑛−2)/2
𝑖=𝑘+1/2  

𝛹2𝑖+1
′  𝑡 𝑑𝑡

(𝑡−𝑥)1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

−   𝛹2𝑖+1
′  𝑡 𝑆 𝜍, 𝑡 𝑑𝑡

𝑎2𝑖+1

𝑎2𝑖

(𝑛−2)/2
𝑖=0 (52)

This is an Abel type integral equation and when  
0 <𝜌 < 1.then we can solve it as, 

𝑚 𝑥 𝛹 𝑘  𝑥 = 𝐶𝑘 𝑥 −
sin 1 − 𝜌 𝜋

𝜋
  

𝑚 𝜉 

 𝜍 − 𝜉 1−𝜌
𝑑𝜉

𝑎𝑘−1

0

 .

.
𝑑

𝑑𝑥
 

𝑑𝜍

 𝑥 − 𝜍 𝜌 𝜍 − 𝜉 1−𝜌

𝑥

𝑎𝑘−1

 
𝛹𝑘
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1

+

   𝑚(𝜉)𝑑𝜉
𝑎2𝑖+1

0
 (𝑘−3)/2

𝑖=0 . 𝑑
𝑑𝑥
 

𝑑𝜍

 𝑥−𝜍 𝜌  𝜍−𝜉 1−𝜌

𝑥

𝑎𝑘−1

 
𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

+  𝑚 𝜉 𝑑𝜉

𝑎2𝑖+1

𝑎2𝑖

.

𝑑

𝑑𝑥
 

𝑑𝜍

 𝑥 − 𝜍 𝜌 𝜍 − 𝜉 1−𝜌

𝑥

𝑎𝑘−1

  
𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝜉

 +

 
𝑑

𝑑𝑥

(𝑛−2)/2

𝑖=(𝑘+1)/2

 
𝑑𝜍

 𝑥 − 𝜍 𝜌

𝑥

𝑎𝑘−1

 
𝑚 𝜉 

 𝜍 − 𝜉 1−𝜌
𝑑𝜉

𝜍

0

 
𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

− 
𝑑

𝑑𝑥

(𝑛−2)/2
𝑖=0  

𝑑𝜍

 𝑥−𝜍 𝜌

𝑥

𝑎𝑘−1
.  𝛹2𝑖+1

′  𝑡  𝑠(𝜍, 𝑡)𝑑𝑡 
𝑎2𝑖+1

𝑎2𝑖
(53) 

where, 
𝐶𝑘 𝑥 =

sin  1−𝜌 𝜋

𝜋

𝑑

𝑑𝑥
 

 𝑁𝐾(σ)𝑑𝜍

 𝑥−𝜍 𝜌

𝑥

𝑎𝑘−1
  (54)

For all k = 1,3,5,……n-1. 
Changing the order of integration in equation (53) 

𝑚 𝑥 𝛹 𝑘  𝑥 = 𝐶𝑘 𝑥 −
sin 1 − 𝜌 𝜋

𝜋
  𝑚 𝜉 𝑑𝜉

𝑎𝑘−1

0

 .

.
𝑑

𝑑𝑥
 

𝑑𝜍

 𝑥 − 𝜍 𝜌 𝜍 − 𝜉 1−𝜌

𝑥

𝑎𝑘−1

 
𝛹𝑘
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1

+

   𝑚(𝜉)𝑑𝜉
𝑎2𝑖+1

0
 (𝑘−3)/2

𝑖=0 . 𝑑
𝑑𝑥
 

𝑑𝜍

 𝑥−𝜍 𝜌  𝜍−𝜉 1−𝜌

𝑥

𝑎𝑘−1
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𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

+  𝑚 𝜉 𝑑𝜉

𝑎2𝑖+1

𝑎2𝑖

.

𝑑

𝑑𝑥
 

𝑑𝜍

 𝑥 − 𝜍 𝜌 𝜍 − 𝜉 1−𝜌

𝑥

𝑎𝑘−1

  
𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝜉

 +

   𝑚 𝜉 𝑑𝜉
𝑎𝑘−1

0

 𝑑

𝑑𝑥

(𝑛−2)/2

𝑖=(𝑘+1)/2

 
𝑑𝜍

 𝑥 − 𝜍 𝜌 𝜍 − 𝜉 1−𝜌

𝑥

𝑎𝑘−1

 
𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

+
𝑑

𝑑𝑥
 𝑚 𝜉 𝑑𝜉.

𝑥

𝑎𝑘−1

 
𝑑𝜍

 𝑥 − 𝜍 𝜌 𝜍 − 𝜉 1−𝜌

𝑥

𝜉

  
𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

 

−  
𝑑

𝑑𝑥

(𝑛−2)/2

𝑖=0

 
𝑑𝜍

 𝑥 − 𝜍 𝜌

𝑥

𝑎𝑘−1

.  𝛹2𝑖+1
′  𝑡  𝑠(𝜍, 𝑡)𝑑𝑡 

𝑎2𝑖+1

𝑎2𝑖

Using the equations (32) and (33) we get , 

𝑚 𝑥 𝛹 𝑘  𝑥 = 𝐶𝑘 𝑥 −
sin 1 − 𝜌 𝜋

𝜋 𝑥 − 𝑎𝑘−1 
𝜌

.

  
𝑚 𝜉  𝑎𝑘−1 − 𝜉 𝜌

 𝑥 − 𝜉 
𝑑𝜉

𝑎𝑘−1

0

 .  
𝛹𝑘
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1

+

   
𝑚 𝜉  𝑎𝑘−1−𝜉 

𝜌

 𝑥−𝜉 
𝑑𝜉

𝑎2𝑖+1

0
 (𝑘−3)/2

𝑖=0 . 𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡−𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

+  
𝑚 𝜉  𝑎𝑘−1 − 𝜉 𝜌

 𝑥 − 𝜉 
𝑑𝜉  

𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝜉

𝑎2𝑖+1

𝑎2𝑖

+    
𝑚 𝜉  𝑎𝑘−1 − 𝜉 𝜌

 𝑥 − 𝜉 
𝑑𝜉

𝑎𝑘−1

0

 

(𝑛−2)/2

𝑖=(𝑘+1)/2

   
𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

  

-  
𝑑

𝑑𝑥
 𝑚 𝜉 𝑑𝜉  

𝛹2𝑖+1
′  𝑡 𝑑𝑡

 𝑡−𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝑎2𝑖

𝑥

𝑎𝑘−1

 (𝑛−2)/2
𝑖=(𝑘+1)/2

−
sin 1 − 𝜌 𝜋

𝜋
 

𝑑

𝑑𝑥

(𝑛−2)/2

𝑖=0

 
𝑑𝜍

 𝑥 − 𝜍 𝜌

𝑥

𝑎𝑘−1

.  𝛹2𝑖+1
′  𝑡  𝑠(𝜍, 𝑡)𝑑𝑡 

𝑎2𝑖+1

𝑎2𝑖

(55) 
Equation (51) is also an Abel type integral equation and its solution is given by  

𝛹𝑘
′  𝑡 =

−sin⁡(1−𝛾+𝜆−𝜌)𝜋

𝜋

𝑑

𝑑𝑡
 

𝛹 𝑘  𝑥 𝑑𝑥

 𝑥−𝑡 𝛾−𝜆+𝜌

𝑎𝑘
𝑡

(56)
For all k= 1,3,5,……n-1. 
Therefore, 

 
𝛹𝑘
′  𝑡 𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎𝑘

𝑎𝑘−1

=
−sin⁡(1 − 𝛾 + 𝜆 − 𝜌)𝜋

𝜋 𝑎𝑘−1 − 𝜉 −𝛾+𝜆−𝜌
 

𝛹 𝑘  𝑥 𝑑𝑥

(𝑥 − 𝜉) 𝑥 − 𝑎𝑘−1 
𝛾−𝜆+𝜌

𝑎𝑘

𝑎𝑘−1

For all k= 1,3,5,……n-1.(57) 
Applying the equation (57) in equation (55) and also applying the Leibnitz theorem, we get  

𝑚 𝑥 𝛹 𝑘  𝑥 = 𝐶𝑘 𝑥 −
sin 1 − 𝜌 𝜋 sin 1 − 𝛾 + 𝜆 − 𝜌 𝜋

𝜋2 𝑥 − 𝑎𝑘−1 
𝜌

.

  
 𝑎𝑘−1−𝜉 

2𝜌+𝛾−𝜆𝑚 𝜉 𝑑𝜉

(𝑥−𝜉)
.

𝑎𝑘−1

0
  

𝛹 𝑘  𝑦 𝑑𝑦

(𝑦−𝜉) 𝑦−𝑎𝑘−1 
𝛾−𝜆+𝜌

𝑎𝑘

𝑎𝑘−1
 + 

  −
1

(𝛾−𝜆+𝜌)−1  
 𝑎𝑘−1−𝜉 

𝜌𝑚(𝜉)

(𝑥−𝜉)
𝑑𝜉

𝑎2𝑖+1

𝑎2𝑖

 (𝑘−3)/2
𝑖=0  . 

 
𝑑𝑡

 𝑡 − 𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝜉

.  
𝛹 2𝑖+1 𝑦 𝑑𝑦

 𝑦 − 𝑡 1+𝛾−𝜆+𝜌

𝑎2𝑖+1

𝑡

+

 
 𝑎𝑘−1 − 𝜉 𝜌𝑚 𝜉 𝑑𝜉

(𝑥 − 𝜉) 𝑎2𝑖 − 𝜉 −𝛾+𝜆−𝜌
.

𝑎2𝑖+1

0

  
𝛹 2𝑖+1 𝑦 𝑑𝑦

(𝑦 − 𝜉) 𝑦 − 𝑎2𝑖 
𝛾−𝜆+𝜌

𝑎2𝑖+1

𝑎2𝑖

 +
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 𝑎𝑘−1 − 𝜉 𝜌𝑚 𝜉 𝑑𝜉

 𝑎2𝑖 − 𝜉 −𝛾+𝜆−𝜌(𝑥 − 𝜉)
.

𝑎𝑘−1

0

 

(𝑛−2)/2

𝑖=(𝑘+1)/2

   
𝛹 2𝑖+1 𝑦 𝑑𝑦

(𝑦−𝜉) 𝑦−𝑎2𝑖 
𝛾−𝜆+𝜌

𝑎2𝑖+1

𝑎2𝑖
  - sin⁡(1−𝛾+𝜆−𝜌)𝜋

𝜋

𝑛−2

2
𝑖=(𝑘+1)/2

.

𝑑

𝑑𝑥
 

𝑚 𝜉 𝑑𝜉

 𝑎2𝑖 − 𝜉 −𝛾+𝜆−𝜌
.

𝑥

𝑎𝑘−1

 
𝛹 2𝑖+2 𝑦 𝑑𝑦

(𝑦 − 𝜉) 𝑦 − 𝑎2𝑖 
𝛾−𝜆+𝜌

𝑎2𝑖+1

𝑎2𝑖

+sin  1−𝜌 𝜋 sin  1−𝛾+𝜆−𝜌 𝜋

𝜋2 𝛾−𝜆+𝜌 −1
  𝑑𝑡

𝑎2𝑖+1

𝑎2𝑖

(𝑛−2)/2
𝑖=0

.  
𝛹 2𝑖+1 𝑦 𝑑𝑦

 𝑦 − 𝑡 1+𝛾−𝜆+𝜌

𝑎2𝑖+1

𝑡

𝑑

𝑑𝑥
 

𝑠(𝜍, 𝑡)𝑑𝑡

 𝑥 − 𝜍 𝜌
.

𝑥

𝑎𝑘−1

or,

𝑚 𝑥 𝛹 𝑘  𝑥 = 𝐶𝑘 𝑥 −  𝛹 𝑘 𝑦 𝑃𝑘(𝑥, 𝑦)𝑑𝑦

𝑎𝑘

𝑎𝑘−1

-  𝛹 2𝑖+1 𝑦 𝑄2𝑖+1(𝑥, 𝑦)𝑑𝑦
𝑎2𝑖+1

𝑎2𝑖

(𝑘−3)/2
𝑖=0

-  𝛹 2𝑖+1 𝑦 𝑅2𝑖+1(𝑥, 𝑦)𝑑𝑦
𝑎2𝑖+1

𝑎2𝑖

(𝑛−2)/2
𝑖=(𝑘+1)/2

−  𝛹 2𝑖+1 𝑦 𝑆2𝑖+1(𝑥, 𝑦)𝑑𝑦
𝑎2𝑖+1

𝑎2𝑖

(𝑛−2)/2
𝑖=0           (58) 

For all k= 1,3,5,……n-1. 
where, 
𝑃𝑘 𝑥, 𝑦 =

sin  1−𝜌 𝜋 sin  1−𝛾+𝜆−𝜌 𝜋

𝜋2 𝑥−𝑎𝑘−1 
𝜌

 . 1

 𝑦−𝑎𝑘−1 
𝛾−𝜆+𝜌

.  
 𝑎𝑘−1−𝜉 

2𝜌+𝛾−𝜆  𝑚 𝜉 𝑑𝜉

(𝑥−𝜉)(𝑦−𝜉)

𝑎𝑘−1

0
(59) 

𝑄2𝑖+1 𝑥, 𝑦 

=
sin 1 − 𝜌 𝜋 sin 1 − 𝛾 + 𝜆 − 𝜌 𝜋

𝜋2 𝑥 − 𝑎𝑘−1 
𝜌

 
1

 𝑦 − 𝑎2𝑖 
𝛾−𝜆+𝜌

 .

. 
 𝑎𝑘−1−𝜉 

𝜌𝑚 𝜉  𝑎2𝑖−𝜉 
𝛾−𝜆+𝜌𝑑𝜉

(𝑥−𝜉)(𝑦−𝜉)

𝑎2𝑖+1

0
−  𝛾 − 𝜆 + 𝜌 .

. 
𝑑𝑡

 𝑡−𝜉 1−𝛾+𝜆−𝜌

𝑎2𝑖+1

𝜉
.    𝑎𝑘−1−𝜉 

𝜌𝑚(𝜉)

(𝑥−𝜉) 𝑦−𝑡 1+𝛾−𝜆+𝜌
𝑑𝜉 

𝑎2𝑖+1

𝑡
(60) 

𝑅2𝑖+1 𝑥, 𝑦 

=
sin 1 − 𝛾 + 𝜆 − 𝜌 𝜋

𝜋
 

sin 1 − 𝜌 𝜋

𝜋 𝑥 − 𝑎𝑘−1 
𝜌
 .

1

 𝑦 − 𝑎2𝑖 
𝛾−𝜆+𝜌

. 
 𝑎𝑘−1−𝜉 

𝜌𝑚 𝜉  𝑎2𝑖−𝜉 
𝛾−𝜆+𝜌𝑑𝜉

(𝑥−𝜉)(𝑦−𝜉)

𝑎𝑘−1

0
+

1

 𝑦−𝑎2𝑖 
𝛾−𝜆+𝜌

.

𝑑

𝑑𝑥
  

𝑚 𝜉 𝑑𝜉

(𝑦−𝜉) 𝑎2𝑖−𝜉 
−𝛾+𝜆−𝜌

.
𝑥

𝑎𝑘−1
                               (61) 

𝑆2𝑖+1 𝑥, 𝑦 =
sin 1 − 𝜌 𝜋 sin 1 − 𝛾 + 𝜆 − 𝜌 𝜋

𝜋2 𝛾 − 𝜆 + 𝜌 −1
.

.  𝑑𝑡

 𝑦−𝑡 1+𝛾−𝜆+𝜌

𝑦

𝑎2𝑖

𝑑

𝑑𝑥
 

𝑠(𝜍,𝑡)𝑑𝜍

 𝑥−𝜍 𝜌
.

𝑥

𝑎𝑘−1
(62) 

Substituting k =  1,3,5, . . . . , n − 1. in equation (58) we will 
get n/2simultaneous Fredholm Integralequations of the 
second kind. With the help of these n/2 simultaneous 
equations we can calculate 𝛹 2  𝑥 , 𝛹 4  𝑥 , …… . . 𝛹 𝑛 (𝑥) and 
Then the values of 𝛹`2 𝑡 , 𝛹`4 𝑡 , … .𝛹`𝑛 𝑡 can be 
determined. After all these calculations we cancompute the 
coefficient 𝐷𝑚  with the help of equation (46).

5. Particular Cases 

With the help of the result of these N-series equation it is 
easy to find the solution of corresponding dual ,triple,
quadruple etc. series equations.  
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