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1. Introduction

If we review the literature then we observe that the existing
solutions on series equations are derived only from dual to
six Fourier series equations. No further generalizations are
available till date. This tempted us to find the solution of n-
Fourier series equations involving some special functions
and in this paper we have obtained certain results. By
considering the special values of n = 2,3,4,5,6 we shall be
able to derive solutions of dual, triple,quadruple,5-tuple and
6-tuple Fourier series equations involving respective special
functions.

2. N- Series Equations of the first kind

(i) N-series equations of the first kind
2im=0Amjm (@, v;0) = fi(0),a;_1 < 0 < a;(1)
where,i = 1,3,5,....,n — 1 anda, =0.
Ym=04m Pn(A—p, )1 + Hp)jm (@, 4;0) = f} (o),
a1 <0<aq(2)
where,j = 2,4,6,....,nand a, = 1.
Here n is taken as an even number. If n is odd then the
equations will be
Ym=0Bmim (@, v;0) = fi(0),a;-1 < 0 < a;(3)
where,i = 1,3,5,....,nanda, =0.
Ym=0Bm Pn(A—p, V)L + Hp)jm (@, 4;0) = fj(o-):
a1 <o<a@

where, j = 2,4,6,....,n — 1.
(ii) N-series equations of the second kind
Z;;:O Dm Pm (A - p,y)(l + Hm)]’m(a’t}'; O-) =
9i(0), a1 <o < a5
where,i = 1,3,5,....,n—1and gy = 0.
Ym=0Dmjm (@, v;0) = g;(0),a;_1 < 0 < a;(6)
where,j = 2,4,6,....,nand a,, = 1.
Here also n is taken as an even number. If n is odd then the
equations will be
Z:;:O Em Pm (l - P Y)(l + Hm)jm ((Z, /1: 0) =
9i(0), a1 <o < a(7)
where,i = 1,3,5,....,nanda, =0
2m=0 Emjm (a,7;0) = g;(0),a;-1 <0 < a;(8)
where, j = 2,4,6,....,n—1and a, = 1.

I'A=p+m)I'(1+a+y+m)

Fn(A=p,y) = Ty +m)[(1+a—A+p+m) ®
Jmis the Jacobi polynomial. H,, is a known coefficient of
m.f;(0), g;(e)where (i= 1,2,3,...n) all are known functions
and A,,,B,,, D, E,,, are known coefficients.

Here we solve only equations (1),(2)of first kind and
equations (5),(6) of the second kind and the solution of
equation (3),(4) of first kind and equations (7),(8) of the
second kind can be obtained easily by following similar
procedure.

3. Preliminary Results

In the analysis, we shall use the following results:

(1) The orthogonality relation for the Jacobi polynomial is,
1

8mn

A%

f 7 (1= O (@ ¥; O (@ y; dt =
0
10)
Where a+1>y>0, §,,, is the kronecker delta.
2 _ (@+2n)l(a+n)l'(y+n)
T r(+1)y 2T (1+a—y+n)
(i1)) When a+1+p> 2> ,y+p> A>p>0.
ryrpl (y—2 o
K(o =5y o A2 B, (A= p, ).

ra ol=t¢l-y

an

= [y m@) (o — )P~ (£ — )V P dx(13)
=K(0,t)
Where, m(x) = x*=?71(1 — x)*="~% and
6= min(o,t).
(iii) Iff(x) and £’ (x) are continuous in a a<x<b and if
0<p<1 .then the solutions to the Abel integral equations.

) = f; oy (14)
andf (x) = [} 255 dy (15)

are given by,
_sin(pm) d y F(x)
f(y) - T dy “a {y—x}l—p dx (16)
17)

_ sin(pr) d b F(x)
andf(}") - - . Efy {x_y}l—p dx

respectively.
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4. The Solution

(i) Equations of the first kind:
Let us assume

m=04m Jm(@,v;0) = ¢:i(0),a;1 < x < a; (18)
where, i = 2,4,6,....,n.and ¢;(x) are unknown functions.
Using orthogonality relation it follows from equations (1)
and (18).

n—2

2 [ %i+1 Ai+2
Ap = A} f fai41(0) + f bi42 (0)
=0 \ay a2i+1
0" 11 -0)*7j,(a,y;0). Do 19
faiv1(0) = (1= 0)* 77 141 (0) (20)
i=0,1,2,......... (n-2)/2
Dri41(0) = (1= 0)* VP41 (0 @21
1i=0,1,2,......... (n-2)/2
equation(19) reduces to,
% A2i+1 A2i+2
Ap =82 f founn @ + f Oai41 (0)
=0 \ay @zi41
o' (a,y;0).do Q2)
Substituting this expression for A,, in equation (2) we obtain
azi+1
Z [ foie1(0) K (0, ) + (0, O)}dt
azi
azi+2
+ f Bri41 (@K (0,t) + S(o, t)}dt\
azi+1
rylpl'(y — 1+ p)
= = fi(0);a_1<o<gq (23)
j = 246,....,n
where K (o ,t)is defined by equation (12) and
TyTpl (¥ =24p) woo
S(o,) = LU 0 A2 Py (= p1).
Hyy jm (@, 45 0) j (@, 75 £) (24)

It is assumed that H,, is in the form such that S(c,t)
converges. Now starting with equation (23) if j=k where k is
an even number and 2 <k < m we have ,

ZI f D3042(8) K, (0, )dt + f 0 (DK, (0, t)dt

=0 lazit Q-1

+ f NGLAC t)dt‘ +

n-2 n-2

2 Q242 T a2i+2
Z f 0120 S(o, t)dt+ f B2 (O K, (0, O)dt
=0 ay;4y =k /2 ay; 4
= My (0), a1 <o <a (25)
Where,

rylpl (y— /1+p)fk (o) —

ra gt—4
n-2

220 2% fana (0 (K (0,0) + S(o,00}dt (26
Using equation (13) in equation (25) , we get
IN (Dk(t)fo m(x) (o — x)P~1(t — x)V AP dx dt +

Ag—1

My (o) =

f @k(t)fm(x)(a—x)p Lt —x)r 21 dx dt

4-

= MK(G)_ZL'E() teie ®21+2 (t)

azi+1

f m(x)(c —x)P~1(t — x)Y APl dx dt
0

)

n—
azi+2

| 0u®

/Zaziq

~ |

Il
=

i

f m(x)(o —x)P~1(t — x)Y*+P~1 dxdt

n—2
azi+2
3,2 25 0 (050, )t
Inverting the order of integration, we obtain
J«a m(x)dx fak (Z)}((t)dt
-1 (0-x)1P X (t—x)t AP

ar—1 mx)dx rag o;c(t)dt

+f0 (o._x)l—p fak—l (t_X)lnyrﬂfp

= M (o)

k—4 '
vz [ (222 _m@dx  raziy 8yi0(Odt
Zi 0 {faZiJrl (o—x)1-P fx (t—x)1-r+2-p
Oa2i+1mxdyo—x1—pali+1a2i+202i+2'tdtt—x1—y+A—p—
Z(n_Z)/Z {J‘U m (x)dx fasz Boiz2(Ddt }+

i=k/2 0 (o0—x)17P Yagiq (t—x)t77HP

—2)/2 rags ’
T [ 02 (S (o, Dt @7)

Assuming,

a Iy (t)dt
forallk = 2,4,6,....,n
with the help of equation (28) the equation (27) takes the
form

=0, (x) (28)

J«J m ()@ (x)dx _ _ MK( )— fak 1 m(x)dx

a1 (o—x)1-P (o—x)1-p"

Qe 2 A2i+2

0. (t)dt Z
J (t _ x)l—y+}t—p - Z

m(x)dx

Ap—1 =0 \azi41

B, (O)dt j m(x)dx
(

(t —x)tr+i=r o—x)=°’
x 0 @it1
Z(n—Z)/Z J*U m(x)dx fa2i+2 Bir2(t)dt
i=k/2 0 (c—x)1=P Jagpy (t—x)' VAP
(n—=2)/2 Qi42

f Brirr (D)S(o, t)dt
=0 ayy
This is an Abel type integral equation and when
0 <p < 1.the we can solve it as,

m(x) ;. (x)

A2i+2

j Q),2i+2 (t)at
(t

_ X) 1-y+A—p

"~
sin(1 — p)m | [ %1
—T[ fo m(£)de.

do g (Ddt
dx ) (x—0)P(c =817 ) (t—&rtr+ir
Q-1 Y1
(k=4)/2 ( (azi+2 _do
Z {fa2i+1 m(§)dé. - dx fak 1(x=0)P (o— 5)1 P

A2i+2
Q)Zi+2(t)dt

a2i+1
x A2i+2

do dzwz (t)dt
! G0 (o -1 f (-

Z(n 2)/2 d f d—O' fa21+2 ®21+2(t)s(0 t)dt] (31)

-1 (x—0)P  Yazi+1
Using the results,
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d rx do _ (ax-1—)*
dx Yai (x—a)ﬂ(a—gd)l—p T (x—ap_1)P (x=§) (32)
And, ff G—0)P (0—O1=P _ sinifl—p)n (33
Now equation (31) will be
_ sin(1 — p)m
mEOB, () = A () = L.
ak_ ,
(a1 — §)Pm(&)d¢ 8, (t)dt
(o —ap—1)P(x — f) (t —irHie
(k— 4)/2 azl+z
(a1 — )pm(f) ff ®2;+2(t)dt +
(x —ap_1)P(x—$) (t—9trie
a21+1
ab
f (a1 —&)Pm(§) de f D112 (Ddt
(x —ap-1)P(x—$) t-trir

(n 2)/2 ag-1 (@o1=PmEdE  razz Do (Bdt
Zi:k/z {fo (x—ag_1)P (x=¢§) f21+1 (t=§)1-r+a-p

7T (E)df fazl+2 Dris2(D)dt }+

sinffil—p) dx Jag—1 Azip1 (t—=§)1-7v+A-p

(n-2)/2 d rx do a2
X o e e St Bana(Ds(0, )] (34)
Equation (28) is also an Abel type integral equation and its

solution is given by

' __ =sinifil—y+A-p)m d ra 0 (x)dx
0 = RO o B0 (3
Forallk=2,46,...... n.
Therefore,
ay, ,
9, (t)dt
(=g ris
Ag—1
[ —
_ —sinfil —y+1-p)m f Dy (x)dx
a m(ay_y — &) rHr (x =) (x — ap_y )y *r
Ap—1
Forallk=2,46,...... n. (36)

Applying the equation (36) in equation (34) and also
applying the Leibnitz theorem, we get

sin(1 —p)wsin(l -y + 21— p)n

w2 (x — ap_1)P
O (y)dy

m(x)@; (x) = A, (x) —
[ [k (ar1—)%P Y “m(8)dE o

0 (x ) -1 (¥ ps‘)(y Q)P
(k—4)/2 azi+2 (a_1=§)Pm(§)
Li=o { - A+p)—1 fazm (x=8) dg .
a2i+2 A2i+2
D2 (V) dy
(t _ g)l—y+l—p ' (y _ t)1+y—l+p
4 t
azi+1 —
(a1 — §)Pm(§)dé Doir2 () dy
(x = &) (agyy — 71+’ = —agzip)r
0 azi+1
_I_
(n=2)/2 (k-1
(-1 — §)Pm(§)ds
L (aziz1 — f) =V (x = &)
fa21+2 Bi2(¥)dy }] Z sinifl —y+A—p)m
a2i+1 (Y—§)—azip1)V 4 i=k/2 T ’
X —_
i m(§)d¢ D2 () dy
dx (agi4q — O 77HAP" = —azp )
(o) sin (Ly+A-m (n—2)/2 {
_Lsm —p)m sin (1-y+1—p)mw (n— aiy2
2 (y-A+p)~! Z fa21+1 dt

AQi+2
Drir2(¥)dy i
(y _ t)1+y—1+p dx

Ap—1
9%

¢ s(o,t)dE
(x—-0)’

m)By () = Ay (x) - f B L (6, y)dy

k—4)/2 i
PR [ G (VI Myy (2, y)dy

azi+1

2)/2 i
B [ B, ()N (1, y)dy

a2i+1

2)/2 raz;
-y faazzi;z 02i42(¥) 02142 (x, y)dy (37)
For allk=2,4,6,...... n.
where,
__sin(1—p)m sin (1-y+2—p)m 1
LGoy) ==y o
ap—1 (@1—)*P Y A m(§)d¢
’ fo x=H-5) (38)
M2 (x,y)
_sin(l—p)wsin(1-y+21-p)n 1

' (v — g )74
azit1 (ap_1—8)P m(&)(api41—E)?**Pdé _ _
Jo —H0—) (v =2+p).

Q242 dt agis2 (ak—1—§)pm(§)
g T M e = B
Noi 12 (x, )
sin(1-y+1A-p)n [sin(l —p)m 1
T T(x — ap_)P (¥ — agigq)’ 27
fa]kl (a_1=§)P m (§)(agiy1 =" **Pd¢ 1
o0 «=H0-) — =

d rx m(§)d¢
dx “ag—1 (y—§)(agi1—8) 71+ p] (40)

sin(1 —p)wsin(l—y+1— p)n
0si42(x,y) = 2y — A+ p)L
y dt d rx s(o,t)do
. fa2i+2 (y_t)1+y—l+pa ap—1 (x_o.)p " (41)
Substitutingk = 2,4,6,....,n. in equation (37) we will get
n/2simultaneous Fredholm Integralequations of the second
kind. With the help of these n/2 simultaneous equations we
can calculate @, (x), @4 (x), ... ..... D, (x) and Then the
values of @, (t), @4 (t), ... 0", (t) can be determined .After
all these calculations we cancompute the coefficient 4,, with
the help of equation (22).

w2 (x — ay_1)?

(ii) Equations of the second kind:
Let us assume

Ym=0Dm jm (@, v;0) = ¥i(0),a;1 <x < a; (42)
where,i = 1,3,5,....,n — 1. and ¥;(x) are unknown
functions in the given interval.
Using orthogonality relation it follows from equations (6)
and (42).

Azi+1 a2i+2
= Afnz f Vi@ + [ 930 @
a2i+1
071 (1 = 0)" 7 j (a,7; 0). do(43)
gzi+1(0) = 1-0)""7gr+1(0) (44
i=0,12,......... (n-2)/2
Y2ir1(0) = (1= 0)""Wy44 (0) (45)
i=0,12,......... (n-2)/2
we get,
nT_Z a2i+1 A2i+2
D,, = A%, f Wi (0) + f Pyir1 (0)
=0 \ay azi41

Volume 5 Issue 12, December 2016

Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20163375

467



International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2015): 78.96 | Impact Factor (2015): 6.391

O'V_Ijm (a,y;0).do (46) f‘lzm m(x)dx fa2i+1 Waia ()de } _
0 oot v day o
. . . . . (n—=2)/2 0 m@)dx agyq W (O)dt
Substltutlng this expression for D"% in equation (5). we get on )Ip il { fo E——— fazzi 1 (:—Zx )ll_m_p} +
interchanging the order of integration and summation, (n=2)/2 (azsr o
B s ZiS0  Wai (05 (0, )dt(50)
Z W, (t) {K(o,t) + S(o, )}dt Assum}?;‘%d»
4 a Y, (t)dt =
i=0 | ay; ka(t_xlgli_yﬂ_p =Y, (x) 51
forallk = 1,35,....,n—1
, or a = L,59....,01— 1.
+ air1 (DK (0, ) + S(o, )}dt Now equation (50) can be written as,
azi+1 o m@@P ()dx _ ar—1 m(x)dx
IyTpl(y — 1 + p) v oot = k@)= [ o
- rr glt—4 gj (0); aj_l <os< a] (47) 1 ay %3 i1
j =135,....,.n—1. W, (t)dt m(x)dx
Let j = k where k is an odd number &1 < k <n -—1. f (t — x) 74P - Z (0 —x)1+"
? A - A2i+1 e 0 R A2i+1
J‘ lPéi+1 (t) Kt (0', t)dt + J‘ lpl; (t)Kt (O-! t)dt ®2i+1(t)dt m(x)dx j‘ ®2i+2 (t)dt
=0 [ay Q-1 (t = x)l-rta-p (0 —x)1r" (t — x)lfyﬂfp
A x az;
! (n=2)/2 po m(x)dx ray, v, 1 (©dt
+ f ¥, (DK, (o, t)dt | + B VAN e fa; 1(; );fﬁw
—2)/2 Azi+
2 1y = S [ W (05(o,DdK(52)
Z f ¥, (t) S(o, t)dt + This is an Abel type integra.l equation and when
=, 0 <p < 1.then we can solve it as,
n-2 o sin(1 — p)m m
2w mEOF, () = G, () — T m[f P
Yy () K, (0, 0)dt = My(0)
i=(k+1)/2 ay, do W, (t)dt
a1 <o<a (4-8) dx (X _ 0')p (O' _ f)l D (t _ 5)1—y+l—p
where, @1
Tyrpl’ (y—A+p) (k 3)/2 a21+1 do
N ( )=~ 9k(0) - {s (E) e fak L —0)P (a—E)1—P
A2i+1 azi+1
zl 0 fa“;l? G201 () {K (0, 0) + S(0,£)}dt(49) f Vo Odt f m(€)de
Using equation (13) in equation (48) , we get _ (t —trir .
fak v, (1) fot m(x)(o —x)P~1(t — x)Y~A+P~1 dx dt + " Gz
L g j J Yy (D)dt
f W, (0) J m(x) (o — x)P~1(t — x)Y P=1 dx dt dx J (x— 6)"(6 =l ) (=l rtrr
50 (n— 2)/2 BN © ey
= (@ i ! 7 m 2i+1lt)at
= Nk (o) —Ziig fazzi +1 Wi (0 dx f (x — o-)p (o —&)1-r d¢ f (t — &)1-r+i-»
t i= (k+1)/ a s an;
-1 A+p—1 —-2)/2 d rx d ay;
. f m(x)(c —x)P 7N (t — ) AP~ dx dt ~ S S i W1 (95 (0, £)dE] (53)
2 where,
2 2i+1 sin(1-p)r d rx Ng(o)do
, C(x) =——"—— — 54)
_ W2i+1 (t) k T dx fak—1 (x—0)P

i=(k+1)/2 a,;

J mx) (o —x)P~L(t — x)Y**P~1 dxdt

Forallk=1,3,5, n-1.
Changing the order of integration in equation (53)

_ in(1 — s
mm%w=@w—ﬂiiﬁu m(€)de.

e ) % .
3.2 fatzf“ W, (©)S(o, t)dt do v, (t)dt
Inverting the order of integration, we obtain dx (x —0) (o= ) (t—-rrre
o m(x)dx aj q/;c(t)dt (k 3)/2 azit1 do G-
fak,l (o—x)1-P fx (t—x)l_y'ﬂ“_p {f (E) f dx fak 1 (x=0)P (6— 6)1 p
a1 m(x)dx ray ‘l/k(t)dt
fo (d —x)1-p fak 1 (t-x)l e NI(( )
_ v 2z (21 m@dx  rapiyg Wi (D)dt
z:i=0 {fazl- (o—x)1=p fx (t—x)1-r+i-p +
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azi+1

J‘ (t‘l’2L+)11(t3itp+J‘ m(&)de.

azi
do s W1 (D)dt
dx ) G=oy(@-rr ) -9
m-22 a1
et do P (B)dt
|| e, | G=oyG-o7 ) ot

i=(k+1)/2 ay;
A2i+1

do Yoiur (D)dt

J.’”(f)df Jl(x V-7 ) G-t

azi

n—-2)/2 4 x do azi+1
; x f m- f Y51 ()5 (0, t)dt]
Using the equations (32) and (33) we get , - :
_ sin(1 — p)m
m()¥, (x) = C,(x) — (x_—akl)p
*1m(§) (ag—y —§)” P ()dt
M «-o & f@ T

Z(k_3)/2 {Ia2i+1 m (&) (ag_1—&)P %— fa2i+1 Wy (Ddt

=0 0 (=8 Yag (-t
azi

" m(&)(ay_, — &P o l1',21+1(t)dt
% J (t

-9 — i
azi
(n-2)/2
n Z {fa“m(f)(ak 1= 9P ds{f Whips (D)t
— 1-y+21—p
i=(kr1)/2 0 =9 (t=9)
(n-2)/2 d rx Qgis1 Waipr (Ddt
Tl )2 {;fak (’f)dff : 1%
(n—2)/2 x azi+1
sin(1 — p)m d do )
SR Z — j = j ¥, (t)s (o, t)dt]
=0 A1 az;

(55)
Equation (51) is also an Abel type integral equation and its solution is given by

' _ =siniffl—y+A-p)n d rai Pj (Ddx
yi () = e 4o B0k (s
Forallk=1,3,5,...... n-1.

Therefore,
[

’ e —

. (t)dt _ —sinfl —y+A-p)n j Y, (x)dx

(=1 m(ay — TP (x = &) (x — ap_y )4+
Afe—1
Forall k=1,3,5,...... n-1.(57)
Applying the equation (57) in equation (55) and also applying the Leibnitz theorem, we get
_ sin(1 —p)wsin(1—-y+21— p)n
meOT, () = G, () - > -
(x — ar4)

[J‘ak 1 (ag_1=)*P Y 2m(&)dé¢ f P (y)dy
0 (x— f) -1 (y pf)()’ a1V ~HP
(k— 3)/2{ azit1 (@_1—=§)Pm($)

i - /1+p)‘1 fazl (x=§) ds .

i1 a2i+1

Vi1 (V)dy n
(t _ )1—y+l—p . (y _ t)1+y—l+p
¢ t

azi+1

(a—1 — &)Pm()dé f l{_I2i+1(3’)dy
(x=(ay = r" ) (= —az)r
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(n-2)/2 (®k-1

(ak—l

= §)Pm(§)dg

(az =P (x-§)

i=ter1)/2 \ o
_ )
Pair1(y)dy

fa21+1 }] 'Z > sinffl—y+A—p)m
a2 (Y=H—az)r i=(k+1)/2 :

azi+1 _
f m(§)d§ Y2 (y)dy
dx (ay — &) rHAr’ = —ay)r e
Aj—1 a
sin (1—p)m sin (1-y+A—p)m «(n—2)/2 A2i+1
" w2 (y=2+p) 7 Zizo f dt
Qi+1 x
i1 () dy i s(o, t)dt
(y -t dx (x—o)r"
ap-1
or,

ak

mm%m=qm—f¢mmmww

k i 7
Y [ Py () Qi ()Y

2)/2 i T
Zt(n(kj—/l)/z faazzl. Ly DRy (x, y)dy

Z(n 2 fazzim i1 () S241(x, y)dy (58)
Forallk=1,3,5,...... n-1.

where,
__sin(1—p)m sin (1—y+A-p)n 1
PG y) = w2 (x=ag_1)° =P
ap-1 (@1 =H?P A m@ds
'fo x-5HW-5) 9
Qzi+1(x,y)
sin(1 —p)wsin(l—-y+1-p)n

2 (x — ax_,)?

[(}’ —ay)V M

azit1 (ag—1=§)P m (&) (ap =)' **Pdg
. — __A .
k =505 v ( * /))p)
Q41 dt azi+1 (ag-1=§)’m(§)
'ff (t=§)1-r+i—p ft (x=&)(y—p)1+r-2+p df] (60)
Ryi1(x,y)
_ sin(1—y+A—p)rn[sin(1—p)w 1
B T T(x — ap_1)? (y — ay )y ~r
fak—1 (ar_1=8)P m(§)(an—8) **Pd¢ 1
o (x—f)((y—f) G—ag)r—2+"
dpx _ m@dd
dx Jag—1 =) az—0) 17 ] (61)

sin(1 —p)mwsin(l -y + 14— p)n’

S,iii(x,y) =
() = w2(y — A+ p)7!
y dat d rx  s(ot)do
oo g ek oy (62)
Substitutingk = 1,3,5,....,n — 1. in equation (58) we will

get n/2simultaneous Fredholm Integralequations of the
second kind. With the help of these n/2 simultaneous
equations we can calculate ¥, (x), ¥, (x), ... ..... ¥, (x) and
Then the values of ¥, (t), ¥ ,(t),...W ,(t) can be
determined. After all these calculations we cancompute the
coefficient D,, with the help of equation (46).

5. Particular Cases

With the help of the result of these N-series equation it is
easy to find the solution of corresponding dual ,triple,
quadruple etc. series equations.
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