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Abstract: Mathematics is everywhere in every phenomenon, technology, observation, experiment etc. All we need to do is to
understand the logic hidden behind. In applied mathematics and engineering the Partial Diffrential equations have great importance.
Therefore it is very important to know methods to solve such partial differential equations. The Partial differential equations can be
easily solved by using the method of Integral Transform. In the present paper, we have solved the some Partial Differential equations

such as Wave equations, Heat flow equations and Laplace equation by using the Fourier-Stieltjes Transform.
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1. Introduction

Mathematicians have long had techniques to solve lot of
physical equations, Integral equation and differential
equations which have many applications in all fields of
sciences. But there are other equation i.e. Partial Differential
equations which are solved quite easily by using the integral
Fourier-Stieltjes Transform. There are number of partial
differential equations which are used in all fields of Sciences
and Engineering. In the present paper we have obtained the
solution for the wave equation, heat flow equation and
Laplace equation by using the Fourier-Stieltjes Transform.
The Wave equation are found in elasticity, quantum
mechanics, plasma physics, general relativity,
acoustics, electromagnetic, fluid dynamics, vibrating string
such as that of a musical instrument[1,2,3]. The Heat flow
equations are  important in  probability, financial
mathematics, Riemannian ~ geometry, topology, image
analysis [4] and Laplace equation notably used for image
analysis, electromagnetism, astronomy, fluid dynamics [5]. A
history of mathematics includes early connections with music
and the basic physics of sound. As we know the Fourier
Transform is applicable in Music [6] and the Stieltjes
Transform also applicable in Music, since Stieltjes
Transform used in Random Matrix theory (RMI) [7]. So, we
can say the Fourier and Stieltjes transform are
mathematically related to each other. Here, we have provided
the applications of Fourier-Stieltjes Transform to partial
Differential equations and extent the ideas of generalization
of Fourier-Stieltjes Transform. In this present paper we have
solved the wave equation, Heat flow equation and Laplace
equation using the differential property of Fourier-Stieltjes
Transform which is defined in our published paper [8] as-

Differentiation Property of Fourier-Stieltjes Transform

Integral Fourier-Stieltjes TrfnsJLforrn is defined as-
Fs{f(t.0¥sp) = [ [, Fltx)e ™ (x + y)™P dt dx
Now, differentiating w.r.t. x, we get

F5if, (6. p) = [, [y filt.x) e ™ (x + y)F dt dx

Above equation become-
FS{f.(t.x)} = p FS{f(t.x)} — k,

Where, _IFDL y-P ft.0) e dt =k (1.1)
Also, we have-
FSif (6. x)y = p” F5{f (6. x)} —p™ 'k (1.2)

Similarly, if £(t. x) is differentiate w.r.t. £, we get the result
as follows

F5lft.x)} = is F5If(t.x)} — k (1.3)
F5{f,(t,x)} = (is)" FS{f(t. 20} — (is)" 'k (1.4)
Using this above equation (1.1), (1.2), (1.3) & (1.4), we have
provided the wave equation, Heat Flow equation in the
section 2, 3 & 4 respectively. The notation and terminology
is given as per A.H.Zemanian [9, 10].

2.To Solve Wave Equation

2.1. Applying Fourier-Stieltjes integral Transform to
EZ EZ
wave equation = rJ: =c* —a;:

S_olution: we have,

3*f g ﬁ

i g ] (2.1.1)
FS{f.(t.x)} = 2FS{f, (e x)}

Now, applying the result we have-

(is)? F5{f(t,x)} — isk = ¢* D2 FS{f(t, x)}

D Fs{f(t,2)} = - Fslf e, 0} - Sk

o2
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(pF - L) Fsif(e.0} = — Sk 2.1.2)
This is the ordinary differential equation w.r.t. x.
To find it’s complementary function, we have
It’s Auxillary equation
. i3y
(2 -5)=0
D}=3=D, =t
Therefore,
C.F.=¢, n:n:nsfx +c:s[n§x (2.1.3)
Also,
1
P.I= EIF (x)
Lz
=—=l—-=k
o] o
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P.lL= ; (2.1.4)
Therefore, It’s Complete solution is
Fs{f(t.x)} =C.5.=C.F.+P.L )
Fslft.x)}=¢ u:u:us%.r-l—r::: sinf.r-l—i (2.1.5)

Where, k = Jﬂ;f':t 0)y~P g~ dt
2.2. Example

To illustrate the use of Fourier-Stieltjes Transform solving
the certain partial differential equation, we propose to find

. . d . 8°
the solution f(t.x} of the equation =c”

Presil e satisfying

the boundary conditions,

The initial and boundary conditions are-
a) If x = 0 then f(£.0) =0
b)Ifx = a then f(t.a) =0

Solution: We have the wave equation a_ri =c"
Fslft.x)}=¢ u:u:us%.r + e, sin%.r -I—i

If x = O then
f.0)=¢c +-

And f(£t,0) =0 (given)

Then

0= - (2.2.2)
Now, )

Ifx = athen flt.a) =0 =clcos§a +c, sinfa +§
Then- (—l) cos-a+ €3 sin-g=—=-
L= . G . L=

¢, sin-a = (1] cos-—@ ——

- € iz c iz

H g g

Cy = = [cnt;a - u:u:useu:;a] (2.2.3)
Therefore, )
Fslft.x)}=¢ u:u:us%.r + ¢y sinfx + é

Fsl{f(t.x)} = —Zcostx+— [u:u:utia - cnsecfa] sin=x +
L2 G L= c c c

Bl

k = = . 2 =
=— [[mt- a— cnsec-a] sin-x —cos—-x + 1]
L= G G G G

k 5 5 5 5
Fslf(t.x)} =— [[cnt—u — -:Dsec—m] sin—x —cos—x + 1]
is € o o €

3.To Solve the Laplace Equation

3.1. Lapalce equation in the Cartesian form solved by
zf “f

[+l -

using Fourier-Stieltjes Transform Py

Solution: - The Laplace equation in the Cartesian form is

2F
e + .ar~ =10 (3.1.1)

The Fourier-Stieltjes integral transformation is

F5{f(e. 0} = [, I, ft.x) e ™ (x + y) P dt dx
then- F5{f, (. x)} + F5{f, (t.x)} =0
By using the result, we have
D2 FS{F(t, )} + (i5)® F5{f(t,x)} — isk = 0
(D2 + (i5)®) F5{f(t,x)} = isk
This equation is ordinary differential equation.
It’s roots are, my = +5,mM; = —%
Therefore, it’s
C.F.=ce™ + 0™
and

P.L ﬁf{]
=f25k

(3.1.2)

|
i
B
'
L
i
P}
o
L]
[=]
ia ]
[S—

Therefore the complete solution is
C.5.=Fs{f(t.x)} =C.F.+P.L

S ES{fltx)} = 6™ + 67 +§
Where, k= [, f(£.0) y~? e~ dt

(3.1.3)

3.2. Example

To illustrate the wuse of Fourier-Stieltjes integral
transformation in solving certain partial d1fferent1a1 equation,

3
we proposed to find solution f({t. x}of + ar{ =0
satisfying the boundary conditions

a) Ifx = O then f(t.0) =0
b) b)Ifx = a then flt.a) =0
Solution:-
The Solution of PDE is
2 @y
a2 T a2 = =0
is given by )
FS{f(t,2)} = c6™ +.c67™ + - (3.2.1)
a) Ifx = QOthen ft.0) =0 = ¢, +¢c, = —i

k

b) Ifx = a then flt,a)l =0 = 6™ + 677 = -

: k(-9
. _ k-7
PO T e

So, the required solution is-
(3.2.1) gives -

FS{‘f{t x:]} - i%gn + iz (g2 —g—5@) e + E
Fsi{fit.x)} = ﬁ
[{1 _gsr.':]g—sx _ {1 _ g—SE:]g.SJ:' + {gsr.' _ g—scj]
(3.2.2)

4.To Solve one dimensional Heat flow equation

4.1. The one dimensional heat flow

g =rc ﬂ—‘:, where c? :i.
Stieltjes integral transform.
Solution: We have,
The Fourier-Stieltjes integral transformation is

equation is

By using the Fourier-
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F5{f(t. x)}(s.p) =
Then

FS{f;(t. x)}(s.p) = c*FS{f (t.2)}(s. p)

iz F.S'{f':t 2} p) —k =c? D] F.S'{f':t B ER)
(pz- ] Fs{f(t,x)}s.p) = 4.1.1)
This is the ordinary dlfferi:ntlal equat1on in x, So, we have

. NF

. WE
It’s roots are, My = +i oM = T

-rl: Jﬂ;f{t x) e (x +y) P dtdx

Az . <z
C.F.= gyeos—x + g 5in—x

wIG wIC
and

PL= s @)

(=)

C 5

= (= )[—
= (- )

3]

Here, the complete solution is
F5{f(t, x)}(s.p) = ¢, cos =

Now using this above equatlon, we can solve an example of it
as given.

u

Il:

:r+r: sm—.x +—

4.2. Example

To illustrate the use of Fourier-Stieltjes integral transform in
2 8°f
ar?
we proposed to find the solution satisfying the boundary
conditions

a) Ifx = 0 then f(£.0) =0

b) If x = @ then f(t,a) = 0
Solution: The partial differential equation is
af _ 23
ax  art
It’s solution is

. af
solving the i =c* certain partial differential equation,

Fsifit, x)}s.p) = ¢, u:u:is x+ c; 51n—x+:i
42
a) Ifx=0then f(t.00 =0 = ¢, = _i
(4.2.2)
b) If x = a then f(t.a) =0
ko s Vs ok
= ——cos—atcosin—a+—=10
s Wic Vic is
_k[ L E
€3 = [mt{fr a —cosec u.] 4.2.3)

Putting the values of ¢; and 5 in equation (4.2.1) we get-

F5{f(t,x)}(s,p)

i_ —

k = = 5 g
= —||cot & — cosec—— & | sin—x — cos
is ic Vic Vic +ic

—x+ 1

5.Conclusion

In the present paper we have solved the some partial
differential equations and have proved wave equation, Heat

flow equation and Laplace equation using the Fourier-
Stieltjes Transform.
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