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1. Introduction

The characterizations of space curves with respect to Frenet
and Bishop Frames have been studied by many authors. In
[717 M. A. Akgun, A. I. Sivridag were give some
characterizations for spacelike curves by studied the
positionvectors of a spacelike curve on some subspaces in
Minkowski 4-space Ri

In [5] The author gave us the sufficient conditions of null
curves to be osculating curves in terms of their curvature
functions by obtaining some relations between null
rectifying curves in Ej and null osculating curves with
some example of null osculating after maked relations
between null normal curves and null osculating curves. In
[2] Fathi studied the position vectors of space curves in
Euclidean 3-Space depending on the Type-1 Bishop Frame
with constant Curvatures. In [8] According to type-2 Bishop
frame the authors gave us some characterizations of
spacelike curve with principal normal vector, in addition to
that position vector of spacelike curves on Lorentzian sphere
with respect to the type-2 Bishop curvatures was obtained
and also they established some relations among Frenet
apparatus. In [6] the authors were discussome
parametrizations of rectifying curves after they gave
thecharacterize of non—null and null rectifying curves which
is lying fully in the Minkowski3—space Ei. The general
helix position vector with respect to Frenet frame in
Euclidean 3-Space studied by A. T. Ali in [1] and in addition
to that the natural representation of a general helix in terms
of the curvature and torsion was deduced. In [4] the authors
were study and characterize the rectifying curves in E* after
they defined it in the Euclidean 4-space as position vector
always lies in orthogonal complement. In [3] the author used
Laplacian operator and Levi-Civita connection to obtained
some characterizations of timelike curves in mMinkowski 3-
space Ef according to Bishop frame and also some
characterization of timelike curves was studied according to
the Bishop Darboux vector and the normal Bishop Darboux
vector by gave it is general differential equations . In [9]

some characterizations of closed dual curves of constant
breadth were presented in dual Euclidean space and discussed
by the author according to Bishop Frame in addition to that
third order vectorial differential equation has been obtained in
dual Euclidean 3-space.

2. Preliminaries

In this paper Eidenote to the Minkowski 4-space together
with a metric (.} of sign nature {—. +. +. +]) .

For each
X:(al,az,a3,a4)eE14 Y =(b,,b,,b,.,b,)eE}

The standard scalar product in the Euclidean 4- space E;*

given by:

(X.Y'=ab, +ab,+ah;—ab, (2.1
Since a vector X is said to be Timelike if<X,X><O,
Spacelike  if <X,X> >0

and null(Lightlike)  if

<X,X>=0 and X #0. Where ”X ”: KX,X >‘

denoted to the norm of a vector X'

If we take an arbitrary curvea:/ <R - E;' in E

Recall that the curve « is said to be of unit speed (or

parameterized by arc length function s) if <a’(s), a'(s)> =1

Let {T. N,. N;.BE} Denoted the type-2 Bishop moving frame
along the unit Speed curvee. Where the vectors T, Ny,

NyandE are mutually orthogonal vectors satisfying
{T.T) = (N, N} = {N;,N;} = 1.{B.B} = -1

Then the type-2 Bishop formula [3] . And satisfying @ are:

T ‘D0 0 -k 'T
vy_[o o o —xl|lwn) .,
NJ=lo o o _g [ln | @D
B 'ki k: k! U B
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Where k; . k; and k5 are the first, second and third Bishop
curvature.

3. Some NEW Characterizations of a Spacelike
Curves with constant Curvatures According
to Type-2 Bishop Frame in Euclidean 4-
Space E}

In this section we will give some investigation to
characterize the Spacelike curves that is lie on some
subspaces of Ei* . Let o be a Spacelike curve in Ef* with the
type-2 Bishop frame{T, N,, N, B}.

Case 1: Firstly we suppose that the Spacelike curve  lies
on the subspace spanned by 1T. N, }. So we can write the
position vector as:

) = AT () + plsIN, () (3.1)
Where 4 = A(s)andy = u(s)The equation{3.1} after
differentiation with respect to = became:

o = AT+ AT + u'N, + ulN, (3.2)

From theequations( 2.2, we get the following:

A=1
g=0 (3.3)
Ak, 4+ uk, =0
So by solving these equations if ky = k; =0  we find:
uls) = candd = 5+ ¢y,
x (s) = [s + ¢,]T(s) + &N, (s) (3.4)

Theorem 3.1: The Spacelike curve E7 lies on the
subspace spanned by {T.N,} if and only if it is in the form
x (s) = [s+ ¢,1T(s) + cN,(s) (3.4

Case 2: Secondly suppose that the Spacelike curve  lies
on the subspace spanned by{T. N,}. So the position vector
can be written as:

) = As)T(s) + ulsIN,(s) (3.5)
Whered = Alslandu = uls). The equation(3.3)after
differentiation with respect to sbecame
® = AT+AT +u N, + uNn (3.6

From the equations (2.2), we get the following:

i=1
u=0 (3.7)
Ak, + pk; =0

The solution of these equations lead to:
uls) =candd = s+¢, it ky =k, =0
So we find

x () = (s + ¢, )T(s) +eN, () (3.8)
Theorem 3.2: The Spacelike curve o= Ef lies on the
subspace spanned by {T. N,} if and only if it is in the form

w (s} = (5 + ¢, )T(s) + N, (s) (3.8)
Case 3: Thirdly suppose that the Spacelike curve & lies on
the subspace spanned by{T. B}. So we can defined the
position vector as:

(3.9

) = Als)T(s) + uls)Bis)
Where & = Alslandu = uls). The equation(3.9) after
differentiation with respect to 5 became:

x =AT+AT +yB(s) + pB()  (3.10)

From the equations (2.2), we get the following:

A+ku=1
k=10
k=10

g—Aak, =10

If:k; = k; =0, these equations lead to

(3.11)

A = ¢, coslk,s] — ¢;sinlk, 5] (3.12)
os(k, s]*
u = cycos[k,s] + % + ¢, sinlk, 5]
1
sinlk, s]? 313
e (313)
So
x (s)= [cicos[kls] —czsin[k._s]]l"':s:]
cos[k,s]*

+ |cycos[kys] + + ¢y sinfk, 5]

Ky

& sm[kls] ]B(s]

(3.14)

Theorem 3.3: Suppose thatt  Ef* be Spacelike curve lies on
the subspace spanned by T, B} if and only if it is in the form

x (s) = [cicos[k,_s] —c;sin[k;s]]!"{s:]
cos[k,s]*

K + £y sin[k, 5]

+ |cycos[kys] +

+ M] B(s)(3.14)
kl

Case 4: In this case suppose that the Spacelike curve o lies
on the subspace spanned byiN;.N;}. So we can defined the
position vector as:

x () = AN, () + uls)N, () (3.15)
Whered = Als)andu = uls). The equation(3.13) after
d1fferent1at10n w1th respect to s became
o = ANy + AN, + 4Ny + uNy (3.16)

From the equations (2.2) we find that:

=1
u=0 (3.17)
Ay + pky =0

If:k; = k3 = 0 these equations lead to
uls) =s+ecandd =5+ ¢,
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Then:

x (s) = [s+ ¢, 1IN, (s) + [s + ]V, () (3.18)
Theorem 3.4:Suppose that & = Ef be Spacelike curve lies
on the subspace spanned by {IV,.N,} if and only if it is in the
form

x () = [s+ ¢, IN, () + [5 + cIN, () (3.18)

Case 5: In this case we suppose that the Spacelike curve
lies on the subspace spanned byiN;.B}. So we can defined
the position vector as:

x (5) = A=) N, () + uls)B (3.19)
Whered = Alslandu = uls). The equation(3.19) after
differentiation with respect to 5 became:

o = AN, + AN, + B +uB  (3.20)

From the equations (2.2) we get the following:

A 4lu=0
bu=1
kau =10

fg—Ak, =0

(3.21)

So by solving these equationsif k; = k; = 0 we find that:
Iu{s]:%, A{S:]=:—=S+C
1 il

H

Then

x (s) = [:—is + .::'] N, (s)+ [kii] B

(3.22)
Theorem 3.5: Suppose that = = Ef be Spacelike curve lies
on the subspace spanned by {N;,B} if and only if it is in the
form

x (s) = [E—ls + .::'] N, () + [%1] B(3.22)

Case 6: In this case we suppose that the Spacelike curve
lies on the subspace spanned by{V;. B}. So we can defined
the position vector as:

x (s) = A N,(s) + pu(s) B (3.23)
Where 4 = Als)andu = uls). The equation(3.23) after
differentiation with respect to = became:

o = AN, + AN, + uB + uB’ (3.24)
From the equations (2.2) we find that:
A+ku=0
bu=1
: 3.25
kou=10 ( )
g—Akg =10

So by solving these equations if k; = k; = 0. we find:
u :% and A(s) = s +c

Ky F‘.i

Then:

. {sj=[_k—’fs+c]ﬂ.r:{sj+[kll B

(3.26)
Theorem 3.6:Suppose that &  Ef* be Spacelike curve lies
on the subspace spanned by{N,, B} if and only if it is in the
form

x (s) = [%s + r.:'] N,(s) + [kll].eqa.zaj'

Case 7: In this case suppose that the Spacelike curve  lies
on the subspace spanned by{T. N;, N;]. So we can defined the
position vector as:

x (5) = A TE) + plEN, ) + v N,(s) (3.27)

Where 4 = A(s) , u = uls)andv = v(s). The
equation( 3.277} after differentiation with respect to 5 became:

® = AT+AT +u Ny +uN, +v N, +vN,  (3.29)

From the equations 2.2} we get the following:

=1
.' = 0
v =0
uks + Ak +vks =0

(3.29)

If k; =0, these equations lead to
Ad=s+cu=cy ,v=10y

oc {SJ = I5 - C]T(S:l + CINI(S} + ,;-:N:{s:] {3-30:]

Theorem 3.7:Suppose that o © E; be Spacelike curve lies
on the subspace spanned by {T. N,. N.} if and only if it is in
the form

x (s) = [s+ cIT() + e, Ny(s) + e,N,(s)(3.30)

Case 8: In this case we suppose that the Spacelike curve
lies on the subspace spanned by{T. N,.B}. So we can defined
the position vector as:

x (s) = Als)Tls) + ulsIN, (s) + v(s) B(s)(3.31)

Where A = Als) , u = uls)andv = v(s). The
equation(3.31) after differentiation with respect to 5 became:

% = AT+ AT +u N, +uN, +vB+vB  (3.32)

From the equations{ 2.2} we get the following:

Atk =1
g4 vk, =0
vk =10
Ak, + pky +v' =0

(3.33)

If k; = Othese equations lead to
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k2 e ™ -1 42T (1 4 7)) . (ke 2k )e ™ (-1 4+ e™ P (™ — ™™ — 2ms)

A6 = — a
4m? o i i _ 4m?® i i ) i i
e kT Ry e™ 4 2™ ey e™ — Ry e ™ 4+ 2mik,TE) o e ™R et T 4 2e™ )
kykyc, (=1 + )2 k4m5-m( 1+ &™) ’ 2m?
nCn B - =] = Cy € — e"
+— - - = (3.34)
2m? 2m
© kokoe ™ (-1 4+ ™)1 4+ ™) e ™k ko (2e™ k% + k0 + €™k, ) (6™ — 6™ — 2ms)
g == 4m? ) ] 4m? )
kyky e ™ (=1 + ™) (me™ —me ™ + 2k,%s) K ko, e ™5 (—1 4 )2
+ n + .
2m?*
e, 6™ (2e™ K, 4 nl +e™n?) ko™ (-1 + &5
* 2m? B 2m (3:35)
vis) o A(s)
3 kl E_‘m{l + E..IILS:].. 'ri:l E—:i’!.?{_l + EII:IS:]{-J_ + EII:I.S:]
. Am? i a 4n(—n)?
klk:‘e_m‘g{—l 4 oglmEgms oIS gy ) ku:-’ﬁ_: E_us{—l + Eus:]:{eus —gThE _ 2'.'15:]
— -; p— has
X 5 3 > 4n(—n)*
ky e™™( -1+ e‘m]ﬁl‘em ~ky2e~™ ¥ Imk,%s) " RPN
N 4ms e ]4e'ﬂ3(—23"3k21 + ke Y L
ki g ™ (=1 + &™) kyop ™ (-1 + £ A - ; . M
_ Mafa® (-1+e™) | Caks S (-1 ™D ek, ¢ e (=26, " k" + ™R
. 2m 2m N o + 2k3"s) — ?i mE
+ ?E_m{l + E‘ms:] (3.36) kLkECI e—k:sc_l + ei{:ﬂ.S‘JZ
- 2(-n)?
- . -nsy Ins
Where m = .\,ka +k,° kyncze ™ ( 1"+ . (3.41)
2(—n)?
Theorem 3.8: Suppose that & = E be Spacelike curve lies u(s)
on the subspace spanned byiT, N, B} if and only if it is in kykae™ (-1 4 ™)1 + &™)  kykane™
e - - kua
the form @ NEST

x () = A T) + ulN, () + v(s) B(s)  (3.37)

Where (s}, uls) andv(s) as an equations
(3.34).(3.35)and (3.36) respectively

Case 9: In this case we suppose that the Spacelike curve
lies on the subspace spanned by{T. N;. B}. So we can
defined the position vector as:

x (s) = AsIT) + ulEIN,(s) +v(s)B(s)  (3.38)
Whered =i(s} . u =ulslandv = v(s). The
equation(3.38) after differentiation with respect to =
became:

o = AT+AT +u N, +uN, +vB+vE  (3.39)

From the equations (2.2} we get the following:

Advk, =1
fi— vk, =0
Vi, = 0 (3.40)

Ay +pky +v =0

If k5 = Othese equations lead to

+e™lg? - 2e™k, %) (e =e™ — 2ns) )
¥ Kokg e~ (—1 + )% (e ™k, — &%k, + 2nk, s)

4n(-n)*

kikgcie_ns(_l + an-.:':

2(_—11)2 i 5
£, 62k, ¥ig%e™ <2k, %e™)

2(—n)?

kyney e (-1 + &™) -—

2o ()

I, g—ins 14 giny2 kq:k g—ns i
v() == in: = ramral R Y (i
-nz fy &7
—e ™ —2ns) + m{—l

+ E:DS]{ki:E—DS _ I||'i‘_-l'":E|:l.3 + Ek!:ﬂj:]
kyney, e (1 + &%)
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kanc,e (1 + &™) ¢, ne
2(—n)? e d
+eT15) (3.43)
Then
x (5) = AETE) + plsIN,(5) +v(s)Bls)  (3.44)
Where A(s), u(s) andv(s) as in equations
(3.41),(3.42)and (3.43) respectively
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—

k2 — &,

Where n = \

Theorem 3.9:Suppose that @ = E be Spacelike curve lies
on the subspace spanned by {T. Nz, B} if and only if it is in
the form(3.44)

Case 10: In this case we suppose that the Spacelike curve &
lies on the subspace spanned by{N,.N;. B}. So we can
defined the position vector as:

x (s) = AsIN,(s) + uls)N, () + vIs)B(s) (3.45)
Where 4 = A(s) , u = ulslandv = v(s). The
equation(3.43) after differentiation with respect to =
became:

o = AN, + AN, + uN, +uN, +vB+vB  (3.46)

From the equations{ 2.2} we get the following:

A+vi,=0
G4 viy, =0
vk, =1
Ay +phey +v' =0

(3.47)

These equations lead to

1
vis) = % (3.48)

Als) = Es+ c  (3.49)
Il.‘::I.

u=—=s+rc,

(3.50)

So

x () = k—s+ t:']Nl'CSJ - [—k5+c1] N, (s)

ky ky
+ [k_:l_ Bls)

(3.51)

Theorem 3.10:Suppose that & = E; be Spacelike curve lies
on the subspace spanned by{N,.N,. B} if and only if it is in
the form

= [Zo w0+ [Esse|me

'[CL kl
+ [k_l B(s) (3.51)

Case 11: In this case we suppose that the Spacelike curve =
lies on the subspace spanned by{T. N,. N;.B}. So we can
defined the position vector as:

o (5) = M) T(s) + u(=IN,(5) + v N, (s)
+ v(s)B(s) (3.52)

Where A=20) , p=pls)andv = vis). The
equation(3.32) after differentiation with respect to 5 became:

€ = AT+ AT +u N, +uN, +v' N, +vN, +6 B
+6B (353

From the equations (2.2} we get the following:

A+ 6k, =1
f+ 6k, =0
v 48k =0
8 — Ak, —pley —vhy =0

(3.54)

These equations lead to

A

klz E—:i’s{:_l 1 E:['S:]{l 1 E:['S:]
= pwe
(_1 + er.?)ll:ers - ra

T
—2rs)(Fa Ryl 6 + KPRy )+ ——

—TI=

4r(—r)*
—kCe T vk s

{ kqa rs
+ki ‘f‘ﬁ‘mk 2 _L'}k-a- r.?)(k Z_re

+ 2rk,’s) + —(2e%k; T Ky T+ TR, T + 267K, T
( 1+e%)* (.‘( kic-.e "tk kpo e
2(—r)*
k164 E-'_rg(—l + LI'SJ

S (3.55)

kik_ze—ZrS(_l + E:r‘.‘?j{l + E:'_['S:]
4p3
Ky k ke
J pyd
ey,

kikqe
W{?ku‘ e™ + 2k, ™

+ k:: + E"Lrskz-.:]'i_

.'!‘l 3
(_1 +E[‘3:]:{E[‘3 — gt

- 2rs) +
—[‘3 E[‘S

+T—25:]

klk g rs . —rskli

+ TanT (-1 + =) (-

[‘Ska

r

+ 4 20, s + 2k %9)
klk:cle -1 4™t

2(—r)?
k! k: I:': E_ES{_]. + EES:]:

2(—1)?
—IZ
(2% k" + 26k, + k;°

Ca€
METEE
1 EI[‘S k: ::] )

koo e ™ (—1 4 &™)
B 2r

(3.56)
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B k!kle—:iﬂ?{_l + E:[‘s:]{l + E_.:[‘s:] k-! klk::E_[‘S
B 4r3 4r(-r)*
kakye

4 20, %) (e — e — 2re) 4+ —

v

—Iz

kok,c e ™(—1 +e™)F g™

_ 242 ¢ FE _ _—T3 _ k!k
(=14 &™) (e e 2rs) +

-Iz

1€ 2 22 2
W{k! + ke + 2k, e

‘1’?"{—["]4 ':_1 + EPS:]:{kL:Er's - kI:E_rS + szE:S + E'J"k: :5:]

kokyce (-1 + &™)7

_ . ku: :l‘sku: 2l L 2 2 ['Sk_: _
2(—r)? togr et ek H 26Tk 26T ) + 2(—1)2
k! ﬂie—['.? {_1 + E:[‘.S:I
— o (3.37)
5 B klﬁ_:m{l + EI[‘S:]: {_1 + EI[‘S:]{EFS —e T ETS:I{k!:kLE_m + klk::E—?’s}
)=~ 4(r)2 1ri(_r)
s ke ™ (—1 4+ &™) (e k" — ek, + 2rky Cs + 2rk,’s)
dri{—r)t
—1 + ™k, 67" ¥ ko, e 4 ke ) e )
, Jkscy 22 13 +2 1+ ey (3.58)
2r 2
So [6] Kazim Ilarslan and others ' SOME
o () = AT +uls N, (s) + (3.59) CHARACTERIZATIONS OF RECTIFYINGCURVES
vis)N, () + v(s)B(s) ' IN THE MINKOWSKI 3-SPACE", Novi Sad J. Math.
Vol. 33, No. 2, 2003, 23-32
Where A, plsdandv(s) 56 in equations [7]1 M. A. Akgun, A. 1. Sivridag," Some Characterizations of

(3.56). (3.57)and (3.58) respectively

[
= (k" + k" + k5"
Andr v (ks i ")

Theorem 3.4: Suppose that = E: Y be Spacelike curve

lies on the subspace spanned by {T. Ny N2.B} if and only if
it is in the form

x (5) =Us)IT(s) + ulsI Ny (s) +vIsIN,(s) +
vis)B(s)(3.59)

Where As),plsdandvls) 55 gy
(3.55). (3.56). (3.57)and (3.58) reqpectively
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