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Abstract: An even- edge - graceful labeling of a (p, q)- graph G(V, E) is an injection f from E to {1, 2, 3,...,2q} such that the induced

mapping * defined on V by {*(x) = mod 2k )over all edges xy are distinct and even, where k=max{p,q}. A
S () xy,

graph G that admits an even- edge — graceful labeling is called an even edge - graceful graph. T,,,, is a graph obtained by joining the
centers of K, ,, and K, ,, by a path P,. In this paper, we obtain even - edge - graceful labeling of T, ,, , .
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1. Introduction

By a graph G, we mean a finite, undirected simple graph. A
graph labeling is an assignment of integers to the vertices or
edges or both subject to certain conditions. If the domain of
the mapping is the set of vertices (or edges) then the labeling
is called a vertex labeling (or edge labeling). Graph labelings

were first introduced by Rosa in the late 1960’s. Labeled
graphs serve as useful models for a broad range of
applications in [2&3]. For good account on graph labeling
we refer Gallian survey[5]. In 1985, Lo introduced the
concept of edge - graceful graphs which is a dual notion of
graceful . We have introduced even- edge - graceful labeling
of graphs and obtained several results in [4]. An even- edge
- graceful labeling of a (p, q)- graph G(V, E) is an injection f
from Eto {1, 2, 3,...,2q} such that the induced mapping 7+

defined on V'by f*(x) = (Z f(xy))(mod Zk) over all edges

xy are distinct and even, where k=max{p,q}. A graph G that
admits an even- edge — graceful labeling is called an even
edge - graceful graph. In this paper, we obtain even - edge -
graceful labeling of 7, .

2. Definition

T,.n 1s a graph obtained by joining the centers of K;, and
K;,, by a path P,. It consists of ¢ + n + m vertices and ¢ + n +
m -1 edges.

2.1 Remark

If the graph is a tree then even edge graceful labeling and
edge graceful labeling coincide.

2.2 Theorem [4]

If G is edge - graceful then g5 +1)= M(mod p)-
2

3. Main Results

3.1 Theorem

The graph 7,,,,, of odd order is even edge - graceful.

Proof

We note that the graph T, is of odd order if and only if
either ¢ n, m are all odd numbers or any one of ¢, n, m is an
odd number.

Case (1): t, n, m are odd numbers.

Let {wy, Wa,eo Wy Vi, Voroos Vi Vi 1, Vit 20 Vaamd - D€ the vertices

of T, » and edges e; el’. (see fig:3.1) are defined as follows.

Figure 3.1: T, ,, with ordinary labeling

e; :(wi,wi+1) for 1<i<t-1I;

el,-=(w1,vl-) for I<i<n and

e; :(w,,v,-) for n+l<i<n+m

Consider the Diophantine equation,

X;+x; =2k ..., (1); where k = max {p,q} = t+n+m
The even pair of solutions of equation (1) is of the form
(s, 2k-s ) where s is an even number in 2 <s < k-1.

t+n+m—1

There will be even pair of solutions. We now

label the edges as follows
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fle)=i+1 for I1<i<t—2,wheniisodd
fle)=2(m+m)+t—1+i for 2<i<t—1I when i is
even
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fle,)=2m+m)+t—1 & fle,,)=t+1

t+1 . . .
These labels covers - pair of solutions. The remaining

. . n+m n—-1 m-1
pair of solutions are 5 —1= 5 +

choose any -1 pair of solutions and label the edges of X,
2
by the co-ordinates of
the pair. The other 72—/ pairs are used to label the edges of
2
K ,,- Then the induced vertex labels are

. Out of these

Srow )=2m+m)+t—1+2i for ]Sis%
O )=2i-t-1 for %]sig
f+(v1)=2(n+m)+t—1; f+(V,1+])=l+1

Now the remaining pendant vertices will have the labels of
the edges with which they are incident and are distinct &

t,n,m

even. Hence the graph
graph.

is an even edge - graceful

Illustration
Consider the graph 775, Here t =7; n =5; m=7;
k =max {p,q} =19; 2k =38.

we Woe Woe Ve Woe Mo W
A A . .

Figure 3.2: T; 5 ; with ordinary labeling
Consider the Diophantine equation x;+x, = 38 (1)

The even pair of solutions of (1) are; (s, 2k-s) where s is even
number in [2, 19]. That is (2, 36), (4, 34),(6, 32), (8, 30), (10,
28), (12, 26), (14, 24), (16, 22), (18, 20). The even edge -
graceful labeling of T; 57 is given in fig.3.3

N2 M 3% o4 0 ¥ 2 6

Figure 3.3: Even edge - graceful labeling of T75;

Case (2): tis odd number, n & m are both even numbers.
Let the wvertices and edges are defined as in
case (1) (see fig. 3.1.)

We now label the edges as follows;

fle)=i+1 for 1<i<t—2,wheniisodd

fle)=2(n+m)+t—-1+i for 2<i<t-1I when [ is
cven
fle)=t+1;  fle,)=2(n+m—1);

f@ni)=20+m)+1-1; fle,y)=2(t+1);
As we have labeled the edges e}’e,}e’; 47 and 6;1 4 there will

be even pair of edges incident with each w; and w,. We label
these edges as was done in case (1).

There will be ”;m—z

n-2 m-2
= +

even pair of
5 p

. n—-2 .
solutions left out. Out of these, choose any > pair of

solutions and label the edges of K;, by the co-ordinates of
m—2

the pair. The other pairs are used to label the edges of

Kim.

Then the induced vertex labels are

) =2 m)ri—142i for 1 sis%

frow; )=2i-t-1 for 11 <i<t
' 2

STop)=t+1; fTvy)=2m+m=1)
f+(vn+])=2(n+m)+t_1; f+(vn+2)=2(t+1)

The pendant vertices will have the labels of the edges with
which they are incident. They are distinct and even. Hence
the graph T, ,, is an even edge - graceful graph.

Illustration
Consider the graph Tggjo Here t = 9, n = &8 m = 10;
k=max {p,q} = 27; 2k = 54

46 2 48 46 50 4 52 48 0 6 2 50 4 g

34

Figure 3.4: Even edge — graceful labeling of Tqg 1o

Consider the Diophantine equation x;+x, = 54,

The even pairs of solutions are: (s, 2k-s) where s is even
number in [2, 27] ie, (2, 52), (4, 50), (6, 48), (8, 46), (10,
44), (12, 42), (14,40), (16, 38), (18, 36) (20, 34), (22,
32),(24, 30),(26, 28). The even edge - graceful labeling of
Ty 101s given in fig.3.4.

Case (3): t, m are even and n is odd.

Let the vertices and edges are defined as in case (1) (see fig.
3.1).

We now label the edges as follows;

fle)=i+1 for 1<i<t—1,wheniisodd

fle)=2(n+m)+t+i
f(e})=2(n+m)+t.

As we have labeled the edge e; there will be even pair of

for 2<i<t—2 wheniiseven

edges incident with each w; and w,. We label these edges as
was done in case (1).
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There will be n-i-—m—l = n—1
2 2

m . .
+7 even pair of solutions

left out. Out of these, choose any nT_I pair of solutions and
label the edges of K;, by the co-ordinates of the pair. The

other % pairs are wused to label the edges

OfK]Y me

Then the induced vertex labels are

frw, )=2m+m)+t+2i for ]Siﬁ%
frw )=2i-t for %sisr

frov,)=2(m+m)+t
The pendant vertices will have the labels of the edges with
which they are incident. They are distinct and even. Hence
the graph 7, ,, is an even edge - graceful graph.

Illustration

Consider the graph Tsg 0 Heret =8, n =9, m = 10;
k =max {p,q}=27; 2k=54

Consider the Diophantine equation x;+x, = 54,

The even pairs of solutions are: (s, 2k-s) where s is even
number in
[2, 27] ie, (2, 52), (4, 50), (6, 48), (8, 46), (10, 44), (12, 42),
(14,40),

(16, 38), (18, 36) (20, 34), (22, 32),(24, 30),(26, 28).

The even edge - graceful labeling of Tg 9, 1o1s given in fig.3.5.

Figure 3.5: Even edge - graceful labeling of Tg 9 1o

Case (4) : ¢, n are even and m is odd.

Let the vertices and edges are defined as in case (1) (see fig.
3.1).

We now label the edges as follows;
fle)=2(n+m)+t+i—1 for I1<i<t—1 wheniisodd

fle;)=i for 2<i<t—2,wheniiseven

f(e;z+1) =t

These label covers L ; pair of solution. There will be
2

t+n+m—1 t +m—-3 . .
&—1——:%palr of solutions left out.

2 2

. -2 . .
Among these assign " pairs to the edges of K;, in any

order and m—1

pairs to the edges of K ,,..

Then the induced vertex labels are

) =2t m)ri+2(i-1) for 1 £i£%

t+2

frw,)=2(i-1)-t for 5 <i<t
I )=t
The pendant vertices will have the labels of the edges with

which they are incident. They are distinct and even. Hence
the graph T, ,»is an even edge - graceful graph.

Illustration
Consider the graph Ty,
k =max {p,q} = 25; 2k =50.

Here t=10; n=6;, m=9;

Consider the Diophantine equation x; + x, = 50,
The even pairs of solutions are: (s, 2k-s) where s is even
number in [2, 25] ie, (2, 48), (4, 46), (6, 44), (8, 42), (10,
40), (12, 38), (14,306), (16, 34), (18, 32) (20, 30), (22, 28),
(24, 26). These pairs are labeled in T ¢, o graph.

3.2 Theorem

The graph Ty,,, of even order is not even edge - graceful
graph.

Proof

Here p = t+ n +m and p is even if either ¢, n, m are all even
or any two of t, n, m are odd. Since Any tree of even order is
not an even edge - graceful graph by Theorem 2.2 and
Remark 2.1. Hence T, of even order is not even edge -
graceful graph.
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