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Abstract: Graham and Sloane [6] introduced the harmonious graphs and Singh & Varkey [7] introduced the odd sequential graphs.
Gayathri & Hemalatha [2] introduced even sequential harmonious labeling of graphs. We studied even sequential harmonious labeling
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1. Introduction

All graphs in this paper are finite, simple and undirected. The
symbols V(G) and E(G) denote the vertex set and the edge
set of a graph G.

The cardinality of the vertex set is called the order of G. The
cardinality of the edge set is called the size of G. A graph
with p vertices and ¢ edges is called a (p, g) graph.

A graph labeling is an assignment of integers to the vertices
or edges or both subject to certain conditions. If the domain
of the mapping is the set of vertices or edges then the
labeling is called vertex or edge labeling.

Graph labeling was first introduced in late 1960’s. In the
recent years, dozens of graph labeling techniques have been
studied in over 1200 papers.

Labeled graphs serve as useful models for a broad range of
applications such as coding theory, X-ray crystallography,
radar, astronomy, circuit design, communication network
addressing etc. [7 Gallian]

We say that a labeling is an k-even sequential harmonious
labeling if there exists an injection f from the vertex set V to
{k—1,k+1, .., k+2q— 1} such that the induced mapping

/" from the edge set E to {2k, 2k + 2, 2k + 4, ..., 2k + 2q — 2}
defined by /" (uv) = {f(u)+f(v), i J.[(M)Jrf(v) s e.ven are

f)+ fO)+1, if f(u)+ f(v) is odd
distinct.

A graph G is said to be an k-even sequential harmonious
graph if it admits an k-even sequential harmonious labeling.
In this paper, we investigate some results on k-even
sequential harmonious labeling of some cycle related graphs.
Throughout this paper, k£ denote any positive integer > 1. For
brevity, we use k-ESHL for k-even sequential harmonious
labeling.

2. Main Results

Theorem 3.2
The cycle C,, is a k-even sequential harmonious graph for
m23.

Proof
Let {vi, vy, ..., vy} be the vertices and {ey, e», ..., e,} be the
edges of C,, which are denoted as in Fig. 3.1.
Figure 3.1: C, with ordinary labeling
First we label the vertices as follows:
Definef: Vo> {k— 1,k k+1, .., k+2g—1} by
1<i <™ it isodd
k+2i-3
. om+2 .
1<i< 2 ,if m is even
f(vi ) - m+3
<i<m,if misodd
k+2m=-2(Gi-1)
m+4 . . .
<i<m,if m iseven
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Then the induced edge labels are:

1sis’"T+1, if m is odd

2k +4(i-1)
A (e,.): ISiS%, if m is even
M3 i <m, if misodd
2k+4(m—i)+2
m+2

<i<m, if miseven

Therefore, f"(E) = {2k, 2k +2, ..,2k+2q —2}. So, fis a
k-even sequential harmonious labeling and hence, the graph
C,, (m > 3) is a k-even sequential harmonious graph for any £.

Mlustration 3.3
3-ESHL of Cs and 6-ESHL of Cy are shown in Fig. 3.2(a) and
Fig. 3.2(b) respectively.

1
Figure 3.2(a): 3-ESHL of Cs  Figure 3.2(b): 6-ESHL of C;
Theorem 3.4

The triangular snake 7, (n > 2) is a k-even sequential harmonious
graph for any £.

Proof
Let {vi, v, ..., Vpu1, Uy, Uy, ..., U,} be the vertices and
{el, ez, ..., €n, €, €, ..., €, } be the vertices of T, which are

denoted as in Fig. 3.3.

uj Uy ce Up-1 Uy

V1 1%] V3 Vi Vi+1

Figure 3.3: 7, with ordinary labeling

First we label the vertices as follows:
Definef: V—>{k—1,k k+1,.., k+2g—1} by
For1<i<n+1,

f(v) =k+i-2
For1<i<n,

flu) =k+2n+3i-2
Then the induced edge labels are as follows
For1<i<n,

f(e) =2k+2(i-1)
For 1 <i<2n,

f(e) =2k+2n+23i-1)

Therefore, f*(E) = {2k, 2k +2, ..., 2k + 29— 2}. So, fis a

k-even sequential harmonious labeling and hence, the graph 7,
is a k-even sequential harmonious graph for any £.

Hlustration 3.5
(a) 1-ESHL of Ts is shown in Fig. 3.4(a).
12 15 18 21 24

Figure 3.4(a): 1-ESHL of T

(b) 4-ESHL of Tg is shown in Fig. 3.4(b).

Figure 3.4(b): 4-ESHL of T

Theorem 3.6
The graph C,, @ P, (m > 3, n > 1) is a k-even sequential
harmonious graph for any £.

Proof
Let {v, u; 1 <i<m, 1 <j<n} be the vertices and {e; 1 <i<

m+l T

m + n} be the edges where {e —(v.ul) l.:m+3 i misodd
i ’ 2 ’

m+2 which are denoted as in Fig. 3.5.

i= ,if m is even}

V-1

Cml . emt2

Figure 3.5: C,, @ P, with ordinary labeling
First we label the vertices as follows:
Definef: Vo> {k—1,k k+1,.., k+2g—1} by

1<i<” L if s odd

k+2i-3
m+2

1<i< , if m is even

m+3

<i<m, if misodd

k+2m—2(i-1) A
m+

<i<m, if miseven
For 1 <j<n,

f( )_ m+k+j—2,if j iseven
" m+j+k, if jisodd
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Then the induced edge labels are: First we label the vertices as follows:
1£i§m+l, i m isodd Define f: V' — {k—l,k,k+l,...,k+22q—l}by
f+( ): 2k +4(i-1) 2 1<i<* ,when m is even
4 1<i<Z, ifmiseven k+2i-3 21
ma3 f(Vi): 1Si£m+ ,when m is odd
<i<m, if misodd 2
2% +4(m—i)+2 M2 m+4£i£m, when m is even
<i<m, if miseven k+2m—2i+2
m+3 . .
Form+1<i<m+n, <i<m, when m is odd

fe) =2i+2k-2 Flw) =k+2m
Therefore, f"(E) = {2k, 2k +2, ...,2k+2q —2}. So, fis a

._m+2
k-even sequential harmonious labeling and hence, the graph 2<is<

,when m is even

C,@P,(m>=3,n2>1)is a k-even sequential harmonious k+2m+2i-3 ml
graph for any £. f(u,-) = 2<i< ,when m is odd
Ilustration 3.7 m+4 <i<m, when m is even
(a) 1-ESHL of Cg @ P; is shown in Fig. 3.6(a). fetdm=2i+2 m+3 )

3 <i<m, when m is odd

Then the induced edge labels are:

.._m .
ISzSE,whenm is even

2k +4(i-1)
" » f+(ei): ISiszJrl,whenmisodd
10 9 12
m+2 cic h .
Figure 3.6(a): 1-ESHL of Cs @ Ps . =P, Whenm s even
(b) 3-ESHL of Cyo @ P, is shown in Fig. 3.6(b). Zk+dm—4iv2 "o
s <i<m, when m is odd

f*(e,f) =2k+2m

9
2 .
10 " 2Si£m+ ,when m is even
’ , 2k +2m+4i—6 1
f(e) = 2<i<™* ] whenm isodd
13 - 55 14 28 13 30 16 32 15 4 2
Figure 3.6(b): 3-ESHL of Cyy @ P, m+ <i<m, whenm is even
2k+6m—4i+4
Theorem 3.8 m+3 <i<m, whenm is odd
The crown C,, © K, (m > 3) is a k-even sequential harmonious
graph for any k. Therefore, f* (E) = {2k, 2k+2, .., 2k+2qg—-2}.So,fisa
Proof k-even sequential harmonious labeling and hence, the graph
roo C,, © K, (m > 3) is a k-even sequential harmonious graph for

Let {v;, u;, 1 <i < m} be the vertices and {e;, ¢,; 1 <i<m} any k.
be the edges which are denoted as in Fig. 3.7.
Ilustration 3.9

(a) 1-ESHL of C; © K, is shown in Fig. 3.8(a).
7

8

Figure 3.8(a): 1-ESHL of C; © K

Figure 3.7: C,, © K, with ordinary labeling
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(b) 1-ESHL of Cs © K| is shown in Fig. 3.8(b). n+3
13 For <i<n,

S (e) =2k+4n—4i+2
For1<i<mn+1,
f(e) =2k+2n+26-1)
Forn+2<i<2n,
f+(e;)—{ 2k+2n+2i  iodd
2k +2n+2i—4 ieven
Case (ii): n is even

For1<i< n+2 s
13 f(v,) =k+2i-3
Figure 3.8(b): 1-ESHL of Cs © K; N4
For 2 <i<n,

Theorem 3.10
The sunflower graph SF(n) (n > 3) is a k-even sequential S
harmonious graph for any £.

(vl.) =k+2n-2i+2

For1<i< n R
2
Proof f(w)=k+2n+2i—1
Let {v, w;, 1 <i < n} be the vertices and {e;, | <i<mn, e, !
1 <i<2n} be the edges which are denoted as in Fig. 3.9. For n; <i<n,

f(w)=k+6i—4
Then the induced edge labels are:

, f*(ei)=2k+4n74i+2
w3 For1<i<n,
Figure 3.9: Ordinary labeling of SF(n) S (eg) =2k+2n+2(Gi-1)
Forn+1<i<2n,
f*(e£)={ 2k+2n+2i iodd
2k+2n+2i—4 ieven

First we label the vertices as follows:
Definef: Vo> {k— 1,k k+1,...k+2g—1} by

Case (i): n is odd Therefore, f*(E) = {2k, 2k+2, ..., 2k + 2q — 2}. So, fis a
Forl1<i< n+l , k-even sequential harmonious labeling and hence, the
sunflower graph SF(n) is a k-even sequential harmonious

f(v,) =k+2i-3 graph for any k.
For 22 <i<o, Ilustration 3.11

fv) =k+2n-2i+2 (a) 2-ESHL of SF(6) is shown in Fig. 3.10(a).

15 34
For1<i< n_+l s
2

f(m) =k+2n+2i-1

For n;—S <i<n, 17 28

f (W,) =k+6i—4
Then the induced edge labels are:

For1<i< n_—i—l’
2

19

() =2k+4i-4 Figure 3.10(a): 2-ESHL of SF(6)
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(b) 4-ESHL of SF(9) is shown in Fig. 3.10(b).

Figure 3.10(b): 1-ESHL of SF(9)

Theorem 3.12
The graph PC, (n > 3) is a k-even sequential harmonious graph
for any k when # is even.

Proof
Let {vo, v1, ..., .1} be the vertices and {e.

be the edges which are denoted as in Fig. 3.11.

Vo
e e,

Figure 3.11: PC, with ordinary labeling

First we label the vertices as follows:

Definef: V—>{k—1,kk+1,.., k+2g—1} by
k-1 i=0
f(vi) B n—2
3i+k-2 1<i<
2
. n_.
k+3n-3i-1 5<l£n—l
Then the induced edge labels are:
n
+ [+ 2k — 1<i<—
f (e,-): 6i+2k—-6 i 5
2k +6n—6i+2 ”;231'3;1
, n-2
“le ) =2k+6i-2 1<i<
f (’) 2

Therefore, f*(E) = {2k, 2k +2, ..., 2k +2g — 2}. So, fis a

k-even sequential harmonious labeling and hence, the graph
PC, (n 2 3) is a k-even sequential harmonious graph for any £.

Hlustration 3.13
(a) 1-ESHL of PCy is shown in Fig. 3.12(a).
0

20 22

Figure 3.12(a): 1-ESHL of PCg
(b) 4-ESHL of PC), is shown in Fig. 3.12(b).
3

8 - 10
5 6
14 16
N 18 0
20( )22
24
11 12
26 28
30
14 15
32 34

18

Figure 3.12(b): 4-ESHL of PCj,

Theorem 3.16
The graph CH; (n > 3)is a k-even sequential harmonious graph
for any k.

Proof

Let {vi1, vo, V3, vis, | <i < n} be the vertices and {e;, ep, es,
e, 1 <i<m,ap, apn, as, a, 1 <i <n— 1} be the edges which
are denoted as in Fig. 3.15.

Va1 €n4

Ay-11 Ap-14,
1-14
V-
n-11 Vn-14
@1 a4
€24
Va1 Vg
ai1
€14 Q4
V11 Via
et | en-11 | eu| en ez [es |- €13 ens
V12 V13
app, ey a3
ay /vy €2 V23N\3d23
Vi12y/ " * 13
€n-12
a,.12 an-13
v,

n Vn3

€n2

Figure 3.15: Ordinary labeling of CH)

First we label the vertices as follows:
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f(vy) =k+16
fvy) =k+11
For3<i<n,
f(",-z _{8i—4+k—1 i even
8i—6+k—-1 iodd
Then the induced edge labels are:
For1<i<n,
I (ey) = {16i—14+2k—2 i odd
16i—10+2k—-2 ieven
£ (e,) = {16i—10+2k—2 i odd
16i—8+2k—-2 ieven
I (es) = {16i—8+2k—2 i odd
16i—12+2k—-2 ieven
£ (e) = {16i—12+2k—2 i odd
16i—14+2k—-2 ieven

For1<i<n-1,
f*(ay) =16i+2k—8
f(a,) =16i+2k—4
f(ay) =16i+2k=2
f(ay) =16i+2k—6
Therefore, f*(E) = {2k, 2k + 2, 2k + 4, ..., 2k + 2q — 2}.

So, fis a k-even sequential harmonious labeling and hence,
the graph CH, (n = 3) is a k-even sequential harmonious
graph for any £.

Illustration 3.17

(a) 1-ESHL of CH; is shown in Fig. 3.16(a).

16, 36 19

26 28

10 8

34 32 2 8 20 40

w2 24 11\32

17 38 20

Figure 3.16(a): 1-ESHL of CH,

(b) 1-ESHL of CH is shown in Fig. 3.16(b).

2 50 24

42 44,

16 19
26 28

54 4| 22 2 8 20 |40 5

162 6 4N{6

30 12 24 11\ 32

38 20\_4g
46

28 36 27

Figure 3.16(b): 1-ESHL of CH}

Theorem 3.18
The graph Flag FI,, (m > 3) is a k-even sequential harmonious
graph for any k.

Proof
Let {v;, w, 1 <i < m} be the vertices and {e;, | <i<m+ 1,
enr1 = (viw)} be the edges which are denoted as in Fig. 3.17.

w

Figure 3.17: Flag FI,, with ordinary labeling

First we label the vertices as follows:
Definef: Vo> {k— 1,k k+1, .., k+2g—1} by

1Sism;1,ifmisodd
2(i-1)+k-1
f(v,.)= lgigm;rz,ifmiseven
m+3 . . .
——<i<m, if m isodd
k+om-2(i-1) 2
m+4 . . .
<i<m, if m is even
f(w)=2m+k
Then the induced edge labels are:
1<i<™ it misodd
L |4iv2k-4 2
/ (e,.)— lﬁisg, if m is even
m+3 . . .
<i<m, if misodd
2k +4m—4i+2 22
mt <i<m, if miseven

FH(ww) =20m+1)+2k-2
Therefore, f*(E) = {2k, 2k+2,2k+4, ..., 2k+2g —2}. So,

fis a k-even sequential harmonious labeling and hence, the
graph flag Fl,, (m > 3) is an k-even sequential harmonious
graph for any k.

Illustration 3.19
(a) 2-ESHL of Flg is shown in Fig. 3.18(a).
14

18

8

18

Figure 3.18(a): 2-ESHL of Flg

Volume 5 Issue 10, October 2016

Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20161980

1281



International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2015): 6.391

(b) 3-ESHL of Fls is shown in Fig. 3.18(b). References
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e €n-1\ ©€n

u U Uy Uy

Figure 3.19: K, , with ordinary labeling

First we label the vertices as follows:
Definef: Vo> {k— 1,k k+1,.,k+2g—1} by

For1<i<n,
fu) =k+2i-2
flu) =k-1
Then the induced edge labels are:
For1<i<n,

f(e) =2k+2(i—1)
Therefore, f™* (E) = {2k 2k+2,..,2k+2g—2}.So, fisa
k-even sequential harmonious labeling and hence, the star

graph K, (n = 3) is a k-even sequential harmonious graph
for any £.

Iustration 3.21
(a) 4-ESHL of K, s is shown in Fig. 3.20(a).

3

8
19 12| 14\ 16

4 6 8 10 12
Figure 3.20(a): 4-ESHL of K 5
(b) 1-ESHL of K, ;7 is shown in Fig. 3.20(b).
0

2
Y 6/ sl 10\ 1I2\14

1
3 5 7 9 11 13

Figure 3.20(b): 1-ESHL of K, ;
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