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Abstract: The anisotropy in the low temperature thermal expansion of Cg is analyzed theoretically. The generalized Griineisen
parameters (Gps) of the elastic waves propagating in different directions in Cgy are calculated using the second-order elastic constants
and the first-order pressure derivatives of the second-order elastic constants. The expressions of effective second-order elastic constants
are used to evaluate the six third-order elastic constants of the Cgy system. The third-order elastic constants of Cg, thus obtained are
negative. The values of generalized Griineisen parameters are positive. The Brugger gamma is calculated and the low-temperature limit
of Griineisen gamma is determined using the procedure of Menon and Ramji Rao. The value of low-temperature limit of Griineisen
gamma is positive. Therefore we expect volume expansion to be positive to absolute zero for Cg, system. The anisotropy of thermal

expansion along the three axis of crystal is less.
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1. Introduction

Cgo molecule, which has icosaheadral symmetry[1], has a
structure of soccer ball with the C atoms situated at each
vertex, forms a close-packed molecular solid [2]. At room
temperature Cg crystallizes in FCC structure with space

group Fm3m [3]. The unit cell of C4 contains four
molecules. Fullerenes are stable, cage like molecules that
constitute the third form of carbon; the other two forms are
diamond and graphite. This is a solid characterized by equal
angles and all faces in the regular polygon. Since the
discovery of the method for producing bulk quantities of
Ceo, fullerene science has spread out rapidly in to solid-state
physics, molecular physics, chemical sciences and material
sciences [4].

The elastic moduli, thermodynamic potential, specific heat
and the Griineisen parameters are some of the fundamental
characteristics of a solid. The study of these properties is
essential to the understanding of Cg4 [5-12], The discovery of
carbon nanotubes [13] and the new method of producing
them stimulates great interest in these materials [14]. The
Griineisen parameter [Gp], is one of the several methods of
determining the anharmonicity in a solid [15].

The present objective is to study the thermal expansion and
the Griineisen parameters of Cg. We have calculated the

generalized isothermal =~ Griineisen ~parameters Y,  for

acoustic modes. This is achieved by means of the third-order
elastic constants of Cg, obtained from second-order elastic
constants and first-order pressure derivatives of second-
order elastic constants. The mode Griineisen gammas for Cg,
can be derived from the effective second-order elastic
constant expressions.

2. Theory
2.1 Third-order Elastic constants of Cg

Third-order elastic constants quantify the lowest order
anharmonic properties of solids such as thermal expansion,
temperature and pressure dependence of elastic constants
and interactions of acoustic and thermal phonons. The third-
order elastic constants can be determined using the finite
strain elasticity theory of Murnaghan [16], where the elastic
stress is nonlinear with elastic strain. From the higher order
elastic constants, on the basis of continuum approximation,
it is possible to calculate the scattering of phonons with the
aid of nonlinear elasticity theory. The expression for the
effective second-order elastic constants and its pressure
derivatives for the strained crystal in cubic system are given
by Ramji Rao and Rajput [17]. The pressure derivatives of
the second-order elastic constants are in terms of higher
order elastic constants up to third-order. As this Cgy has 3
independent second-order elastic constant, we have obtained
3 equation of effective second-order elastic constant in terms
of strain component. We have calculated the complete set of
6 independent third-order elastic constants and they are
presented in Table 1. All the third-order values obtained are
negative.

2.2 Low-temperature thermal expansion of Cg

The linear thermal expansion coefficients denoted by o can
be expressed as

Vo = [(S]l + 2812) §L (T)]Cv

= ’YBI Cinso(l)

Here S are the elastic compliance coefficients, V is the
molar volume, C, is the molar specific heat in the T region,

and y(is, 1s the isothermal compressibility. Y (T) are the low-
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temperature limits of the effective Griineisen functions. yBr
is the average or effective Griineisen functions in the
notations of Brugger and Fritz [18]. The effective Griineisen

function can be defined as
1

(M= 2 7@.HC.@.) | X C@d| @

These effective Griineisen function is weighted averages

of the generalized Griineisen parameters Y(q,]). q is the
wave vector and j is the polarization index. C,(q,j) is the
contribution of a single normal mode of frequency ®, wave
vector q and polarization index j to the specific heat of the
lattice Y(q, j) is given by

_Ologw(q, ))

Ologe

Where € is a uniform and strain in the Bessel plane. Here,
instead of choosing arbitrary strain components in defining
Gps, we choose such strain that leave the symmetry of
crystal unchanged. Here we use the Langragian strain
parameter nj, which are in place of volume change, are

selected such that i=j (where I==1,2,3), in the quasi-
harmonic approximation.

Y(q,]) = 3)

At low temperature, the Gps of the elastic wave frequencies
determine the anisotropy thermal expansion of a uniaxial

crystal and the effective Griineisen functions approach the
limits
-1

Y= [ 27 0.9V, (0.9)d @

Here V(0,0 )is the wave velocity of elastic wave of
polarization index j, propagating in the direction (0, ).
Y;is the Gps of this acoustic mode. The Griineisen

parameter for the acoustic modes can be calculated using the
second-order elastic constants and third-order elastic
constants and hence the low temperature limits of Gps can
be obtained from the procedure of Menon and Ramji Rao
[19]. In cubic crystal, it is assumed that Gps and acoustic
wave velocities depend only on 0 and are independent of the
azimuth @ .

The average effective Griineisen function in the notations of
Brugger and Fritz in equation (1) are expressed as

v s, +2sovkel @
2.3. The mode gruneisen gammas of Cg, system

The general Thurston and Brugger equation for wave
propagation is [20]

Poa)zui = 4r° ZqulYk Lcik,jl + ngn (Cik,jl,mn + Cik,n|5mj + an,jlé‘mi + Ckl,mnéij )J (5)

il

Here Y,’s are the component of the arbitrary direction in
which the wave is propagating, U,’s the components of

displacement. ® is the angular frequency and p,is the

density of the crystal in the unstrained state. The Cj;q and
Cymn values are the second-order and third-order elastic
constants respectively. From the elements of the secular

determinant formed by the coefficients of U;’s, the

expression for the effective second-order elastic constant in
terms of the strain component € are obtained as

' 8'
Cll :Cll +|:(C111 +2C112+3C]l +2C12)3j|

, g (6)
C,=C,+ |:(2C1 12+ Cs— C11)3:|

' 8'
C44 = C44 + |:(2C155 + C144 + 2(212 + Cll + 2C44)3:|

Here the C;; and Cjy are, respectively, the second-order and
third-order elastic stiffness constants in Voigt notations.
The general expressions for Gp from the determinantal Eq.

(4) are
— 0 0 )
L [Xjag,(A+B)J—[aS,(AB—C)J o
i 2§j [Zij —(Ko +EO )J

where
A=C, sin’0+C,, cos’0,

' ain2 ' 2
B=C,sin"0+C,,cos” 0,

C= sinOcosO(C'12 + C'44)
and
Xj :pOij(O,(p).

Here we made use of the calculated values of Cj and Cij
(given in Table 1) for the calculation of Y i The wave
velocities and the Gps for the elastic wave propagating at

different angles 0 to the axis of Cy are given in Table 2.
Fig.1 gives the plot in polar coordinates of the generalized

Griineisen parameters 7Y ; for acoustic mode as a function of

angle 0, which the direction of propagation makes with the
crystal axis.

3. Results and Discussions

The low temperature limit of the Griineisen parameters
obtained in the present work for the cubic compound Cg,
have been compared with available results. An important
feature of the Griineisen parameter in Cgis that all the mode
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gammas are positive. Fig. 1 shows the variation of

generalized Griineisen parameters Y j(9) as a function of

angle O for Cg The generalized Griineisen parameter for

elastic waves propagating at different angles O for the
crystal axis in the Cg system is summarized in Table 2. The

acoustic mode of Griineisen parameter v,
minimum value of 3.32 at the both angles 0=0 and 90°. It
O = 45°. While the

acoustic mode Y, assumes a minimum value of 0.54, at 0 =

assumes a
has a maximum value of 3.43 at

45" and a maximum value of 3.35 at both the angles 0=0

and 90°. 3.35 is the maximum value of Y , obtained both at

0=0 and 90° and has a minimum of 2.95 obtained at © =
45°. 1t is seen that the transverse acoustic modes and
longitudinal acoustic modes are equal in the case of this
cubic crystal Cgp,

Rao and Venkatesh [3] have estimated the Griineisen
parameter using the eclastic constants of Cgy Rao and
Venkatesh [3] also calculated the second Griineisen

parameters Y, as 3.3, which are given in Table 3. White et

al.[15] calculated the over all Griineisen parameter as 3,
using the relationship between the frequency of the mode

—dlogo,
dlogV

The result obtained in the present work for the low
temperature limit of lattice thermal expansion for cubic Cg

®; and the volume V, using the relation y; =

is v, =2.8, which is in good agreement with the results

obtained by Rao and Venkatesh [21] and White et al [15].
For C¢ we observe that at low temperatures the Cg
molecules show a high degree of anharmonicity. This causes
the deviation of the anharmonicity. The high degree of
anharmonicity in Cgy shows that Cq molecules have an
incompressible hard core.

4. Conclusion

The mode Griineisen parameters of Cg for different acoustic
wave propagation direction have been calculated. The results
show that the thermal expansion anisotropy of the material is
less for various acoustic modes. The average Griineisen

function yBr is 0.94. The Griineisen parameter studies

provide insight into the more or less isotropic nature in the
thermal of Cgy. The low-temperature Griineisen gamma is
positive, so we expect volume expansion to be positive
down to OK for Cg.

Table 1: Second-order and third-order elastic constants of Cg, in units of GPa

Cll Cl]

Reference

C44 Cin

Ci: Ciz Ciz G Cusc

Present Work 149 62 6.2

-624 162 162 90 90 00

Table 2: Generalized Griineisen functions for elastic waves propagating at different angles 0 for the crystal axis in the Cyq

system
0 1, Pon2 Y, PoV22 15 PoV32
0 | 332| 149 |3.35 6.2 3.35 6.2
5 1333 | 150 [327| 6.2 3.34 6.1
15 336 | 154 [2.65 6.2 3.25 5.6
251340 | 16.0 [1.70| 6.2 3.12 5.0
35 (342 165 |087]| 6.2 3.00 4.5
45 |1 343 | 16.7 [0.54| 6.2 2.95 43
55342 165 |087]| 6.2 3.00 4.5
65| 340 160 |1.70] 6.2 3.12 5.0
75 | 3.36 [ 154 |2.65 6.2 3.25 5.6
85 | 333 150 |3.27| 6.2 3.34 6.1
90 | 3.32 149 |3.35 6.2 3.35 6.2

Table 3: The values of the Griineisen parameters Y5 and 7, for Cy

Y Br Y Rao and
L .15
Venkatesh® White
Present work | Present work
0.94 2.8 3.3 3
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Figure 1: Variation of the Generalised Griineisen functions Yy i () as a function of angle 0 of the Cg4 system
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