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Abstract: On the setting of the unit ball, we characterize compact Toeplitz operators on pluriharmonic Bergman spaces
b1*t=, 0 << & << oo, in terms of the boundary vanishing conditions of the Berezin transform and certain differential quantity of
the symbol. As a consequence, we characterize Mf-harmonic and radial symbols of compact Toeplitz operators.
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1. Introduction

Let B be the open unit ball of the complex F1-space L™
and ¥~ denote the normalized Lebesgue volume measure on
1+ _ y14¢
B.For0 =g << oo letlL =1L (B,V) be the
usual Lebesgue space and put

lulliee = (f 1F11H=av)™*
for £ & L*+<. The Bergman space A**= is a subspace

of L1T€ consisting of all holomorphic functions on B. A
function . € €2 (B is said to be pluriharmonic if its
restriction to an arbitrary complex line that intersects the ball
is harmonic as a function of single complex variable. So,
every pluriharmonic function is just harmonic on the unit
disk. The pluriharmonic Bergman space b€ is the
subspace of L1 += consisting of all pluriharmonic functions
on B. It is known that A1*€ and b1*= are closed
subspaces of L*= and hence are Banach spaces. Clearly,
A1+E — b1+ =

We let P: L2 — A% and Q: L* = b? be the Hilbert space
orthogonal projections respectively. As is well known, P is
the well known Bergn}arjlllI projection given by

— elw.

Po(2) = f; o dV(w)
for functions @ € L*. Here, z.W = zywy + -tz W,
denotes the Hermitian inner product on ™. Also, it turns
out that €2 is an integral operator represented by

1
Qp(2) = f ((1 —wor  A—zw)

for functions ¢p € LZ. These integral formulas for P and
@ allow us to extend the domains of P and (J to L*. Note
that {J can be rewritten as

Q(w) = P(p) + P(p) — P(p)(0) €]
for functions @ € Lt

1) @ (w)dV (w)

Let u € L', The (Bergman space) Toeplitz operator
T2:A1Te —» A1+ with symbol w s the linear operators
defined by
LY f = P(uf)
for f € ATFE with uf € LY.

Also, the (pluriharmonic Bergman space) Toeplitz operator
T,:b1F= — b1+ with symbol w is defined by
T.f =Qf)
for functions f £ b1+E with uf € Lt Clearly, T,& and
T,, are densely defined and not bounded in general.

For z € B, we let k£, be the normalized holomorphic
Bergman kernel givqlr}r by
(1-]z]%) =
k) =3 (wen),

Given a bounded operator T~ on .A1+= or pr+=, the

Berezin transform T is a function on B defined by
T(z) =(Tk_ k.Y (z€B).

Here and else where, we use the usual pairing

f.gy = [ rgav

whenever g e L™ Givenw & [*, wenote T, — T.,.
Thus we let ii denote the Berezin transform of T, or T,,.
Note that

fi(z) = fs ulk_12dV (z € B)

In this paper, we are concerned with a characterization
problem of compact Toeplitz operators on the pluriharmonic
Bergman spaces 1% of the ball. Recently, this problem
has been studied on the Bergman spaces and harmonic
Bergman spaces of the unit disk.

Axler and Zheng [1] proved that if T equals a finite sum of
the form T2 ..TE& where each 1¢; is bounded on the unit

disk, then T is compact on A2 of the unit disk if and only if
the Berezin transformon T  vanishes on the boundary of the
unit disk. Later, this result was extended to the unit ball and
bounded symmetric domains in [2] and [3] respectively.
Recently , Miao and Zeng, [4] considered the same problem
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for bounded operators on A1+=, 0 << £ << oo, of the unit
disk with certain integrable conditions and proved that the
operator under consideration is compact if and only if the
Berezin transfom of the operator vanishes on the boundary of
the unit disk. As consequence of the result, they extended the
result of Axler and Zheng [1] to all A1¥5, 0 << & << oo,
and more general symbols in the class BT. (see the below
for the definition).

The corresponding problem has been also considered for
Toeplitz operators on the pluriharmonic Bergman spaces.
Stroethoff [5] proved that a Toeplitz operator with bounded
radial symbol is compact on B2 of the unit disk if and only if
the Berezin transform of the symbol vanishes on the
boundary of the unit disk. In [6], the same was proved for
positive symbols in 1,1. Recently, K. Guo and D. Zheng [7]
characterized compact Toeplitz operators with bounded
symbol on B2 of the unit disk in terms of the boundary
vanishing condition of the Berezin transform and certain
differential quantity of the symbol.

Welet BT be the set of all functions £ & r.2 for which

Ifllsr = sup,eslii(z)] < oo,
Note that L™ < EBT.

In this paper, we consider the same characterizing problem
of compact Toeplitz operators with symbols in BT on the
unit ball. In Section 2, we first show that symbols in BT
induce bounded Toeplitz operators on A41+= and hl+=
respectively for O << € < oo. (see Theorem 4). In Section
3, we will extend the result of Miao and Zheng [4] to the ball
(see Theorem 7). As an application, we characterize the
compactness of Toeplitz operators with symbols in BT on
AL+=. In Section 4, we will use the result In Section 3, to
obtain a characterization of compact Toeplitz operators with
symbol in BT on h1*5, (0 << € << oo, in terms of the
boundary vanishing condition of the Berezin transform and
certain differential quantity of the symbol ( see Theorem 17).
This result extends the result in [7] where £ is assumed to be
1 and all symbols are assumed to be in L™ . As applications,
we obtain characterizations of M -harmonic and radial
symbols in BT for which the corresponding Toeplitz
operators are compact. See Corollaries 18 and 19.

2. Toeplitz Operators With Sympols In BT

Throughout this paper, we will often abbreviate inessential
constants involved in inequalities by writing 4 = B for
positive quantities A and B if the ratio A /B has a positive
upper bound. Also, we write 4 ~ B if A = B and

B = A. Given € € (1,00), we let (1 4+ €) be the
1

conjugate exponent of 1 + £ i.e. 2 4 .
(1+e)

1+e
Forz,w € B ,z = 0, define
) z—|z|2(w.2)z —+/1—|z|* [w—
W)=
@= 1-w.z
and g {w) = —w. Then each ¢o_, is a biholomorphic
self-maps of B and ¢g_ © ¢o_ is the identity on B. We also

have
1_ 2 1_ 2
1 lo.w)P? _ -1z - lwl*) .

11— z.w|?

|z]72 (w.2)z]

w € B) (2)

See Section 2 of [8] for details. The pseudo hyperbolic ball
E.(z) with center z € B and € (0,1 is defined by
E_(z) = @_(rB).Itis well known that

V(E.(2)) ~ (1 — |zI>)™** (3)
forevery z € B.

Proposition 1. Let 0 = € << oo, 7 & (0,1) and pt be
a positive Borel measure on B'. Then the following quantities
are all equivalent.

fe If1**Edu

Ig Ifliteay

®) sup [, |k;|>dp

=zER { {zj}
LN By )
(©) sup viE-(2))

zeR
+e

d f5 If1*+€ap
(d) supgifebﬁe fB Flireay
Proof . The equivalences of (a), (b) and (c) are well known.
See [9] for example. Note A1+ — B1+=. So, to
complete the proof, we only need to show that
fo I eau _ (5 G)
fplflrrear ~ g v(E =)
Let £ & b1*=. By Proposition 10.1, of [10] and (3), we
have

(@) SUPg,freat+e

SUPgzrept+e

E F )l

P 5 f, ) B avon) 5
|_;I"'iw:]|

fEr(z] vI(E-(w)) dV(WJ

for all z & B. Note that XE, () (w) = XE, () (=)
for all =, w & B. Here, the notation ¥ denotes the
characteristic function of F < B. It follows from Fubini's
theorem that

J'f'”fdus”%l(ﬁ%)l”

£ G l+e Er 1+e
ZHMJ( z)|f(w)] (z)dV(w)=f#( l(/vg)l(f;;;)l o)

4V (w)du(2)

ﬂ(E ( )) l+e
“wite)

This completes the proof.

Given 0 =Z € <Z oo, it is well known that P is a
bounded projection from L1+ onto A1+=. We let A3*<
denote the space of all functions £ in A**= such that
F(0)= 0. As is well known,

every pluriharmonic

functions £ on B has a unique decomposition
u=f+ g where f,g are holomorphic and
F(0) = 0. Furthermore, if u € b**5 then both

f,g € AYS; this is clearly a consequence of the L1 =-
boundedness of the Bergman projection 2. So, we have a
decomposition

b1+|‘_= — Aé+e _|_Al+e.

Proposition 2. For 0 << € << oo, @ is a bounded
projection from L1 *< onto b1+ <.

Proof . First note that |F{0)| = [|F |4+ for every

F € A= Since Qf = Pf + P(f) — P(F)(0)

Volume 5 Issue 1, January 2016
Www.ijsr.net

Paper ID: NOV152678

Licensed Under Creative Commons Attribution CC BY

406




International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2014): 5.611

for every f € L**< by (1), we have by the L1*=-

boundedeness of P,

Wilc= P 2)-200] <P, 0
Pl

for every f € L**<. Hence @ is bounded from L1*<
bl+§

into
. . S 1+e
Using the fact that P is a projection from L onto

A**E and the decomposition BT = AFFE + A1+e,

we see @ is a projection from L**% onto b+ €. The proof
is complete.

It is known that the dual of 41+< is A2*=) ynder the
pairing <Z, >>. Also, we have the analogous dualities for
harmonic Bergman spaces.

Proposition 3. For 00 << € << oo, the spaces h**< and
pli+er

are dual to each other proposition under the
pairing <<, =>.

Proof . This follows from the Hahn-Banach extension
theorem and the LY boundedness of (). This completes
the proof.

The next theorem says that symbols in BT induce bounded
Toeplitz operators on both A**= and b1*= for

0 < e << oo.

Theorem 4. Let it & BT and 0 < € << oo, Then
T2: A% — A1+ is bounded and
ITZN = llullgy. Also, T,:b** — b1t s
bounded and || T, || = ||u||ET

Proof . Let £ € b**< and g € b“*+<". By HOlder's
inequality and Proposition 1,

T 90 = luf, )] < J ufg)lav

B

1 1
1te 1+e)
< (J |f|1+e|u|dv) (f |g|(“f)'|u|dV)
B B

5 lulr 1f llscllglless e
Hence, by Proposition 3, T, is bounded on h1+=.

Since the dual of AY1*S is A*+<Y  the similar
argument can be applied to prove the boundedness of 1,7
on A1*= The proof is complete.

Corollary 5. For € = 0, @ is a bounded frgeition from
L1+E onto (_b) 1+f_=_
Proof note that
F e ArFE, Since

San->rs, +ZPU}) S P

IFCO)] = |IF|lz for every

=1 =1 =1
for every f; EL1+E We have by the  L1+=-
boundedeness of P,

ZIIQJSIIHE anm mn

ZIIPEIIM Zums Zm ©) ZIIPEII
$Zu}s—um

for every fr c L1¥=. Hence (Q is bounded from L1+=

into 1€,
Using the fact that P is a projection from
P: L — AY*= and the decomposition

b1te = A + AT*S Hence Q is L**¢ —

is a projection from [11]. The proof is complete.

bl+€

(3) Compact Toeplitz Operators On 41+<

In this section, we characterize compact Toeplitz operators
with symbol in BT on A1+ in terms of the boundary
vanishing property of the Berezin transform of the symbol. In
fact, we generally characterize the compactness of bounded
operators on A %= with some integrable condition in terms
of the boundary vanishing property of its Berezin transform.
Our method will be based on a recent result of [4] where
J.Miao and D. Zheng proved the same characterization on the
unit disk.

For each point = & B, let U/ be the operator defined by
U.f = (f © @_)k_. Then, one can prove that each
U_, is bounded on A**= for € = 0. Given a bounded
operator T on A**€ £ = 0, we define an operator T
by T, = U_TU_. Note that
Togp.=T., (z€B) 4)
This was proved in lemma 3 of [2] for € = 1. But, the
same proof works for all 1 + €.

Lemma6. Forz € B, creal, & = —1, we define
TERY:
L) = [, —2 _avw),(z € B).

11— z.|n+1+T+c
If ¢ << 0, then [, is bounded on B. If ¢ == O, then
I_.(z) = (1—|z|*) “as|z| = 1.

Proof . See Proposition 1.4.10 of [8].

For z € B, we let K, be the holomorphic Bergman
kernel given by
1

HZ(W] = m , I:Z = BJ

Using Lemma 6, we see for each O << £ <Z oo |
mn+1i

1K ll14e & (1 —|2]?) Grer (5)
forz €EB.

Using the power series representation of (., we can write
T for a bounded operators T on A1*¢ as a power series:

Tw) = (1 |w|2)ﬂ+lzcacﬁ (Tw® wh)z%wh,  (weB)(6)

a.f
where €, = (n+ 1 + |yDl/nly!.
Lemma 7. Let 0 << &€ << oo, Suppose
T:A**s — A*+*= is bounded for which
suplIT 1], < oo

=zeRB

for some 771 = 1. Then T (2) — 0 as |z] — 1 ifand
only if for every t € [1,m), ||[T.1]l; — 0 as
lz] — 1.

Proof First suppose that for any
te[1,m)]|IT |l = 0 as |z] — 1. In particular
NT.1]|l; — 0 as|z| — 1.Hence

Thus, we have T(z) — 0 as |z| — 1.
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Now  suppose T"Ez] —=0 a |z — 1. Fix
t € [1,m) and show, "Tz]-"t — 0 as|z] = 1.
By (5), we note that

(Tefl|= (- B o b og )
<[ IR el e 11

for any z € B a, 3. Hence
|{TZW'I,W'E }l is uniformly bounded for z € B and
multi-indices &, [3. By (4) and (6),

and multi-indices

T(g,w))=T,(w)=(1- |w|2)““ZCaCﬁ <{Twe®wh)z%wf (z,w€B)
af

Since |gp.{(w)| — 1 as |z| — 1 for each w € B,

by the same argument of the proof of Lemma 14 of [4], we

can show that {Tzl, W‘I} — 0 as |Z| — 1 for every
multi index &. For W € B we note that

(ToDW) — (L LK) — D CalTal, wwe

Also, the same method as in the prccr)of of Lemma 14 of [4]

can be applied to show that [|T. || — O as|z| — 1.
The following is the main result of this section.

Theorem 8. Let 0 <2 £ =Z oo and

(14+€), =min{l + ¢ (1 + &)} Suppose T

is bounded on A**< for which

supl|T1ll,, < o0 and supl|Ts 1],

=ZER =eEB
for some 11 = . Then 7" is compact on A1¥¢

< O
n+2
(1+e),—1
ifandonlyif T(2) — 0 as|z| — 1.
Proof .

note that v
T(Z) = (Tkzj kz) = (1 - |Z|2]n+l<THzJ Hz) N <T_Z’—Z)
”Hz"l+f "Hz"(HE]’

for every z € B. Since K_ /|| K.|l1+c — O weakly in
Al a5zl = 1, wehave T(2) — 0 as|z| — 1.

Suppose TI:Z] — 0 as |Z| — 1. By Lemma 7, we
have ||[T. ||l — O as |=z| — 1 forevery t € [1,1m).
Fix € such that n+2 = f == 711 in the rest of the

First suppose T is compact on A1*<. By (5), we

K

(1+e)y—1
proof. To prove the compactness of T°, we first note that

(T*Kw)(zj = (T*KWJKZ) = <HWJTHZ> = (TKzMW) ) (Z;W E B) m

It follows that

(TH)w) = (T, K} = (£, 17Ky} = f f2) (T°K,,)(2)dV (2)

-[romman @
B
for every f € A1*<. For each O < + << 1 , define an
operator T,. on 41+= by
Lrew = [ 7@ TERIWavE,
rB
By (5), we have

(weB)

(1+e)-1

f ( f ITK, (W), (@) dV(w) av(2)

(14er—1
< f U |rf<z|1+de) V() < J T [ 1822 v z)

rB
"T"(1+e]*
<IN [ v < g

for each 7. Using Exercise 7 on page 181 of [12], we see
that each T,. is compact on A41*+=. Hence, to prove the

compactness of T, we only need to that
IT —T.]]| — 0asr — 1.Note that

[(T—T})f](W)=f f@ATw,2)dV(z),(wEB, fEA™)
B

where T (w, 2) = (TK_.)(wW)y,(2) and
Xr = X\rp. Let h(z) =

_ m+1da+e);—-1)
T (m+2)X1+e),
Note that

THZ (W) -

show

where

1
(1—]=z]2)=

Tz 1 [z Cw ) ez ()
e
(1-I=zI2) =

, (zzw € B)

Using (2), we see

Ikz(wﬂ h(z)l+e(1 _ |w|2)—af(1+eJ
T+l = T e ,(z,w €B)
(1-1z2)Z (1—|g,(w)|?)ab+e [1—zw|
Since the real Jacobian of ¢, is |k_|? and

kz(@sz])kziw] = w for every Z, W € B, we
have by a change of variables and Holder's inequality,

. |TK,) 09) 2
f o eV - | Tl

J |T1 qoz[w k (w)|
B

|W|2)a(1+e]

dV(w)
XE\TE (Z)

2T
XE\TE [Z)

- il
1= 1d)T s
= Ios@h(2) J

B

1
= Iaya(Dh(2)'* U ITzllth) (
B B

On the other hand, since

dV(w)

L 1wk (0. w))| Ik, (w)[?

(1 g (w)[2)=0+)

T 10w)|(1— [w|?)«G+2
(1 _ Z.W)’” 1-2a(1+€)

dl(w)

dl(w)

1

+
dV(w))

< t < 11, One can
(1+el; -1

easily check that —cx (1 + €)t => —1 and
t(n+1-2a(l+¢e)>n+1—a(l+er

It follows from Lemma 6 that

2]—a'1+£}1‘*
sup.es J,

Hence

(1 _ |W|2)—a(l+e]t
11—z W|:{n+1—2a(1+e))

n+2

—lwl
|1 = w|r|n+1 2ol 1+eE)

7dV(w) < oo.

J |T(w, 2)| h(w)***dV(w) § h(2)*** sup [T, 1ll;,(z € B) (9)
B

r<lzl<1
By (7), we note (T*K,,)(z) = TK_(w) for all
Z,w & E. The similar method we have done above gives

f T(w,2)| h(z)** dV(2) = f ITH; () 2| ()

( | |2) alt+e)
I(T"K,) @), (2)| R
- | e 0 €00 s, v .00
Now, the well known Schur’s test (see in Theorem 3.2.2 of

[13] for example), together with (9) and (10), implies that
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1 1

1+e . M+er
IT-T. < ( sup ||?;1||t) (suplizs11l,)
r<lzl<1 weR
Since 1 < — "2« ¢ < and ||To1]l. — O,
(1+e),—1

as |z] = 1 wehave ||IT — T,.]| =0 a7+ — 1. So,
T is compact on A% .The proof is complete.

As an immediate consequence of Theorem 8, we
characterize compactness of operators T" on A1 *+= where T
is a finite product of operators of the form Tlfl quk
where each w; = EBT. Before doing this, we first have a

couple of lemmas.
Lemma 9. Let u € BT and 0 << € << oo. For each

z €B, T, is bounded on _g42+=. Moreover,
T, || = Cllullgr  for  some  constant €

independent of Z.
Proof . By Theorem 4, we have

Il uoqu" =< C|lu o @_.||gr for some constant €

independent of Z. Note that 1 O @, = 1L © ¢, for all
z € B . Hence

lluo @.ll5r = suphi o @, (w)| = suplu(f,oz(W))l = |lullsr

wEB
The proof is complete.

Lemma 10. Let O < € <2 oo and T be a finite sum of

operators of the form qui . quk where each u; € BT .
Then,

sup||T.1ly+e <o and sup||T;1l;,. < oo
ZER ZEEB

forevery (1 + €) € (1, c0).
Proof . Let (1 + €) € (1,90) and 2 € B. Without

loss of generality, we may assume 7" = qu . Tﬂ

note that U_ U is the identity and {J_ T:U, Tiﬁ o@y
for each L. It follows from Lemma 9 that

IT e = T8 00, - Tiog, |l ® s llor -l llsz
Since ||ii; |l = ||u1||BT and T = T,Ek "T‘El’
we also have

I7z1ll;4e = " oz = uiogozll Jee 5 llugllpr - ey ll57

The proof is complete.

As consequence of Theorem 8 we have the following.
Theorem 11. Let O << € << oo and T be a finite sum of
operators of the from Tifl quk where each u; € BT.

Then T is compact on A1*€ ifand only if T(z) — 0
as |z] — 1.

Proof . This follows from Lemma 10 and Theorem 8. The
proof is complete

Corollary 12. Let 0 << € << ©© and w € BT. Then
T,2 is compact on A1*€ if and only if #i(z) — O as
lz| — 0.

4- Compact Toeplitz Operators On h1+=

In this section we consider the same characterization
problem on the pluriharmonic Bergman spaces. We will use
Corollary 12 to characterize BT-symbols of compact
Toeplitz operators acting on B1+= for O < € << co.

Before proceeding to this, we need to introduce certain
Hankel operators.

Given w & L', the litle Hankel  operator
h,: A" — A1%< with symbol u is definied by
h,(f) = P(u f)

for functions e Ar*+s n L==. The operator h, is
unbounded in general and densely defined.

The Bloch space B is the space of all holomorphic
functions f on B for which the quantities

SUpep (1 — IZIQ) [VF(z)| < oo

where 7 f = ( i is the complex gradient of

le azn
f - The little Bloch space B, is the subspace of B for which
the additional boundary vanishing condition
lim (1 — |2|2)|Pf(z)| = O holds.

The following lemma shows that the boundedness and
compactness of the little Hankel operator can be
characterized by Bloch functions.

Lemma 13. Let . & L* and 0 << € << oo. Then A, is
bounded on A**= if and only if P, € B. Moreover, h,,
is compact on A1 *< ifand only if B, € By.

Proof . In the case of 72 = 1, it has been proved in [14]
that for holomorphic , ., is bounded on A1*= if and
onlyifue € B, and h,, is compact on A1+ if and only if
u € B But, this result can be easily extended to the ball.
On the other hand, since f1,, = hp,,, we have the desired
result. This completes the proof.

We remark in passing that given & € BT in Proposition
3.2 in [15] implies £, € B. So, by Lemma 13. A, is
bounded on A1*= for all 0 =< € = oo. Also, the same is
true for i because T & BT
Lemma 14. Let w & BT and O << € =Z oo. Then the
following statements hold for every f € A**< and
g€ Ad+ek

@ (T.f.g)=ATIf.g)

(© {TufJ g} = {hufJ .g}

A (T.F, gy = (g. TEF)

Proof . Fix f € A" and g € A+ We first note
that P (2ef )(0) = P(aef)(0) - It follows that

(L., 0= {0(uf), ) = PCaf) g} + (P(uf ) 9) - Puf) O 1 g)
= (1%f,9)+ P(uf J0)3(0) - PCuf ) (O)3(0) = (T, g)

and hence we have (a). Similarly, we see

(1f,8)=Q0uf).3) = (Pl 31+ P uf) ) - Paf) 0L )
= Puf)(0)g(0) +{g,Puf)) - Puf)(0)9(0) = (g.haf)

Hence (b) follows.

Also, the remaining two cases can be proved by similar
arguments. This completes the proof.

Given 0 < € <C ©0 and a pluriharmonic function
u=fFf+ge A3 < + A1*=, wecansee
HFlliee + lglliee = llulliec.

Proposition 15. Let 0 << € << o0 and . € BT. Then
we have

T fllise = TS Fllise + Mngfllise

and
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|9 | U | | PR 0 o P
forevery f € A=
Proof . Fix f € A**<. By Lemma 14, we have

{TufJ a —+ Ei = {Tuaf.l ﬂ.} + {b.' hﬂf}
foreverya + b € b+ 1t follows that
"Tuf"1+5 = _Sl;P+E) |{Tufia + E}l = _SUP+E} |(Tuafn a)+ (b, hﬁf)l

a+beb
lla+Bll; 1+5).<1
(TEf a)l + sup
aca(1+e) beali+e)
lall (1 4ey2e14e 51l (1 46 2e14¢

< Cope (T2 fll e + NBgfll e

la+5l; 421
< sup

I¢haf, )

for some constant 7, , _. Hence we have

ITufllise S ITEFllice + MRgf .. for every
f € A'*<=. Using the similar argument, we also see that
7. A, .. S NTZ e + 1RSIy, forevery
F € Ar*=.The proof is completes.

Proposition 16. Let 0 << € << oo, If a sequence

u, = f, + g, € A} + A1*<  converges to 0
weakly in b2¥=, then f;, and g,, converge to 0 weakly in
AlT=. Also, if a sequence h,, € A1T= converges to 0

weakly in A41*€ then &1,, and hn converge to O weakly in
b1+ £
Proof . Let @ & A+ Gince [, (0) = 0, we first
have
Gr(0) = 1, (0) = {u,, 1)}
for each 71. It follows that
(o, @) = Uy, — G, @) = (U, @) — @0, 1)
for each 71. Since u,, — 0 weakly in h1+=, we have
{1, @) and {1L,,, 1} converge to 0 as 11 — oo. Hence
fn — 0 weakly in b=, Similarly,
(gw ‘P)‘ = {ﬁn _f;; @) = (ﬂ*m ‘P)‘ _E(O)@(D) = (@!un) -0
asm — oo, Hence g,, — 0 weakly in b1+ <.

To prove the remaining part, let @ + b € pa+er
Then
{hn.l a+ E} = {h’*rv a} + hﬂ(G)E(D)
for each 7. Since h,, € A**= converges to 0 weakly in
ArTe, we have h,, — O uniformly on every compact
subsets. Note a € A= [t follows that
{(h,,a+b) =0 as 1 — oo, Hence h, — 0
weakly in B1¥S. Similarly, we can also see Fz,, — O
weakly in hb1+E,
Lemma 17. Let u € BT and 0 << € < oo, Then
T.2,TZ, h, and hg are compact on A**< if and only if
T,, is compact on b1+<,
Proof . First suppose Ta' TZ, hand hyg are compact on
AYE Let u, = f,, + G, € A3*¢ + AT*E be a

sequence converging to 0 weakly in bite, By Proposition
15 we see

T, )l se 5 T2 follsse £ Iafillse + 177 ga e + 1ugiallse

for each 1. Since T,¢, T2, h,, and hi are compact on
Ar*=and g,,, f,, — 0 weakly in b1*= by Proposition

L

T,u,llisc = 0 asm — oo, Hence T, is

compacton hi+=,

16 we see ||

Now suppose T,

sequence converging to 0 weakly in A1*=. By Lemma 14
we have

(T fallyse =

is compact on b**<. Let f;, be a

sup [(Lf,a)l< sup [T, f, )l
acht (14€)
lally+¢=1

sé‘lp ) |(Tuaﬁy a)l =

acAll+e) acA(L +e)
"a'"\:1+g}sl llall (1+e)=1

S ITufullsse
for each 72 . Since f;, converges to 0 weakly in Bb1+< by

Proposition 16, we have || T.¢ £, |1 4 — O ash — 0.

So T, is compact. Also,
Ingfyllye = Sup [(hgfy @)l =

(1+e) acdll+e)
"’lutﬂs}"l lall g4t

S (Tufllise
for each 71, which gives the compactness of R Z .
By the similar arguments, we show the compactness of
h,, and T2. This completes the proof.
Corollary 18. Let & :== Oandu € BT. Then we have

an .= lerar ..+ Zum ||

sup L@l < sup |T,f,2)l

ach(1+e)
lall, 421

Jj=1 j=1 e
and

mn n

E Nz 7 = E N6l + E Fifs II
JF=1 1+ Jj=1 1+e JF=1 +=

for everyf:r. P Ea
Proof . Let f; € A1+, fixed. By Lemma 14, and [11] we
have

Z{T }j,a—l—a—l—E}—Z(T“}j,a}—l—Z{a—l—E haf;)

for everyad +a + € € E (a + E]I{l"'fj It follows that

T.f: = Z T.f,a+a+e
JZI" “f’ " a+m:::£e)':“£} = |{ uﬁ ara |

1+e lla+aselley 421 1=
n

- sw Z|(Tu“)§-, ay+(a+ e haf)
a+aFecla+e)tter
e+la+el,

1+s)-

(T3 fs
a,EA(:H-e) Zl f}

llall¢ 1+s}‘¢ 1+s)

SC(HEJZ 17250, + sl )
=1
for some constant Cireer Hence we have

"Tuff "(1+E] B "Tua-f:f "{1+.-_=] + "hﬁf:f "{1+.«_=]
for every f, € A+ Using the similar argument, we

Z|{hufj,a + E}|

=

a+ee.4 1+e)

latellcysezente

see that
n n n
2Impl =D TEhl ., + D Insll,
j=1 (1+e) Jj=1 =1

also see that for everyf:r. € A+ The proof'is
completes.

Now, we characterize compact Toeplitz operators with
symbol in BT on the pluriharrsnonie Bergman spaces. On
the unit disk, the following was proved in [7] where the case
€ = 1 and bounded symbols are assumed.

Theorem 19. Let 14 & BT and O =< € =< oo, Then T,
is compact on B1*€ if and only if Ti(z) — O as
lz] — 1 and

lim (1 —121*) (VU] + IVU(2)]) = 0 (11)

where IJ' = Q1 is the pluriharmonic part of 2.
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Proof . First suppose T, is compact on b**€ By Lemma

17, we see that T.# , T2, h,, and hg are compact on
Ar*= Since T,%, T2 are compact on A* ¥ and 7 = 1L,
we have by Corollary 12, 7i(z) — 0 as |z| — 1. Also.
Since F,, and Ay are compact on A1 we have by

Lemma 13,

Ililm (1—1z|*) |VPu(z)| =0
z|—1

and

limy| ., (1 — |2|*) [VPu(z)| = 0.

On the other hand, since

U= Qu = Pu—+ Pu— Pu(0)

by (1), we see |VU| = |VPu| and |VITF| = |VPE|-
Hence we have (11).

Conversely, suppose Ti(z) — 0 as |z| — 1 and (11)
holds. Since & = 1, we see T,* and T2 are compact by
Corollary 12. As we see before, (11) implies that
lim_,(1 — |z|*) |VPu(z)| =0
and
IVPu(z)| =0
These two conditions above are in turn equivalent to the
compactness of F1,, and Fiz by Lemma 13. Now, by Lemma
17 we see T,, is compact on b1*< as desired. The proof is
complete.

As consequences of Theorem 18, we have the following
corollaries. A function 1 € CZ (B is called M-harmonic
on B if its invariant Laplacian vanishes on B. An an
application of the invariant mean value property implies
i = 1. See Chapter 4 of [8] for details.

Corollary 20. Let 00 = £ =<~ oo and e € BT be M-
harrnonic on B. Then T, is compact on A1+ ¢ if and only
ift =0o0n B.
Proof . Suppose T, is compact on b1¥ =, Since i = u,
the compactness of T,, implies U vanishes on the boundary
of B by Theorem 19. Now, the maximum principle (see
Theorem 4.3.2 of [8]), we have 1+ = 0 on 5.
The converse implication is clear. The proof is complete.
Given a radial function 2¢ € L2, it is not hard to see

P, = [, udV. (12)
The following is an extension of Theorem 4.1 of [S] where
the case € = 1 and bounded symbols are assumed.
Corollary 21. Let O == € =2 oo and i € BT be aradial
function on B. Then T, is compact on b**= if and only if
ii(z) — Qas|z| — 1.

Proof . Since ©u € BT isradial, so is U . By (12),

Qu = Pu + Pu — Pu(0) = fﬂ udV.

Now, the result follows from Theorem 19. The proof is
complete.
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