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Abstract: Let F € {R,C, H}. Let U, be the set of unitary bimatrics in F_, and let O be the set of orthogonal

n

bimatrices in F__ . Suppose N> 2. we show that every A, € F_, can be written as a sum of bimatrices in ‘uhxn and of

bimatrices in Onxn. let A; € F . be given that and let K > 2 be the least integer that is a least upper bound of the singular

values of Ag. When F=C, we show that Ag can be written as a sum of k bimatrices from U, ..
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1. Introduction

Matrices provide a very powerful tool for dealing with linear
models. Bimatrices are still a powerful and an advanced tool
which can handle over one linear model at a time.
Bimatrices are useful when time bound comparisons are
needed in the analysis of a model. Bimatrices are of several
types. We denote the space of nxn complex matrices by Cyn.
For A € Cp,, AT, A™, AT and det (A) denote transpose,
inverse, Moore-Penrose inverse and determinant of A
respectively. If AAT = ATA=1 then A is an orthogonal
matrix, where | is the identity matrix. In this paper we study
orthogonal bimatrices as a generalization of orthogonal
matrices. Some of the properties of orthogonal matrices are
extended to orthogonal bimatrices. Some important results

of orthogonal matrices are generalized to orthogonal
bimatrices.

2. Basic Definitions and Results

Definition 1.1 [6]

A bimatrix AB is defined as the union of two rectangular
array of numbers A; and A, arranged into rows and columns.
It is written as Ay = A U A, with A # A, (except zero

and unit bimatrices) where,
1 1 1

Q, a, - aq,
1 1 1
A| _ Q) a4y Ay, and
1 1 1
aml am2 amn
2 2 2
a, Q, a,
2 2 2
A2 _ a 4 a),
2 2 2
aml am2 amn

"U' is just for the notational convenience (symbol) only.
Definition 1.2 [6]

Let Ay =A UA, and C; =C, UC, be any two m x n
bimatrices. The sum Dg of the bimatrices Ag and Cj is
defined as

D, =A+C;=(AUA)+(C,UC,)
=(A+C)uU(A+C,)
Where A +C, and A +C, are the usual addition of

matrices.

Definition 1.3 [7]

If AB = A U A2 and CB = C1 UC2 be two bimatrices,
then AB and CB are said to be equal (written as AB = CB

) if and only if A; and C; are identical and A, and C, are
identical. (That is, A;= C; and A, = C,).

Definition 1.4 [7]

Given a bimatrix A; =A UA and a scalar A, the
product of A and A; written as AA; is defined to be
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Aa,  Aa), Q)
Aal A&l Aal

Aa’ Aa) ia’,
Aa,  Aal, Aa;
ial Ja’, Aal,

= (1A UAA,).

That is, each element of A; and A, are multiplied by A .

Remark 1.5 [7]

If A, =A UA be a bimatrix, then we call A; and A; as
the component matrices of the bimatrix Ag.

Definition 1.6 [6]

If Aa = A| k.)A2 and CB :C1 UC2 are both n x n square
bimatrices then, the bimatrix multiplication is defined as,

A, xCy =(AC,)U(AC,).

Definition 1.7 [6]
Let AZ™" = A U A be a mxm square bimatrix. We define
I =1""Ol™™ = 1™ U1]"™ to be the identity

bimatrix.

Definition 1.8 [6]

Let A" =A UA, be a square bimatrix, Ag is a
symmetric bimatrix if the component matrices A; and A, are
symmetric matrices. i.e, A1 = AlT and A2 = AzT .

Definition 1.9 [6]

Let AZ™™ = A U A, be a mxm square bimatrix i.e, A; and

A, are mxm square matrices. A skew-symmetric bimatrix is a

As which Ay =—Al,
—A;- = —ALT U—A; i.e, the component matrices A; and A,

are skew-symmetric.

bimatrix for where

3. Orthogonal and Unitary Bimatrices
Definition 2.1 [5]

A bimatrix AB = A ) Az is said to be orthogonal bimatrix,
if ABA;:A;AB:|B (or)
(AR OAA)=(AAUAA)=I UL,

(That is, the component matrices of Ag are orthogonal.)

That is, Ag :A‘;l (or) (AIT UAZT):(Al_IUAZ_I).

Remark 2.2

Let A; = A UA, be a orthogonal bimatrix. If A; and A,

are square and posses the same order then Ag is called square
orthogonal bimatrix, and if A; and A, are of different orders
then Ag is called mixed square orthogonal bimatrix.

Example 2.3

1 = 0 |lu—-l-2 1
oA NG 3
21 B 1 2
is a square orthogon_al bimatrix. )
[cos@® 0 sinf |
cosd sin@
) A = Ul 0 1 0
—sin@ cosf
i sind 0 -—cos 6?_

is a mixed square orthogonal bimatrix.

Definition 2.4 [4]

Let Ay =A UA be an NxN complex bimatrix. (A

bimatrix A is said to be complex if it takes entries from

the complex field). Ag is called a unitary bimatrix if
* * AT -1

AAs =P A =15 (o0 Ay = A

Thatis, AA'UAA =AAUAA =1,UI,.

Example 2.5
1|0 L[1+1 —1+i
A=AVA=—F U . . |isa
J2li =i 2|1+ 1-i
unitary bimatrix.
In this paper, we have determined which bimatrices (if any)

in Cnxn can be written as a sum of unitary or orthogonal

bimatrices. We let U, and O,

orthogonal bimatrices in the complex field. We begin with
the following observation.

, are the set of unitary and

Lemma 2.6
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Let n be a given positive integer. Let G ann be a group

, can be written as a

under multiplication. Then Ay € F_
sum of bimatrices in G if and only if for every QB Py € G,
the bimatrix QgAgPg can be written as a sum of bimatrices in
G. Notice that both

multiplication.

U, and O, , are groups under

Let o, x, € F be given. Then lemma 2.6 guarantees that

for each Qp €G, we have that ,Q, Ua,Q, can be
written as a sum of bimatrices from G if and only if
oy, Ua,l, canbe written as a sum of bimatrices from G.

Lemma 2.7

Let N>2 be a given integer. Let G C ann be a group
Suppose  that G
Kg =diag (l,—l,...,—l) and the permutation bimatrices.

under  multiplication. contains

Then every A; € F . can be written as a sum of
bimatrices in G if and only if for each ¢, € F,

a, |1 Vo, | , can be written as a sum of bimatrices from G.

4. Sum of orthogonal bimatrices in Cnx,

The only bimatrices in the set of all orthogonal bimatrices of
order 1 are +1. Hence, not every element of lel can be

written as a sum of elements in the set of all orthogonal
bimatrices of order 1. In fact, only the integers can be
written as a sum of elements of the set of all orthogonal
bimatrices of order 1.

Notice that (ul = {eigl;éll € R} u{e"gz;é?z S R}

Set

are then

it 6,0,6.5,€R given,
‘eiel +eh ‘ <2and ‘ei‘% +e’|<2.
(' uch ) (AT UAl)=
{Z,eCilz|<2}u{z, eClz,|<2}

we show tm (ATUAY)C(C!UC!). e
0<1r<2and 0<1, <2 are given.

set 5 =—6,, B, =—0, and Choose 6, and 0, so
that, 2 COS @ =1, and 2C0S 6, =T,. Then
e +e™ =2Cosd, =r, 0
2Cos 6, =r,.

it Z,=re” and Z,=1€"™ , then choose
B =—6+20; 5, =-6,+25,,
0,0, s 2Cos(6,—6,)=r,
2Cos (6, - 6,)=r,.

Let K > 2 be an integer.
Set

and € +e_i02

and choose

that and

e'Q};Q} eRfor j=1,..k

M~

Cs, =(Cf UCH)=

i=1

LS
U1 €907 eR for j=1,...k
=1

and set

Cs, =(C'uC))={e" +€":0.8 eR}U{e™ +e”:0,.5, <R}

A =(AUA)={z <G

We show that for each K, we have

(AU A )=(Cfuch).

First, notice that for each K, we have
k k k k

(C1 |\ C2 ) C (Al \ A2 ) We now show that

(K UR)e(Cruct). i 4=retz =re”

with  0,0,6,5, €R  and r,r,=20 , then
inl il -l .

e+ +..+e% =re';
in2 02 a2 .

et +e” +. +e% =re” it and only if

z|<k}u{z, eC;

z,|<k}.

i{dl-) (o) _

2_
+...+¢€ =r; e (¢%-#:)

i(4-£.) _r

i
+...+€ ;

e
(1

Hence, (2, =1,e";2, =1, ) &(C} UC}) if and only

it 1.1,€(CAUC). For (6)....05:6/.....6;) R,

set £ (6)....0)=e" + . +e';

in2 P02
12 (6 ) =€ 4. e
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The case k = 2 has already been shown. Let k = 3, and
suppose O0<F <3;0<r, <3 Set (931,932)20 and set

0 =0'=-0, and 0 =6>=-0;.
f,(6.6,.6;)=1+2Cos 6,;
£7(67.6;,6;)=1+2Cos 6,, and (6, 6,) may be

chosen SO that

0<r=1+2Cos 6, <3; 0<r,=1+2Cos 6, <3.

Then

We use mathematical induction to show the general case.
The base cases
k =2 and k = 3 have already been shown. Assume that k > 3

and suppose that (Clk UC; ) = (Alk U A: )

ol il il
Consider fk1+] (9#,...,9;,9;“)58"9‘ +...+e% 4

£ (6?12,..., 02,67, ) = .. +e% 1% Let
Z = I’lei'B ' and Z,= rzeiﬁz are given  with
0£n£k+1,0£r2£k+1 . We show that

.1, e(ClUCH).

First, we show that (A" U A )g (Clk+1 UC;“).H
ks 0 =..=6,=0;
F==6 =0 wi O =.—6-nm

G=.—0=-x

even, choose

Then

Lemma 3.1

Let K>2 be a given integer. Let (Ak ) A; ) = {Z1 eC;

1 1 1 ol \_ A6 6.
fk+1( 19°5%k> k+1)_e +€ s
2 2 2 02 \_ Ai0? i63
1:k+1((91 seee9 Pk k+l)_e +€-.
If k is odd, choose 8, =...=6, , =0; 0; =...=6;, =0
1 1 . L L
and 6, =..=0, =m; O;=..=6, =m.
il il ol
fkl+l (911,“.,(9;’ ‘91;1) = e'gl +e|62 +e|93 :

. L2 2
B0 (00,006, ) =€ +€” +e”.

Then

In both cases, notice that

(A“ Y ! )g(ClkJrl UCZKH) . Hence, we may
assume further that I}, I, > 1; that is, we need to show that
(rl,rz)e(Clk“ UC;H) for
I1<r<k+L1<r,<k+1.

Choose kl = 0; k2 R 0, SO that
1 1 1 1 1 1 1 .
B (606,60 ) = £ (0)n6) ) +1;
2 2 2 2 _£2 2 2
t (000000 ) = (616 ) +1 . Now,
by our inductive hypothesis, the
(0.0 ) +1=1; £7(6...60)+1=1, has a

solution since 0 <1, —1<k;0<r, —-1<k.

+1

equation

z|<k}u{z, eC;

Z, | < k} and let

(cf qu)E{Zk:em};H} eR for j ﬂ,...,k}u{iewf;@f R for | :l,...,k}Then (A*UAS)=(Cruch).
j=1 j=1

l. The case ‘uhxn

Let &, 0, €C be given. Then there exist an integer
1 1 1 2 2 2
K>2 and 01,02..., k;01 ,02...,(9k € R such that

&= f(0),...00 )i, = £7(6],.600). Now,

notice that

n>2,
(AI W A2 ) € Cnxn can be written as a sum of matrices

in U

Lemma 3.2
Let n be

Lemma 2.7 guarantees that every

a given positive integer. Then every

(061|1 va,l ):( fkl (Ql,ﬁkl) |1) U( sz(az,._.,eiﬁzgj A ) € C,,, can be written as a sum of matrices

| Aid ig! i6? i6?
_(e "+ +e kIl)u(e L+ +e I2)
is a sum of matrices in ‘llhxn .

When n=1, every &, &, € C can be written as a sum of

elements of the set of all unitary bimatrices of order 1. When

Proof

Let (A1 O Az ) S Cnxn be given. We look at the number

of matrices that make up the sum ( AI Y AZ ) .
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Let @, @, €C be given. If |

az‘ <K for some

b

positive integer K, then (al,az) € (Alk |\ A;) .

Moreover, (0[1, 0[2) S ( Alm O Azm) for every integer

m=kK.
For any such m, Lemma 3.1 guarantees that there exist

0,..0.; &,..0° R

i0!

such that

ol 2 2
a =% +. . +e"; o, =" +..+e%.

k k
az‘ <K then a,a, %(Al Y A2 )
and &, (X, cannot be written as a sum of k elements of

u(C).

Write (A, uA2)=(Ul uUz)(El U3, ) (V,uV,)
where (UIUUZ), (V1 UVZ)ECHX

bimatrices and

However, if ‘al ,

, are unitary

T, = diag, (all, ,afl) with
o >..>20.>0;
¥, =diag, ((712, ,0'2) with

Let k be the least integer such that O, 11 , O, 12 <k. Suppose
that K=>2 Then for

o) ,00 e(Alk U A;)

2 k-1 k—1
o,,0, eé(Al U )

each I, we have

Moreover,

Hence, (A V) AZ) cannot be written as a sum of k-1

unitary bimatrices. However, for each |, we have
-l - 02 02 in2

o =eh +..+e%; 57 =M+, +e%, where
1 1. 2 2

cach (Os-onaO ): (65205 ) € R.

Il Thecase O,

Letn=2. Let O},CX, ,ﬂl =ﬂ2 eC be given.

Set(Al(alaﬂ1)UA2(a2"B2))E -8B «

Choose ,81,,32 such that 0{]2 +ﬂ12 =1; 0!22 + ,822 =1

a B O a, B
_182 a,

t=1..Kk, set
(Ult uU§)= diag, (ew‘l‘ ....e% )udiagB (eig‘zt ..., e )

For each

t t . . . .
Then (Ul wU 2) € Cnxn is unitary bimatrix and
K

t t
Z(Ul UUZ) = (21 uZz). Hence, (A V) A2 )
t=1
can be written as a sum of K unitary bimatrices.
Suppose that k=1. If O'll1 = 1;0'5 =1 , Then
(21 U22)=(|1 \ |2) and (A, O Az) is unitary
bimatrix. If O'Il1 #1; O'j # 1, then for each I, we have

G|1,G|2€(AII |\ ”) , and (A,UAZ) can be

written as a sum of two unitary bimatrices.
Theorem 3.3
Let (Al |\ AZ) € Cnxn be given. Let k be the least

(positive) integer o) that there

(U Uy), (Uf VLS. (Uf LUS ) ey,

(U uU;)+...+(Uf LU )=(A UA,).
1. If A1 Y AZ is unitary bimatrix, then k=1.
2. If Al |\ AZ is not unitary bimatrix and

CT]I(A)U(le(AZ)Sz then k=2.

exist

satisfying

XN

3. If M=>2 is an integer such that
m<0'11(A1)u0'12(A2)S M+1 then k=m-+1.

For positive integers mz2 k, we have
(Alk ) A; ) c (Am |\ Azm) Hence, every

(U1 UUz) € ‘Llhxn can be written as a sum of two or
more elements of ‘le .

It follows that every (A1 LJAZ)ECnX that can be

n
written as a sum of k elements of ‘llhxn can be written as a

sum of m elements of ‘llhxn .

2)
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and notice that Then

(A1(ial’iﬂl)uAl(ia2’iﬂ2))eo2x2 (All UAZI)+(A1” u'6‘2”):2[&1'1” Ua2|2“:'.
Set (AI Y AZI ) E(Al (al,,[i’l)u A2 ((Zz,ﬂz)) and  Lemma 2.7 guarantees that every (A1 \ Az) S C2X2 can

be written as a sum of bimatrices from 02><2'

(A1“ - Az“ ) E(AI (alb_ﬂl) U Az(aza_ﬂz)) We look at the case when n=3. Let al,az,ﬂl,ﬁz eF

be given.
Set
1 0 0 1 0 0
[Bl(al7ﬁl)UBZ(a29ﬂ2):|E 0 a, 181 U0 @, :82 ’ 3)
0 _ﬂl Q, 0 _ﬂz Qa,
o 0 p a, 0 p
set| C (@, 8)0C, (e, 3)]=| 0 1 0|0l 0 1 0 @)
_181 0 a, _182 0 Qa,
a B 0 a, B, 0
andset | D, (e, 8) 0D, (a,.8,) |= {ﬂ] a O0|ul-f a, O )
0 0 1 0 0 1

Choose ,Bl,ﬂz so that 0{12 + ,312 =1 0(22 +ﬂ22 =1. And

Then [Bl(iaviﬂl)UBz (iazviﬂz)]a (DIH UD2”)E[Dl(—al,ﬂl)uDz(—az,ﬂz)].
[Cl(ial,iﬁl)uCZ (ia2,i,82 ):|, and  Then,
[D(2a,£8)UD,(2a,,28,)],  are a (B/uBy)-(B"uB')+(Cluc)-(c!ue))

elements of 03X3

o +(D UD;)-(D" UD; )=2[ " U1 |

Bl

JUB. )= B 0{ , JUB. (a , Lemma 2.7 now guarantees that every
( | ) |: 1 IBI) ( ’ IBZ ):| (A1 ) AZ) S C3X3 can be written as a sum of bimatrices
(8"uB )E[B —a.3)UB, (-, 3)]. . o,..
(Cll uC ) = al,ﬂl uC (062 ,ﬁz ):| Let n=2m be a positive even integer, and let 51 ,52 eC be
(6 UC!)=[C (e A)C ()], o e (R (AU )<0,,
that

<D1I UDzl)E[D1(051a,B1)U Dz(apﬂz)]’ [(Al' qul)‘i‘(Aﬂl UAz" )]2[51'1” U52|2u]_

set (E/ UE})=(A'UA )®...®(A UA )(m copies)
mase (E/'UE,) )=(A"UA')®...@(A" UA)(m copies).
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Then (Ell UE, ),(Elu UE) ) €0, m and
[(E/+E")u(E +E)]=(s1mws,12m)

Let N=2M+1>3 be an odd integer, and let
51,52 eC be given. Choose

Also, choose

‘F
(B .
Such that

(B -B")o(
(D! =Dl")wf

Set
(Bl VE)=(AvA)e.
[m—lcopies of (A uAZ)J,

Set

B)]+[(C
-D! )J (51" +5,1)")
-B(A v

(EMUEN ) =(A"UAY)@..a(A' LA )o(-B" u-Eh)A) =

[m—l copies of ( TOAN )J
Set
<E1“| U E2”| ) :(|12m—2 U
Set

(EY UEY)=—(1;"" U

;") @(C uc,),

Set
(EVuEV) (|2mz |§m—2)@(Dl'uD2'),
and set

(E1VI EVI) (llzm—zulzzm—z)a_)_(Dlu UDZH)

;Fhen each (Elj Y EzJ ) €O

hm+1> and

(El' U E;)+...+(E1V' EV') (51|5'“+1 u52|§m“)

Hence, for every &,C, €C and for every integer
n22,(0[1|lk_)a2|2) can be written as a sum of

bimatrices from Onxn. Lemma 3.2 guarantees that every

(AVA)eC,,

from Onxn

can be written as a sum of bimatrices

Theorem 3.4

1 -¢')u(c,

;") e—(c!' uc)),

. W ”)602X2 SO

(A om).(
(A +A" ) o(A+AY))=(a1! s,l)).

that

B ).(BuB]).(c]uci) (¢l ucy).(Df v D), (D uD))e 0y,

-C) )J+

Let N>2 be a given Then
(A \ AZ ) € Cnxn can be written as a sum of bimatrices

integer. every

A UA)®(B UBL) from Oy

Proof

Suppose that
(@ +Q")u(Q+Q)],

where (Qll UQZI ),(QIH \ QZH ) 0]

Then one checks that

(AATUAAT)=(QIAT UQIAT)(A QT UA Q)
so that (AIAIT UAZA;) and (AITAl UA;Az) are

similar.  Theorem 13 [3] ensures  that

(AUAZ) (le Ust) where (Q1UQ2)

is orthogonal bimatrix and (Sl Y Sz) is symmetric

bimatrix (or that (A| O Az) has a (lel Ustz)

bidecomposition).

(QS,vQss;)
bidecomposition. Is it true that (A| ) %) can be written

as a sum of two (complex) orthogonal bimatrices?
Take the case n=1, and notice that

(AIUAZ)ECnxn is a
(QISI U Q2SZ) bidecomposition.

Suppose  now that has a

every

scalar and has a

However, only the integers can be written as a sum of
orthogonal bimatrices in this case.

Lemma 3.5

Let an integer N =2 and O-‘,"—'al;()iO[ZED be
given. If (0(1|1U0£2 2) (QIUQ2)+(V uV )
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is a sum of two bimatrices from O then there exists a

nxn?’

skew-symmetric bimatrix ( D1 Y Dz) € C__ such that

nxn

(QuUQ,)= (“ll o J+(D1uD2),

v, qu):(%ll u%lzJ—(DluDz),

and

2 2
(DD uD,DJ )= [ —%jllu(l—%)lz

Conversely, if there exists a skew-symmetric bimatrix
(D1 U Dz) eC. ., such that

2 2
(DD uDzDzT)z{(l—OfT‘jllu[l—%)lz}, then

(QuUQ,)= Loz‘ll uoézl ] (D, UD,) and
(VluVZ)z(%llu%lzJ—(DluDz) are in O
and (Q]UQ2)+(V1UV2)=(0(1|1U0(2|2)

Proof

Let an integer N=>2 and ();tal;O;tazeD be

given. Suppose that (CZl'] L)052|2)€CﬂXn can be

written as a sum of two orthogonal bimatrices, say

(051|1U052 2) (QlUQz) (VIUVZ)’

Write

(QuUQ)=|ava; |=|a..q, ]| ¢ ]

and
1 2 1 1 2 2
(V, LV,) =[bij Ub; } =[v1...anu[v1 ...vn].
1 1 2 2 S
Then bij = —&; and bij =—q; for I # J.
Now, for each 1 =1,...,N, we have

28 =0 g =1
i=1

and

n
11 12
V. = E bij
=1

j=i, j=1

Yar =qg = 1=V =307 =b 4 Y % (

j#i, j=1

j= j=1

12
:bi + Z a ij skew-symmetric

Hence, bllI = iaili and bﬁ = iaf,
Because (Q1 UQ2)+(V1 L)V2)=(6¥1|1 Ua2|2)

and al #0; o, * 0 we have

bl =3 = b2 a _% Set
i i — A 2 9 :

(D,uD ) [ddu[dﬂ, with

di=aj;d; =a; if i j, and di =0;d’=0,s0

Cthat (QUQ,)= (Oz‘ll oz J+(D1uD2)

and (V, qu):(%ll u%lzj—(Dl uD,).

Now, since (Q1 UQZ) and (V1 UVZ) are orthogonal

bimatrices, we have

(0 veel) - L1
% (0 +00)u%(0,+0])|+(00] UD,DY)
=(I,ul,)
And (V1V1T Uvzva) |: I 2 - i|
4 4

L%(DﬁDf)u

(6)

%(DZWLDZT )J+(D1D1T uD,D; )

=(1,ul,)
(7

Subtracting equation (7) from equation (6), we get

(D,uD,)=—(D] UD;), s tat (D, UD,)
is skew-symmetric bimatrix.
Moreover

(DD uD,D; )= [

2 2
“A N of1-22
4 4

, For the converse, suppose that (D1 Y Dz) eC

nxn
bimatrix and satisfies,

2 2
(DD} UD,D] )= [ —%)I]u( —%le .

(QuUQ) (%IIU%I2J+(DIUD2)
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and set
(v, uVZ)E(%II U%IZJ—(Dl uD,)

Then one checks that both (Q1 O Qz) and (V1 UVZ)

are orthogonal bimatrices and

[(Ql +V1)U(Q2 +V2)] :(alll Uazlz)-
Remark 3.6

When &) = O; a, = 0, then for any orthogonal bimatrix

(QuQ,) ’

notice that

(], Vasly) =L(Q1 +(-Q))u(Q, +(—Q2))J

is a sum of two orthogonal bimatrices.

Le¢ n=2 and o #0;0,#0 . set
2 2
So=,1- 4 B, = |1 ——% (cith t
1 4 P = (either square root).

0 B 0 5
)
_181 0 _:82 0

skew-symmetric bimatrix and satisfies
2

a
Lol 1-=—= I

Then (Dl Y DZ)E

(DD uD,D; )= o

2

Lemma 3.5 guarantees that (alll uazlz) can be

written as a sum of two orthogonal bimatrices.

If n=2k and a,#0; a, #0, set
(ElUEZ)Z(DIUDZ)@)...@(DIUDZ) (k copies)

and notice that (E1 |\ Ez) is skew-symmetric bimatrix

and satisfies
2

2
(EEf UEE])= 1—0571 L ul1-2

|2

Hence, if n=2k and if &, &, be a scalar, then

(a]|]U0£2|2) can be written as a sum of two

orthogonal bimatrices.

Theorem 3.7

Let n be a given positive integer. For each &, , el

and each orthogonal bimatrix

(Ql U Qz) € CZn: (OCIQI o azQz) can be written

as a sum of two orthogonal bimatrices.

Remark 3.8

Let an integer N 2> 2 be given. If &, Q, € {—2,0,2}

then one checks that (0{] |1 ) a, | 2) e Cn><

written as a sum of two orthogonal bimatrices.

, can be

Theorem 3.9

Let &, Q, €ll and let a positive integer n be given.
Then (CZ1|] Ua2|2) € C2n+1 can be written as a sum
from Onxn
a,a, €{-2,0,2}.

of two bimatrices if and only if

Proof

For the forward implication, let &, Q, €l] and let a
positive
(], Ua,l,)eC

integer N be given. Suppose that

ons) €an be written as a sum of two

orthogonal ~bimatrices. Then :O; a, #0 (or)

o, #20; o, #0. 1t =0, a,=0, then

a,a, €{-2,0,2}. 1t o, #0; @, #0, we show
that @ =&, = 12 . Lemma 3.5 guarantees that there

exists a skew-symmetric bimatrix (D] O Dz) S Cnxn
satisfying
2

2
=& %

1 4 |2

(DD uD,D; )=

Now, since n is odd, the skew-symmetric bimatrix

(D1 Y Dz) is singular. Hence, (D1 DIT Y D2 D;- ) is

singularand &) = &, = 2.

The backward
computation.

implication can be show by direct
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