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Abstract: In this paper, a mathematical model is proposed and analysed to study the effects of a bell shaped stenosis on pressure drop 

and shear stress, in an artery. Thebio rheological aspect is taken into account in the power law fluid representing the non-Newtonian 

fluid flow model. An analysis has been performed to estimate the effect of power law index and severity of the stenosis on various 

parameters such as pressure drop and wall shear stress. The analysis shows that as height and length of stenosis increases, not only 

pressure drop increases but shear stress also increases.The results are compared with the usual Newtonian fluid model. 
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1. Introduction 
 

Stenosis in arteries of humans is a common occurrence and 

hemodynamic factors play a significant role in the formation 

and proliferation of this disease. It is a chronic disease in 

which thickening, hardening, and loss of elasticity of the 

arterial walls occurs, leading to impaired blood circulation. 

The thickening and hardening of the arteries are due to the 

build-up of calcium deposits in the lumen of the artery 

causing stenosis. It develops with aging, hypertension, 

diabetes, hyperlipidemia, and other diseased conditions in 

the artery. There have been a number of studies using 

mathematical model for the flow of blood in a stenosed 

artery,(Young, D. F., 1968; Shukla et. al., 1979; Shukla et. 

al., 1980;Chaturani and Sany, 1985; Pralhad and Schultz, 

1988;Mishra and Chakravarty, 1986;Haldar, 

1987;Moshkelani et.al., 2003)etc. 

 

An analysis on the effect of an axially symmetric, time 

dependent growth into the lumen of a tube of constant cross 

section through which a Newtonian fluid is steadily flowing 

is presented by Young, 1968. A theoretical solution of the 

unsteady-state momentum equation for the startup flow of a 

power law fluid in circular tubes is presented byPralhad and 

Schultz, 1988. Shukla et al.,1979, studied the effects of 

peripheral layer viscosity on physiological characteristics of 

blood flow through the artery with mild stenosis. It has been 

shown that the resistance to flow and the wall shear decrease 

as the peripheral layer viscosity decreases. A two-layered 

fluid model for blood flow through a stenosed tube has been 

developed by Pralhad and Schultz, 1988.The model consists 

of a core (suspension of RBC’s) and peripheral plasma layer. 

Resistance to flow and shear stress have been computed for 

different stenosis height. Effect of Stenosis on non-

newtonian flow of the blood in an artery was studied by 

Shukla et. al., 1980. It has been shown that the resistance to 

flow and wall shear stress increases with the size of stenosis. 

Blood flow through a stenosed artery has been investigated 

by Chaturani and Sany, 1985. They represented blood flow 

by a non-Newtonian Herschel –Bulkley equation. It is 

observed that the wall shear stress and the flow resistance 

increase in Herschel Bulkley fluid in comparison with 

corresponding Newtonian fluid. 

 

The non-Newtonian fluid flow in a stenosed coronary bypass 

is investigated numerically by Chenand Wang, 2006using 

the carreau Yasuda model for shear thinning behavior of the 

blood. Results for the non-Newtonian flow, Newtonian flow 

and the rescaled Newtonian flow are presented.The effects 

of pulsatility, stenosis and non-Newtonian behavior of blood 

have been studied by Mandal et. al., 2007. They numerically 

solved the problem of non-Newtonian and nonlinear 

pulsatile flow through an irregularly stenosed arterial 

segment where the non-Newtonian rheology of the flowing 

blood is characterized by the generalized Power law model. 

The rate of flow, resistive impedance and the wall shear 

stress has been calculated.Unsteady response of non-

Newtonian blood flow through a stenosed artery in magnetic 

field was studied by Ikbalet. al., 2008. Results are obtained 

for the flow velocity, flux and wall shear stress. 

 

2. Assumptions 
 

The following assumptions are made in this chapter: 

 The blood is assumed to be homogeneous, incompressible 

and non-Newtonian fluid. It is assumed that motion of the 

flowing blood is steady and laminar. 

 The radial velocity can be neglected in the artery as the 

radial velocity in the artery is very small in comparison to 

the axial velocity (Young, 1968) 

 The stenosis developed in the artery is bell shaped axially 

symmetric and depends upon the axial distance z. 

 The maximum height of the stenosis is much less as 

compared to the length and unobstructed radius of the 

artery i.e. stenosis is mild. 

 There is no external force acting on the flowing blood. 
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3. Development of the Model 

 
Figure 1: Geometry of a bell shaped stenosis in an 

artery 

 

The radius of the artery depends upon the geometry of the 

stenosis and can be written as follows(Srivastava et. al., 

2012) 

 

where
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and  is the height of the stenosis assumed to be much 

smaller in comparison to the unobstructed radius 0R of the 

artery (
0R ). R(z) is the radius of artery in the stenosed 

region at the axial distance z. M is a parametric constant,

 is the relative length of the constriction, defined as the 

ratio of the radius to the half-length of the stenosis, i.e.,  

0

0
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Now let us consider the laminar and steady flow of the fluid. 

When the inertial and entrance effects are neglected, the one 

dimensional flow equation is given by 

0

n
dp d dw

r
dz r dr dr

  
  

     
   

                 (2) 

Where w is the axial velocity, p is the fluid pressure. The 

boundary conditions associated with equation (2) are given 

as follows: 

dw

dr
= 0  at  r=0 

w  = 0  at  r= R (z)   (3) 

 

4. Method of Solution 
 

Following Shukla et. al. (1979) and solving equation (2) and 

using equation (3) we get 
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From the above two results we have 
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The constant flux Q is given by  
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which on using equation (2) gives 
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The pressure gradient can be obtained from equation (7) as 

follows: 
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Integrating equation (8) along with the condition 0pp   at 

z=-L and Lpp   at z=L, we have 
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Now let us consider three axial zones of flow i.e., inlet (

0L z L   ), stenotic ( 0 0L z L   ) and outlet region 

 ( 0L z L  ), then from equation (10) we have 
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Using Equation (2) we have 
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The shearing stress at the wall is given by 
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which on using equation (2) and (3)gives 
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If n=1,results are for the Newtonian case. 

 

5. Discussion and Results 
 

The expression for pressure drop given by equation (13) is 

plotted in figures (2) - (6). Figure (2) shows the variation of 

pressure drop with height of stenosis for different values of 

length of stenosis and a fixed value of n. Similarly figure (3) 

and (4) shows the variation of pressure drop with height of 

stenosis for different combinations of n and length of 

stenosis. It is seen that the pressure drop increases with 

height of stenosis as the value of n and length of stenosis 

increases. Further it has been shown that if the length of 

stenosis increases but the value of n decreases by a greater 

value then pressure drop decreases. Figure (5) shows the 

variation of pressure drop with height of stenosis for 

different values of n and a fixed value of length of stenosis. 

It has been shown that as the value or n increases the 

pressure drop increases. Figure (6) shows the variation of 

pressure drop with n for different values of length of stenosis 

and a fixed value of height of stenosis. The expression for 

wall shear stress given by equation (16) has been plotted in 

figures (7)-(8). Figure (7) shows the variation of wall shear 

stress with axial distance for different values of n and a fixed 

value of height of stenosis. It is seen that the wall shear 

stress increases in the inlet zone of the artery and increases 

up to the maximum height of stenosis after which it 

decreases. Figure (8) shows the variation of wall shear stress 

with height of stenosis for different values of n at z=Lo/2. It 

has been shown that the wall shear stress increases as the 

height of stenosis increases for a fixed value of n. Also the 

wall shear stress increases as the value of n increases for a 

fixed value of stenosis height. Figure (9) shows the variation 

of wall shear stress with height of stenosis for different 

values of n at z=0. It has been shown that wall shear stress 

increases as the height of stenosis increases for a fixed value 

of n. Also wall shear stress increases as the value of n 

increases for a fixed value of stenosis height.  

 

 
Figure 2:  Variation of pressure drop with height of stenosis 

for different values of length of stenosis 

 

 
Figure 3:  Variation of pressure drop with height of stenosis 

for different values of n and length of stenosis 
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Figure 4:  Variation of pressure drop with height of stenosis 

for different combinations of n and length of stenosis 

 

 
Figure 5:  Variation of pressure drop with height of stenosis 

for different values of n 

 

 
Figure 6:  Variation of pressure drop with n for different 

values of length of stenosis 

 

 
Figure 7:  Variation of wall shear stress with axial distance 

z 

 

 
Figure 8:  Variation of wall shear stress with height of 

stenosis for different values of n at z=L0/2 

 

 
Figure 9:  Variation of wall shear stress with height of 

stenosis for different values of n at z=0 

 

6. Conclusion  
 

In this paper a model has been proposed and analysed to 

study the effects of stenosis in an artery. It has been assumed 

that blood flowing in the artery is a power law non-

Newtonian fluid.  It has been shown that the pressure drop 
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and wall shear increase, as the height and length of stenosis 

increases for a fixed value of n. Further it has been shown 

that if we decrease the value of n then the pressure drop may 

decrease even if the length of stenosis increases. Also the 

results for Pseudo plastic, Dilatant and Newtonian power 

law fluid are compared.  It is observed that the wall shear 

stress and the pressure drop increase in the Dilatant power 

law fluid in comparison with corresponding Newtonian 

fluid. 

 

7. Acknowledgement 
 

This research paper is made possible through the help and 

support from everyone, including: parents, teachers, family, 

friends, and in essence, all sentient beings. 

 

References 
 

[ 1 ]  Burton, A. C., 1968, Physiology and Biophysics of 

the Circulation. Year Book Medical Publishers, Inc., 

Chicago. 

[ 2 ]  Chaturani, P. and Sany, R.P., 1985, A study of non-

Newtonian aspects of blood flow through stenosed 

arteries and its applications in  arterial diseases, 

Journal of Biorheology, vol.22, pp 521-531. 

[ 3 ]  Chen, J., Lu, X.., Wang, W., 2006, Non-Newtonian 

effects of blood flow on hemodynamics in distal 

vascular graft anastomoses, Journal of Biomechanics, 

vol. 39, Issue 11, pp 1983-1995. 

[ 4 ]  Cokelet, G. R., 1986, The rheology and tube flow of 

blood, in Handbook of Bioengineering, Skalak R., 

Chien S., Editors.,  McGraw-Hill, pp. 14.1-14.17. 

[ 5 ]  Fung, Y.C.,1972, Localizing Factors in 

Arteriosclerosis, InAtherasclerosis and Coronary 

Heart Disease, p. 85. New York: Grune& Stratton. 

[6 ]  Haldar, K., 1987, Oscillatory flow of blood in a 

stenosed artery, Bulletin of Mathematical Biology, 

vol. 49, no 3, pp 279-287. 

[ 7 ]  Hayat,T., Momoniat, E. and  Mahomed, F.M,2006, 

Endoscope effects on MHD peristaltic flow of a 

power-law fluid, Mathematical Problems in 

Engineering, Article ID 84276, 19 pages. 

[ 8 ]  Hershey, D. and Cho, S.J., 1966, Blood flow in rigid 

tubes: thickness and slip velocity of plasma film at the 

wall, Journal of Applied Physiology, vol. 21, pp 27-

36. 

[ 9 ]  Ikbal, A., Chakravarty, S., Wong K.L.,  Mazumdar, J. 

and Mandal, P .KK., 2008, Unsteady response of non- 

Newtonian blood flow through a stenosed artery in 

magnetic field Journal of Computational and Applied 

Mathematics, vol. 230 (1) pp 243-259. 

[ 1 0 ]  Kapur, J.N., 1985, Mathematical Models in Biology 

and Medicine, Affiliated East West Press Private 

Limited, New Delhi. 

[ 1 1 ]  Jain, L., Singh, S.P., 2009, Effect of radial viscosity 

variation on resistance to flow in an artery with mild 

stenosis, Proceedings of ASR-NSC 2009, pp 262-267. 

[ 1 2 ]  Jain, L., Singh, S.P., 2013, Modeling and analysis of 

the effects of the radial variation of viscosity with a 

peripheral layer on resistance to flow and shear stress 

in an artery with mild stenosis, vol 6 (2), pp 165-176 

[1 3 ]  Mandal, P.K., Chakravarty, S., and Mandal, A.,2007, 

Numerical study of the unsteady flow of non-

Newtonian fluid through differently shaped arterial 

stenoses, International Journal of  Computer 

Mathematics,vol. 84 ,  Issue 7  Pages 1059-1077   

[ 1 4 ]  McDonald, D.A., 1960, Blood flow in arteries, 

Arnold, London.  

[ 1 5 ]  Mishra, J.C. and Chakravarty, S., 1986, Flow in 

arteries in the presence of stenosis, Journal of 

Biomechanics, vol. 19, pp 907-918. 

[ 1 6 ]  Mishra, J.C. and Kar, B.K., 1989,Momentum integral 

method for studying flow characterstics of blood 

through a stenosed vessel, Biorheology, vol. 26(1), pp 

23-35. 

[ 1 7 ]  Moshkelani, M. S. Gh. Etemad, and A. Moheb (Iran), 

2003,Comparison of Newtonian and Non-Newtonian 

Blood Flow through Arterial Stenosis, From 

Proceeding (410) Applied Simulation and Modelling. 

[ 1 8 ]  Poltem, D., Wiwatanapataphee, B., Wu, Y.H. and 

Lenbury, Y., 2006, A numerical study of non-

Newtonian blood flow in stenosed coronary artery 

bypass with grafts, Australian and New Zealand 

Industrial and Applied Mathematics Journal, 

47(EMAC2005) pp.C277--C291. 

[ 1 9 ]  Pontrelli, G., 2001, Blood flow through an 

axisymmetric stenosis, Journal of engineering in 

medicine, vol. 215, no.1, pp. 1-10. 

[ 2 0 ]  Pralhad, R.N. and Schultz, D.H., 1988, Two layered 

blood flow in stenosed tubes for , diseases, Journal of 

biorheology, vol 25, pp 715-726 

[2 1 ]  Sestak, J., and Charles, M.E., 1968, An approximate 

solution for the start up flow of a power law fluid in a 

tube, Chemical Engineering Science, vol 23, pp 1127-

1137 

[2 2 ]  Shukla, J. B., Parihar, R. S., and Rao, B. R. P., 1980, 

Effects of stenosis on non-Newtonian flow of blood 

in an artery, Bulletin of Mathematical Biology, vol. 

42, pp 283-294. 

[ 2 3 ]  Shukla, J. B., Parihar, R. S. and Gupta, S. P.,1979, 

Effects of peripheral layer viscosity on blood flow 

through the artery with mild stenosis, Bulletin of 

Mathematical Biology, vol.42, pp797-805. 

[ 2 4 ]  Sperker, W., Glogar, H. D. and Gyöngyösi, M., 2002, 

Percutaneous treatment of left main coronary artery 

stenoses, Journal of Clinical and Basic Cardiology, 

vol. 5 (2), pp 163-169. 

[ 2 5 ]  Srivastava, V. P., Tandon M. and Srivastava R. K., 

2012, A macroscopic two-phase blood flow through a 

bell shaped stenosis in an artery with permeable wall, 

Applications and applied mathematics, vol 7 issue 1, 

pp 37-51 

[2 6 ]  Verma, N., 2008, Mathematical models and 

simulation of blood flow in arterial stenosis, Ph.D 

thesis, BITS Pilani (India). 

[ 2 7 ]  Young, D. F., 1968, Effect of a time dependent 

stenosis on flow through a tube, Journal of 

Engineering for Industry,vol 90, pp 248-254.  

[ 2 8 ]  Young, D. F., and Tsai, F. Y., 1973, Flow 

characteristics in models of arterial stenosis-II; 

unsteady flow, Journal of Biomechanics, vol. 6, pp. 

547-559. 

Paper ID: SUB156994 2654

file:///D:\42641016.html
file:///D:\79320298.html
http://www.sciencedirect.com/science/journal/03770427
http://www.sciencedirect.com/science/journal/03770427
http://www.actapress.com/Content_Of_Proceeding.aspx?ProceedingID=242



