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1
Abstract: In the present paper, we have studied [E(y +2) —t]- type and [tﬁ/(y%— Z)] -type plane wave solutions of

Einstein’s field equations in general theory of relativity in the case where the zero mass scalar field coupled with gravitational field and
zero mass scalar field coupled with gravitational & electromagnetic field and established the existence of these two types of plane wave

solutions in Vn . Furthermore we have considered the case of massive scalar field and shown that the non-existence of these two types of
plane wave solutions in GR theory.

Keywords: Einstein’s field equations in general relativity in case where the zero mass scalar field coupled with gravitational field and
coupled with gravitational & electromagnetic field, N-dimensional space-time, etc.

1. Introduction Oy, J1s O1ny)

H.Takeno (1961) has obtained the non-flat plane wave 921 92 9201

solutions  @j; of the field equations Rj;;=0 and <0
established the existence of (z—t)-type and (t/z)-type

plane waves for purely gravitational case in four- 9o Gine - Yo
dimensional empty region of space-time. On the lines of e (1) (n-1Xn-1)

Takeno (1961), Thengane (2002) have also obtained the ~ Whenniseven

plane wave solutions g;; of the field equations R; =0 in O11 912 - Oy

purely gravitational case by reformulating Takeno's (1961) (PY 92 ST PYOEN

definition of plane wave as follows: and >0

Definition A plane wave Qj; is a non-flat solution of field

equations 9n-mr 9wz - Gy
Rij=0.[i,j=123:--(n-3),(n—2),(n-1),n] (1.1) when nis odd, g, >0 (L5)

in an empty region of space-time such that [not summed for r,s =1,2,3,...,(n-1)] and accordingly

gij = g_ij (2), Z=2(x), g =det(g;) <O ifnisevenand g =det(g;) > 0ifn
where X' = x, x%, X3, x"2y, 2,1 (1.2) is odd (1.6)
in some suitable co-ordinate system such that In the paper [3] by investigating the plane symmetric line
. o7 elements
gIJZ,iZ,j:Oa Z,|:_l(13) 2 3 iy2 2 2 2
ox' ds — A(dx')? — B[dy? + dz® —dt*] (1.7)

Il
1M

Z=272(y,z,%), Z,,,#0, Z,, ,#0, Z,,#0.(1.4)

n-3 .
In this definition, the signature convention adopted is and gs? = %" — A(dx')? — Z°Bdy? — Z°Bdz? + Bdt? (1.8)

i=1

rr < 0, r=123:-, (n _1) we have obtained the relations of non-vanishing components

O, 9. Ou of Ricci tensor as
gl’l’ gI’S
>O’ gsr gSS gSt <0 !
gSI’ gSS

gtr gts gtt
P= 2R(n—2)(n—2) = 2R(n—l)(n—1) = Rnn = 2R(n—2)(n—1) = _\/ER(n—z)n = _\ER(n—l)n . (1.9)

Volume 4 Issue 5, May 2015

WWW.ijsr.net

Paper ID: SUB154189 Licensed Under Creative Commons Attribution CC BY

1462




International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438

(y +12)? (y +2)* (y+2)° (y+2)°
and P =?R(n—2)(n—2) :?R(n—l)(n—l) = > Rﬂn = ZZ R(n_z)(n—l)
_ ) o (y+2)*

o = nt)n (1.10)
zf AN Ry

for [—(y + 2) —t] -type and [t\/E/(y + Z)] -type plane waves respectively.

2

In the present paper, we investigate whether these two types _ _ \/
of plane wave solutions exist in the case where zero mass ~ Where V is scalar function of Zand V,; = i
scalar field coupled with gravitational field and the zero _ X

mass scalar field coupled with gravitational and (X! =x" %%} X" X X" X" e X =X XXy z,t)
electromagnetic field. Furthermore we consider the coupling

of massive scalar field with gravitational field and the ' =
massive scalar field with gravitational and electromagnetic Thus \/Evn 2= \/Evn =V, =V
field in V,, to investigate the existence of these two types of -V, =V, =V, =---=V, , =0 (2.2)
plane wave solutions of Einstein's field equation where (-) bar denotes partial derivative w. r. to Z
g From line element (1.7) we have
= T _ _
=(- )[T'J ] Jn-2xn-2) = B, Jtnny =B,
[|, j=123:--(n —3), (n -2),(n=1),n] (1.11) gd. =B.(23)
where Rj; is the Ricci tensor of the space-time , g2 _ 1 g0 _ 1
T;; is the energy momentum tensor , B B
g .. is the fundamental tensor of the space-time g nn _ l (2.4)
1 B
_Ti— @l
and T =T, =g"Ty. = V.V =0 .25
We study these two plane wave solutions separately. Therefore equation (2.1) becomes

Case | [%(y + Z) —t] -type type plane wave solutions in Tij - 4i[\/ivj] (2.6)
T

V., And from equation (2.6), in zero mass scalar field
T=T'=9"T;=0.27
2. Zero Mass Scalar Field Coupled with  Then using equations (2.6) and (2.7), Einstein’s field
V., equation (1.11) becomes
Rj =—2[ViV;] (2.8)

The energy momentum tensor of zero mass scalar field is  which further gives

Gravitational Field in

given by g2
R(n—Z)(n—Z) =-V,
T, :i[\/.v. _lg..v V] —2 —2 —2
Vo4t 2T Rony =V, Rn==2V Ripny=-V

[k=123-(n-3),(n-2),(n-1),n] (2.1) . :ﬁ\TZ R _J2v? 2.9)

Thus non-vanishing components of Ricci tensor are related
as

2R(n—2)(n—2) = 2R(n—1)(n—l) = Rnn =2R (n-2)(n-1) — \/_R(n 2n = \/_R(nfl)n -(2.10)

It is observed that the equation (2.10) is compatible withthe 3, Zero Mass Scalar Field Coupled with
equation (1.9) which is obtained in the case of purely

gravitational field. Hence we have Gravitational & Electromagnetic Field in Va

. 1 .
Conclusion [E(y +2) —1t] -type plane wave solutions |n this case the energy momentum tensor is given by

1
exist in the case where zero mass scalar field is coupled with ~ T; =—[V}V; ——g;V,V “1+ E; B1)
the gravitational field. 4z 2

where Ei i denotes electromagnetic energy momentum
tensor.
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But as in the previous case for zero mass scalar field
ViV ¥=0and T=T'=g"T, =0.@32)
Therefore equation (3.1) becomes
Tij = 4—ln[\/iVj 1+ Eij .(3.3)
Hence Einstein’s field equation (1.11) becomes
Rij = _2[\/IVJ + 4TCE|J] . (3.4)
Then equation (3.4) yields
—2

\YJ
R(n—2)(n—2) = _2[7

—2
\Y
R(n—l)(n—l) = _2[7

Rnn = _2[\72 + 4'7ZEnn] )
—2

V
Ry = _2[7 + 4”E(n—2)(n—1)] ,

+ 4'7ZE(n—2)(n—2)] '

+ 4ﬂE(n—l)(n—l) ] !

—2
\Y
Ri-on = _2[_3 +47E 5.1
—2
\Y
= 2[-—=+4nE, ,,]. 35)

V2

All above non-vanishing components of Ricci tensor are
related as

2R(n—2)(n—2) = 2R(n—1)(n—1) =R, = 2R(n—2)(n—1) = ‘\/ER(n-z)n = ‘\/ER(n-l)n
(3.6)

I:e(n—l)n

It is observed that the equation (3.6) is compatible with
equation (1.9) which is obtained in the case of purely
gravitational field. Hence we have

. 1
Conclusion [E(er Z) —t]-type type plane wave
solutions exists in the case where zero mass scalar field is
coupled with gravitational & electromagnetic field.

Field
Vn

4. Massive  Scalar Coupled  with

Gravitational Field in

The energy momentum tensor of massive scalar field is
given by
T = i[\/.v. 1 g: (V,VK —=mav?)]

ij 4 ivj 2 ij \Vk ’
[k=123;:--,(n-=3),(n—2),(n-1),n] (4.1)
oV
ox)’
(Xj =xt x?, x3.x"3, Y, Z,t) m is mass associated
with the massive scalar field.
Thus V. ,v2 =V 2 =-V =V
wV, =V, =V, =---=V,_, =0 (4.2) where (-) bar
denotes partial derivative w. r. to Z.

where V is scalar function of Z and Vj =

From line element (1.7) we have
g(n—l)(n—l) =-B O = B (4.3)

1 1
(n-2)(n-2) - _ (n-1)(n-1) - _
g B’ g B’

O(n-2)n-2) = -B,

" =% (s
S

=V,V¥ =0.@5)
Therefore equation (4.1) implies

1 1 2,2
Ty =4_TE[ViVj +§gijm V<] (46)
Equation (4.6) yields

; i 1. n
T=T'=¢g'T. =—[-m*?].@47

i g ij 472_[2 ] ( )
Using (4.6) and (4.7), Einstein’s field equation (1.11)
becomes

2-n 22

R; =-2[V)V, +(T)gijm V°] (48)

which further yields
—2

n-2
Rin2yn2) = -V + (—2 )Bm?V ?],

2

— n-2
Rinayny = -V + (—2 )Bm?Vv 2],

—2

—2 n-2
R =127 (S 2BMV, Ry =V

Rin2n :\72\/5’ Rin-nn =\72x/§-(4-9)

But from the line element (1.7) we have the relation of non-
vanishing components of Ricci tensor as

2R(n—2)(n—2) = 2R(n—l)(n—1) = Rnn = 2R(n—2)(n—1) = _\/ER(n—Z)n = _\/ER(n—l)n

. (4.10)
It is to be noted that here the equation (4.9) is incompatible
with the equation (4.10) which is obtained in the case of
purely gravitational field. Hence we have

1
Conclusion [—= (Y + z) —t] -type plane wave solutions
V2

doesn’t exist in the case where massive scalar field is
coupled with gravitational field.

Remark If m? = 0 then the equation (4.9) is compatible to
(4.10) and we have a result as in the case where the zero
mass scalar field is coupled with the gravitational field.

5. Massive  Scalar Field Coupled with
Gravitational & Electromagnetic Field in V,

In this case the energy momentum tensor is given by
1 1 k 22

Tj = 4 ViV —-g; VilV" —mV )]+ E; (5.1)
T 2

where Eij denotes electromagnetic energy momentum

tensor.
But as in the previous case for massive scalar field
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Vka =0and T=T'=g"T, :i[ﬂmZVZ].(S.Z) where V is scalar function of Z and V;=
' Y 4r2 J

Therefore equation (5.1) becomes
1 1 20,2
T. =—[VV, +=g:m¥V2]+E; . (5.3)
ij Ar [V| j 2 gu ] ij
Hence Einstein’s field equation (1.11) becomes
2—n
Rij = —2[\/iVj + (T)g” mZV 2 + 47ZEiJ- ] . ( 54)
Then from equation (5.4) we have

—2 N-2
Rin2yn2) = -V + (T) Bm?V? + 87E (, 2)n-2) 1

—2 nN-2
Rogny =-TV + (T) Bm?V? + 87E (,_sn-2) ]

R = _[2\72 —(n;zz)BmZVZ +87E,.1,

—>

R 2y = -V +87Z’E(n—2)(n—1)] '
— >

Ri-on = _[_\/EV +87E, 50l

—2
Rinan = {-V2v +87E, 4),]. (5.5)

But line element (1.7) gives the relation of non-vanishing
components of Ricci tensor as

=0
oxJ
(x! =x %%, x3.x"3y, 7,1).
Thus V, =V, =V, =--V, ;=0and V , =
Viy =Va Lo V2
v2. o (y+2)
here ( -) bar denotes partial derivative w. r. to Z
From line element (1.8) we have
9n-21n-2) =-2'B , 9 (n-1yn1) --7°8 , ¢,,=B,
(6.3)
1 1
(n-2)(n-2) - (n-1)(n-1) - = m_ -
’ 7’8" 9 28" ° 7B
(6.4)

=V, VK =0.(65)
Therefore equation (6.1)

1

Equation (6.6) yields
Then from (6.6) and (6.7), Einstein’s field equation (1.11)
omes

2R(n—2)(n—2) = 2R(n—l)(n—l) = Rnn = 2R(n—2)(n—1) = _R(n—z)n 2= _R(n—l)n\/z

. (5.6)

Here it has been observed that the equation (5.5) is
incompatible with the equation (5.6) which is obtained in the
case of purely gravitational field. Hence we have

: 1 .
Conclusion [T(y+ Z) —t] -type plane wave solutions
2
of Einstein’s field equation in general relativity doesn’t exist
in the case where massive scalar field is coupled with
gravitational & electromagnetic field.

Remark If m? = 0 then the equation (5.5) is compatible to
(5.6) and we have a result as in the case where the zero mass
scalar field is coupled with the gravitational &
electromagnetic field .

Case Il we consider the case of [t\/i/(y + 2)] -type plane
wave solutions.

6. Zero Mass Scalar Field Coupled with
Gravitational Field in V

The energy momentum tensor of zero mass scalar field is
given by

1

1 K
Tij :E[Vivj _Egijvkv ]!

[k=123;--,(n—=3),(n—2),(n-1),n] (6.1)

Rj =—2[ViV;] (6.8)
which further gives

—2
Vz?
R(n—2)(n—2) = _2[—()/ N 2)2 )
Viz? N
R(n—l)(n—l) == [—2 ) Rnn = _2[—2
(y+2) (y+2)
viz?
Rin-2ynn = _2[(y +2)?
—2 —2
V Z V Z
R(n—z)n = 2\/5[—2] R(n—l)n = 2\/5[—2]
(y+2) (y+2)
(6.9)

Thus non-vanishing components of Ricci tensor are related
as

(y+2)° (y+2)° y+2)' o _(y+2°
72 R(nfz)(n—z) = 7 R(n—l)(n—l): ? Rnn: 7 R(nfz)(n—l)
(y+2)° (y+2)°
- Z\/E R(n—2)n == Z\/E R(n—l)n' (6.10)

It is observed that the equation (6.10) is compatible with
equation (1.10) which is obtained in the case of purely
gravitational field. Hence we have

Conclusion [t\/z/(y + 2)] -type plane wave solutions exist

in the case where zero mass scalar field is coupled with the
gravitational field.
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7. Zero Mass scalar field coupled with
gravitational & electromagnetic field in V,

In this case the energy momentum tensor is given by
1 1 "

where Eij denotes electromagnetic energy momentum

tensor.
But as in the previous case for zero mass scalar field

ViV =0and T=T/ =g"T; =0.(72)
Therefore equation (7.1) becomes

1
Hence Einstein’s field equation (1.11) becomes

= _2[\/|VJ + 4TCE|J] (7.4)
which further yields

—2
V'z?
Rin2yn2) = _Z[W + 47ZE(n—2)(n—2)] ,
Viz?
Riaynony = _Z[W +A7E (0]
—>
nn o~ _2[2\/—2 + 4'ﬂ:Enn] )
(y+2)
Viz?
Riomy = _Z[W + 4”E(n—2)(n-1)] ,
—2
~V ' Z2
(=2)n — [W +47E o, 1.
V’zy2
I:e(n—l)n - 2[ ( N Z) 4ﬂE(n—l)n] ' (7'5)

All above non-vanishing components of Ricci tensor are
related as

(y+12)? (y+12)? (y+12)°

—Zz (n-2)(n-2) :—Zz R n-tyng) :—2 R
(y+2)? (y+2)*

BN Rin-an == 7 Rin-syn - (7:6)

It is observed that the equation (7.6) is compatible with
equation (1.10) which is obtained in the case of purely
gravitational field. Hence we have

Conclusion [t\/i/(y + 2)] -type plane wave solutions exist

in the case where zero mass scalar field is coupled with
gravitational & electromagnetic field.

8. Massive scalar field with

gravitational field in V,

coupled

The energy momentum tensor of massive scalar field is

given by
1 1 K 22
Tjj =4—R[ViVJ 59 WV —mV )],
[k=123;--,(n-3),(n—2),(n-1),n] (8.1)
where V is scalar function of Z and VJ- = ﬂ ,
ox!
(x! =xtx? 2y, 2,1),
m is mass assouated with the massive scalar field.
Thus Vi, 5y = Vg =V, Z = _VZ_ ,
V2 (y+2)
“V,=V,=V,=---V, ;=0 (82
where ( - ) bar denotes partial derivative w. r. to Z.
From line element (1.8) we have
2
Jn-2)n-2) = -7’8, ooy =-4B , 09,=B,
(8.3)
1 1 1
(n-2)(n-2) - = (n-1)(n-1) - = nm_ —
: 78 9 78 9 "B
(8.4)
=V, V¥ =0.(85)

Therefore equation (8.1) becomes
1 1
i 2
From equation (8.6) we have
D 1 .n
T=T'=qgiT. =—[—m?*/?].(87
1 g ij 472_[2 ] ( )

Then from (8.6) and (8.7), Einstein’s field equation (1.11)
becomes

__2[\/i +( )gljmzv ] (8 8)
which further yields
—2
Vz? n—2
I:a(n—Z)(n—z) = _2[(y+ Z) ( 4 )Z Bm V ]
(y+2)° V'z? L 2BV’
(-PR-D f"'g{/\( 5 ) 5 1.
S At PV
(y+2) 4
Viz?
R(n—Z)(n—l) = _2[—(}/ N 2)2
V242 V'z42
(n-2)n = _2[—2]’ I:\)(n—l)n = _2[—2
(y+2) (y+2)
(8.9)

But from the line element (1.8) we have the relation of non-
vanishing components of Ricci tensor as
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(y+2)° _y+2)° _(y+2)°
72 (n-2)(n-2) 72 (n-1)(n-1) 2
_-(y+2)* _-(y+2)°*

(n-2)n — R(n—l)n (8'10)

oz z\2

Here we observed that the equation (8.9) is incompatible
with the equation (8.10) which is obtained in the case of
purely gravitational field. Hence we have

Conclusion [t\/z/(er )] -type plane wave solutions of

Einstein’s field equation in general theory of relativity
doesn’t exist in the case where massive scalar field is
coupled with the gravitational field.

Remark If m? = 0 then the equation (8.9) is compatible to
(8.10) and we have a result as in the case where the zero
mass scalar field is coupled with the gravitational field.

9. Massive  scalar  field coupled  with
gravitational & electromagnetic field in V,

In this case the energy momentum tensor is given by
k 2
" :_I.V| gu (Vkv -m?v? )]+E (9.1)

where Ei i denotes electromagnetlc energy momentum

tensor.
But as in the previous case for massive scalar field
i i 1.n
ViV =0and T=T'=g"T, =—[-m?V’].(9.2)
A "2

Therefore equation (9.1) becomes

(y+2)? (y+2)? (y+2)*
72 R(n—zxn—Z) = 72 R(n—l)(n—l) = 2
—(y+2)° —(y+2)*

T2z Nem Ty N @9

Here we observed that the equation (9.5) is incompatible

with the equation (9.6) which is obtained in the case of

purely gravitational field. Hence we have

Conclusion [t\/E/(y+ z)]-type plane wave solutions of
Einstein’s field equation doesn’t exist in the case where

massive scalar field is coupled with gravitational and
electromagnetic field.

Remark If m? = 0 then the equation (9.5) is compatible to

(9.6) and we have a result as in the case where the zero mass

scalar field is coupled with
electromagnetic field.

the gravitational and
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