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Abstract: The aim of this work, given the general common solutions of some types of adjointable bounded operator equations
define on complex Hilbert space, also introduce the general common solutions for system of operator equations upon some
necessary and sufficient conditions for existence these solutions via g-inverse operator. Introduction: The subject of common
solution studied in initial on matrix equations after that this concept introduce on some types of bounded operator equations such as
Dajic and koliha, [1] in 2007 given the general common Hermition and positive solutions for bounded linear operator equations
AX = C and XB = D also given the represented of this solution in 2005 Xian Zhang, [4] introduced the general common Hermition
nonnegative solutions for the matrix equations, in this work, we introduce the generalized to matrix equation appear in [4] and

give the general common solutions for the operator equations AXA" =C C and CXC™ = D"D, by using g-inverse, also,
the general common solutions for system of adjointable operator
equations BXB" = D'D, AXA" =C’C, AXB" = E'E, BXA" = F'F, At first we must introduce some basic concept of
operator such as, adjoint of operator was define by: let A: H — K be a bounded operator from a Hilbert spaces H onto K then
adjoint operator denoted by A" and A" : K — H such that < Ax, Yy >=<X, A*y>, where for all XeH and
y € K, [2], also, the generalize inverse of operator A:H — K is denoted by A~ e B(K, H) satisfying the condition

AATA=A [3],

1. General Common Solutions for some types =S+MMS+MM D'D(C")'C’, also from the
of adjointable Operator Equations. condition D'D—S—MM~(S—D'D(C )'C") =0

In this section, we introduce the common solution of
adjointable bounded operator equations,

AXA" =C’C, CXC" = DD (1)via g-inverse operator solution of operator equations (1).
this equations is generalized of operator equations Conversely; let X, is a common solution of operator
appeared in [4], equations (1), then its satisfy AXOA* =B'B

Theorem (1.1): AA BB(A) A +A(l—A"AM CABB(A ) A"+ A(l
.Let A B,DeB(H,K) V\{ho.are A,Band M have. g- AA B'B(A") A" =B’B, So, AAB'B=DD.

inverse operators, then the adjointable operator equations . .
(1) have a common solution if and only if CX,C =D D

CAB'B(A)'C +C(1—A"AM BA B"B(A")"'B" +C(l

we get; CX,C” = D'D.Therefore; X, is a common

AA"B'B=B’B,

D'D-S—-MM™(S-D'D(C")"C") =0, Where, S+MM S+MM D'D(C)'C'=D'D
S=CA'B'B(A)'C’, M=C(I-A"A) D'D-S-MM (S-D'D(C")'C")=0.

Proof: Thus, satisfy the sufficient conditions.

We claim Now, we shows the general common solution of

X, =ABB(A) +(1 —A"AM CA B'B(A")" + (I adfoitMe dpeid(C ejuations (1) with same condition of

be a common solution to the operator equations(1) and above theorem.

substitute in the left side of equation (1) we get;

AX,A" = AAB'B(A) A"+ A(l —AAM —CA-B*B(,q—h)e*O{engr(fi)l_ —~ A AM D'D(C) A

=AAB'B(A")"A", and by using the condition Let AB,DeB(H,K) where A B,M have g-
B*D . D* CAX A"=B'B inverse operators, then the adjointable operator equations

AA'B B=B B weget; 0 (1) have a common solution if and only if

And X X . X X *AA_B*B =B’B, X o

CX,C =CABB(A)C +C(I-AAM CABB(A)C DL%I—_SA;'?\)/N/II%?EB%S"(C’)*C*)=0, Where,
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S=CABB(A)'C" M=C(l - A A)
Z € B(K, H) is arbitrary operator.
Proof:

We claim X =X, +(I-=A"A)(I -M"M)Z be a

common solution of adjointable operator equations(1),we
get;

AXA" = A(X, +(1 —=A A)(I —-M"M)Z)A
= AX, A"+ A((1 —A A -M M)Z)A

= AX, A"+ AZA" — AM "MZA" — AZA" + AM ~“MZA"
= AX,A", then AX A" =B"B.

and

CXC =C(X,+(I-A"A(1-M"M)Z)C"

= CXOC* +C((1=A A -M"M)Z)C”
=CX,C"+M(I —-M~M)zC”

=CX,C", then cxc* — p*D.

Conversely; let X is a common solution of operator
equations (1); so is satisfy AXA" = BB
A(X,+(1—AA(I-M"M)Z)A=B"B

AX,A" =B’B, then AAB'B=B"B .

Also ;

CXC'=D'D
C(X,+(I-AA(-M"M)Z)C"'=D'D

CX,C" =D"D,then

D'D-S-MM (S-D'D(C")'C)=0

Now, to illustrate the above theorem consider the

following example.
Example (1.3):

thus from above theorem we get ;

X =ABB(A) +(1—-A"AM CABB(A) +(I—AAM D'DEC) +(I —A A1 —-M"M)Z
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Now, we must to show X ={0 0} is satisfy the

adjontable operator equations (1.6).
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2. General Common Solutions for System of
Adjointable Operator Equations.

Here we, give the common solution of the system of
adjointable bounded operator equations
BXB"=D'D, AXA"=C’'C, AXB" =EE,
BXA"=F'F (2), where A and B are bounded
noninvertible operators and (A,B,C,D,E,F) defines on
Hilbert space H.

It first we gave the solution of adjointable
operator equation AXB =D'D (3) when
A, B invertible operators we will need in this section.
Theorem (2.1):
let Ae B(H,K) and B € B(K,H) have g-inverse

operators, D e B(K).then the equation(3) has a
general solution if and only if
AA'D'D(B)'B"=DD.

proof:

Let AAD'D(B")'B"=D'D, We claim
X=ADDB)+(-AAZ(-BB) bea

solution of equation (3). To do this substitute in the left
side of operator equation (3) we get;

AXB" = A(A'D'D(B™)")B" + A((Z —ZA A)(1 —-B™B)")B"
=A(AD'D(B))B +AZB" — AZB" — AZB" + AZB"

= AA'D'D(B7) B by using the condition we get;
AXB"=D'D
Conversely, since X
therefore,

AXB" = D'D
AA'D'D(B) B +AZB —AZB" =D'D.
AA'D'D(B)'B"=D'D

is a solution of equation (3)

The following theorem we give the necessary and
sufficient condition to get the common solution of the
system of adjointable operator equations (2).

Theorem (2.2):

Let AB,D,C,E,F € B(H,K) where A/ B,N,M
have g-inverse operators, then the system adjointable
operator equations (2) have a common solution if and
only if

AAE'E(B)'B"=E'E, D'D-W-MM (W -D'D(B")'B")=0

C'C-T+(T—AACC)NN =0,

F'F—MM D'D(B) A" (I-N"N)=MM F"FN"N—=(1—=MM )Y (1 =N"N)
+(1 =MM )BAC'CN "N =0, Where;W = BA E'E(B")"B", T = AAE'E(B") A",
Y=BAE'E(B)A, M=B(I-AA), N=( —-B B)"A".

Proof:
It first claim

X,=AEEB) +(1-AAMBAEEB) +(I-AAMDDB)-AEEB)AN(I-BB)
+(I—-AAM ’BA’E*EB’A*N’(I — B’B)* —(I-A"AM ’D*D(B’)*A*N’(I — B’B)*

+ A’C*CN’(I — B’B)* —(I-AAM ’BA’C*CN’(I — B’B)* +(1-—AAM ’F*FN’(I — B’B)*

be a common solution for system of adjointable operator equations(2),and we substitute in the left side of operator

equations;

BX,B" = BA E'E(B")'B" +B(l — A" A)M BAE'E(B")'B" +B(l — A AM D'D(B")’B"
_BAE'E(B)'A'N (1—-B B)'B"+B(I—A"A)M BAE'EB"A'N (I -B"B)'B"
_B(I—AAM D'D(B") A'N"(I -B'B)'B"+BAC'CN~(I -B'B)'B"
_B(I—A"A)M BAC'CN"(1 =B B)'B"+B(I—A"A)M F'FN~(I —B"B)'B"
—W +MM W +MM D'D(B)'B"—BA E'E(B")" AN (I —B B)'B"
+MM BA E'EB"A'N (I =B B)’'B ~MM D’'D(B")"A'N (I —B"B)"B"
+BAC'CN (I-B'B)’'B"'~MM BAC'CN (I =B "B)'B"+ MM F'FN (I —B"B)'B"
By using the condition D'D—-W —MM (W —D'D(B")"'B") =0 we get;

BXOB* =D'D
And

AX, A" =AAE'E(B) A +A(l —A AM BAE'E(B) A +A(l—A AM D'D(B) A"
—~AAE'E(B)A'N (I-B'B)’A"+A(l —A"AM BA'E'EB"A'N (I1-BB) A"
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~A(l-A"AM D'D(B) AN (I-BB)'A"+AAC'CN (I -B"B) A"
—~A(l-A"A)M BAC'CN (1-B™B)"A"+A(l —-A"AM F'FN (1 -B"B) A"
=T+A(I-AAM BAEEB)A+AI-AAMDDB)A-TNN
+A(l—A"AM BAE'EB"A'N"N—A(I —A"A)M D'D(B") A'N"N
+AACCN N-A(l—A"AM BAC'CN N+A(l —A"AM F'FN"N

By using the condition C'C —T + (T — AA'C'C)N N =0 we get;
AXOA* =C'C
Also
AXOB* =AM EEB)B +AIl-AAMBAEEMB)B +AI-AAM DDB)B
—~AMEEB)AN(I-BB)B +A(l-AAM BAE'EB"A'N (I -BB)'B”
—A(l-AAMDDB)YAN (I-BB)B"+AAC'CN (I -B B)'B”
—~A(l-AAM BACCN (I-BB)B"+A(l-AAM FFN (I-BB)B’
And by the condition AA"E'E(B") B” = E"E we get;
AX,B"=E'E
Finally
BXOA* =BAEEB)A +B(I-AAMBAEEB)A+B(I-AAM DDB)A
—BAE'E(B)YAN (I1-BB)YA +B(I-AAM BAE'EBAN (I-B B)A
-B(l-A"AM "D*D(B")*A*N‘(I —B"B)*A* +BA‘C*CN‘(I —B‘B)*A*
—B(I-A"AM BACCN (I-B BYA"+B(I-A"AM F'FN (I-B B)"A”
=Y +MM7Y + MM ’D*D(B’)*A* —YN" N+ MM YN N - MM ’D*D(B’)*A*N’N
+BACCN' N-MM BACCN' N+MM FFN"N
And By using the condition;
F'F—-MM _D*D(B_)*A*(I —N"N)-MM "F'FN"N —(I-=MM7)(Y(I =N"N)
+(I =MM")BAC'CN"N =0, Can have BX,A" =F'F
Conversely; let X, is a common solution to the system of operator equation (2)let
_{A} _{B} ) _{E*E c*c} _ o
U= V= WW=| . |,then the system of operator equations (2) have a common solution if and
B A DD FF
only if UXV =W'W has a solution , and by using thermo (2.1),we get the solution X, is in the form
Xo=UWWN)  with conditon UUWWN )V =WW,and from[5Jone can  have
U =[A-(I-AAMBA (I-AAM|
AV =|(B) —(BY AN(1-BB) )] (N"(1-BB)") |therefore et
AAE'E(B)'B"=E'E DD-W-MM W -D'D(B)'B)=0 CC-T+(T-AACC)N' N=0
and ,
F'F-MM _D*D(B‘)*A*(I —N"N)-MM "F'FN"N —(I1-=MM7)(Y(I —=N"N)
+ (I - MM ’)BA’C*CN’N =0
Let AB,D,C E,F € B(H,K) where

A, B, N, M have g-inverse operators, then the system
adjointable operator equations (2) have a common

Now we shows the general common solution of

adjointable operator equations (2)with same condition

above. solution if and only if
AAE'E(B")' B =E’E,
Theorem (2.3): DD-W-MM-(W-D'D(B")'B)=0
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CC-T+(T -AACC)N N=0, N=(1-B B)'A", ZeB(K,H) is arbitrary
F'F—-MM ’D*D(B’)*A*(I —N"N)-MM ’F*FN’l\loﬁeﬂitﬁ,MM IY(IT=N"N)
Proof:_
+(I =MM )BA C'CN "N =0, Where; We clime )
W = BA*E*E(B*)*B* T= AAfE*E(Bf)*A* X = XO +(I-A"A)(-M"M)Z(I _NN")(I1-B"B)
o ke _ ' be a common solution for the system of adjointable
Y=BA'EE(B) A , M=B(l -A"A) , operator equations(2), and we substitute in the left side of

operator equations;
BXB™ = B(X, + (I — A"A) (I —MM)Z(I —NN-)(I =B B)")B"
—W + MM "W + MM D'D(B~)"B" and By using the conditon D'D-W —MM~ (W -D'D(B")'B") =0

we get BXB" =D'D
Also

AXA" = AX, +(I1=A" A -M"M)Z(I _NN")(I - B B))A"
“T-TN N+ AAC*CN-N By using the condition C'C —T + (T — AA'C'C)N "N =0 we get AXA" =C'C
And
AXB”™ = AX,B" + A((1 —A"A)(I =M "M)Z(I _NN")(1-BB)")B"
AAE'E(B7)"B” = E'E and by the condition get AXB" = E'E
Finally
BXA " =B(X,+ (I —A A1 -M"M)Z(I _NN")(1 -B"B))A"
=Y+MMY+MM D'D(B)YA —=YN" N+ MM YN "N-—MM D'D(B")"A'N"N
+BACCN' N-MM BACCN N+MM FFN"N
And By using the condition
F'F —MM ‘D*D(B‘)*A*(I —N"N)-MM "F'FN"N — (I=MM7)(Y(I —=N"N)
+BAC'CN"N) =0 Canhave BXA" =F'F
Conversely; let X is a common solution to the system of operator equation (2),let

B A D'D F’
only if UXV " =W'W has a solution , and by using thermo (2.1)we get the solution X is in the form
X=UWWN") +(I-UU)Z( -VV)" with condition UUWW V)V =WW and from[5Jone can
have U~ =[A"~(1-A/A)M'BA" (I-AAM"|
and V- =[(B) ~(B) AN-(1-BB)) (N-(1-BB) ) therefore get
AAE'E(B)B"'=E'E DD-W-MM W -D'D(B")"'B")=0
cC-T +(I'—AA’C*C)I\i’N =0 and
F'F-MM D'D(B")A"(1-N"N)-MM F'FN " N—(I =MM " )(Y (I =N"N)
+(1-MM")BA'C'CN"N)=0.

Now, to illustrate the above theorem, consider the following example.

Example (2.4):
10 11 « 2 0 . 1 2
let A= B= ,D D= ,CC= ,
2 0 00 0 0 2 4
. 2 0 . 1 2 2 0 1 2 15 3 -8 4
EE= F F= W = T = Y = M
{4 0} {0 O} {0 O} {2 4} { 0 0} { 0 O}
05 1 10 4
N = and Z = :
0 O 0 3

thus from above theorem we get ;

A BI. . E'E C'C _ o
U= V= WW = ,then the system of operator equations (2) have a common solution if and
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X =AEEB) +(1-AAM BAEE®B) +(I-AAMDDB)-AEEB)AN(I-BB)
+(1—A"AM BAE'E(B ) AN (1-BB) —(1—-A"AM D'D(B") AN (I -B"B)’
+ACCN (I1-BB) —=(I-A"AM BAC'CN (1-BB)" +(I-A AM F'FN (1 -B"B)"
+(1=AA)(I-M"M)Z(I _NN")(I-B"B)".

{5 S8 oI5 THE 2ot olo ofe oe ol

o

—2 1]-01 0f2 o]05 05] [3 12 005 051 2] 1 oo 0
‘1% 2o olo o5 wlls o)t o)s o)o alos olo o
—2 1]-01 0f1 13 -1J2 0f05 051 2] 1 oJo0 O
"6 2_{0.05 0_{0 0] OL o}{o o}{o OLS o}{o J
2 1-01 0f2 oJo5 05]1 21 ofo o] [3 -1t 2] 1 o0 o
“|-6 2] 0.05 0]0 0] 0 0}[0 0}{0.5 0}{0 1}{0 OL 4}{0.5 0}{0 J
2 1-01 Ot 13 -1t 21 ofo o] [-2 1]-01 oft 2] 1 ofo o
“|-6 2]005 0]0 o[o OL 4}{0.5 o}{o 1}{—6 2}{0.05 o}{o o}[o.s o}{o J
(-2 1] -04]6 2]fo5 0f0 O
L Lo o2)s alo 1o 1
025 0.25] [025 025] [0 0] [0 0] [0 0] [0 0] [0 0] [0 0] [0 O
- } [ 0.7}{0.7 0.7}{0 o}{o o}{o o}{o 0}{0 o}{o 0}{0 0}

X =
i
1 1] AAE'E(B")' B =E’E

X = i i
Now, we must to show {O 0 is satisfy the system 1 0T3 —1T2 oTo5 0571 0 ) 5 0 .
of adjontable operator equations (2). 2 0|0 Of4 OfJ 0O o010 4 0

BXB,&_11"1110 20_*
[0 ojo of1 0] [0 0O DD-W-MM"(W-DD(B ) B)=0
71 ooT1 1T } [1 2} 2 0}{2 0}_ 10 {2 0}{2 0}{0.5 0.5}{1 oﬂ
AXA" = 0 0] [0 0f [0 0f[0 0] [0 0] 0 O0]J10
:2 0:0 0: 2 4 [2 0] [2 o] [0 0] Jo O
AXB*=10111 _12 0 e 0 0/ [0 o] |o o |oo
12 0]JJ0 01 4 0 CC-T+(T-AAC'C)N'N=0
o[ 171 171 12 1 2] [1 2] [[1 2] [1 of3 -1]1 2]Jo05 1
BXAZOO__O olo o] |0 o =F'F _24_24__24__200024 025 05
Also, thusoperatorssatlsfythecondltlons 1 2}{1 2}{0 O}:{O 0}
2 4| |2 4] |0 0] |0 O
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F'F-MM D'D(B ) A"(I-N"N)-MM F'FN " N-(I =MM " )(Y(1 -N"N)
+(1-MM)BA'C'CN"N =0

o o100 ols olo o ol-uzs a5] 1o oo oo os
o 2l ol-02s asllo 1o oo ol alom o5
o oo oo oo o*lo o/l o
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