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Abstract: The aim of this work, given the general  common solutions of some types of  adjointable bounded operator equations 

define on complex Hilbert space, also introduce the  general common solutions  for system of operator equations upon some 

necessary and sufficient conditions for existence these solutions  via g-inverse operator. Introduction: The subject of common 

solution studied in initial on matrix equations after that this concept introduce on some types of bounded operator equations such as 

Dajic and koliha, [1] in 2007 given the general common Hermition and positive  solutions  for bounded linear operator equations 

AX = C and XB = D also given the represented of this solution in 2005 Xian Zhang, [4] introduced the  general common Hermition 

nonnegative solutions for the matrix equations,  in this work, we introduce the  generalized  to matrix equation appear in [4] and 

give the  general common solutions for the operator equations  CCAXA **    and  ,** DDCXC  by using g-inverse, also, 

the general common solutions for  system of adjointable operator 

equations ,** DDBXB  ,** CCAXA  ,** EEAXB  ,** FFBXA   At first we must introduce some basic concept of 

operator such as, adjoint of operator was define by:  let KHA : be a bounded operator from a Hilbert spaces H onto  K then   

adjoint operator denoted by 
*A  and  HKA :*  such that  yAxyAx *,, , where for all Hx  and 

,Ky [2], also, the generalize  inverse of  operator KHA :  is denoted by  ),( HKBA 
 satisfying the condition 

A AAA 
 [3],  

 

1. General Common Solutions for some types 

of adjointable Operator Equations.  
 

In this section, we introduce the common solution of 

adjointable bounded operator equations, 

,** CCAXA  DDCXC **   (1)via g-inverse operator 

this equations is generalized of operator equations 

appeared in [4],  

 

Theorem (1.1): 

Let ),(,, KHBDBA   where BA, and M have g-

inverse operators, then the adjointable operator equations 

(1) have a common solution if and only if 

 

,** BBBBAA 

,0))(( ****   CCDDSMMSDD Where,

,)( *** CABBCAS 
 

)( AAICM   

Proof: 

 We claim
 

******

0 )()()()()(   CDDMAAIABBCAMAAIABBAX

 
be a common solution to the operator equations(1) and 

substitute in the left side of equation (1) we get; 
**********

0 )()()()()( ACDDMAAIAAABBCAMAAIAAABBAAAAX  

 
,)( *** AABBAA 

 
and by using the condition 

BBBBAA ** 
 we get; 

BBAAX **

0 
 

And 
**********

0 )()()()()( CCDDMAAICCABBCAMAAICCABBCACCX  

 
,)( *** CCDDMMSMMS    also from the 

condition 0))(( ****   CCDDSMMSDD
 

 we get; .**

0 DDCCX  Therefore; 0X
 
is a common 

solution of operator equations (1).
 
 

Conversely; let 0X
 

is a common solution of operator 

equations (1), then its satisfy BBAAX **

0 
  

BBACDDMAAIAAABBCAMAAIAAABBAA ********** )()()()()(  

 
,)( **** BBAABBAA   So, .** DDBBAA 

 
 DDCCX **

0 

DDCCDDMAAICBABBBAMAAICCABBCA ********** )()()()()(  

 

DDCCDDMMSMMS **** )(  

 

.0))(( ****   CCDDSMMSDD
 

Thus, satisfy the sufficient conditions.  

Now, we shows the general common solution of 

adjointable operator equations (1) with same condition of 

above theorem. 

 

 

Theorem (1.2):

 Let ),(,, KHBDBA   where MBA ,, have g-

inverse operators, then the adjointable operator equations 

(1) have a common solution if and only if 

,** BBBBAA 

,0))(( ****   CCDDSMMSDD Where,
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*** )( CABBCAS 
,

)( AAICM  ,

),( HKBZ
 
is arbitrary operator.  

Proof: 

 We claim ZMMIAAIXX ))((0

 
 

be a 

common solution of adjointable operator equations(1),we 

get; 

*

0

* )))((( AZMMIAAIXAAXA    
 

 
**

0 )))((( AZMMIAAIAAAX  
 

 
*****

0 MZAAMAZAMZAAMAZAAAX  
 

 
,*

0 AAX  then .** BBAAX   
 

and 
*

0

* )))((( CZMMIAAIXCCXC     

 
**

0 )))((( CZMMIAAICCCX     

 
**

0 )( ZCMMIMCCX 
 

 
,*

0CCX  then .** DDCXC   
 

 Conversely; let X  is a common solution of operator 

equations (1); so is satisfy BBAXA ** 
  

BBAZMMIAAIXA *

0 )))(((  

  

,**

0 BBAAX   then .** BBBAAB    

Also ;
 

DDCXC **   

DDCZMMIAAIXC **

0 )))(((  

 
,**

0 DDCCX  then 

0))(( ****   CCDDSMMSDD  

 Now, to illustrate the above theorem consider the 

following example. 

Example (1.3): 
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,
thus from above theorem we get ; 
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Now, we must to show 









00

01
X  is satisfy the 

adjontable operator equations (1.6).  
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 Also, thus operators satisfy the conditions;
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2. General Common Solutions for System of 

Adjointable Operator Equations. 
 

Here we, give the common solution of the system of 

adjointable bounded operator equations 

,** DDBXB  ,** CCAXA  ,** EEAXB 

FFBXA **   (2), where A  and B  are bounded 

noninvertible operators and (A,B,C,D,E,F) defines on 

Hilbert space .H  

It first we gave the solution of adjointable 

operator equation DDAXB **   (3) when 

BA, invertible operators we will need in this section. 

Theorem (2.1): 

let ),( KHBA  and ),( HKBB  have g-inverse 

operators, )(KBD .then the equation(3) has a 

general solution if and only if 

.)( **** DDBBDDAA 
 

proof: 

Let DDBBDDAA **** )( 
, We claim 

 
*** )()()( BBIZAAIBDDAX    be a 

solution of equation (3). To do this substitute in the left 

side of operator equation (3) we get; 

****** )))((())(( BBBIAZAZABBDDAAAXB  

 
******* ))(( AZBAZBAZBAZBBBDDAA  

 

 
*** )( BBDDAA  by using the condition we get; 

DDAXB **   

 Conversely, since X  is a solution of equation (3) 

therefore,  

DDAXB **   

DDAZBAZBBBDDAA ****** )( 
. 

DDBBDDAA **** )( 
  

The following theorem we give the necessary and 

sufficient condition to get the common solution of the 

system of adjointable operator equations (2). 

 

Theorem (2.2): 

Let ),(,,,,, KHBFECDBA   where MNBA ,,,
 

have g-inverse operators, then the system adjointable 

operator equations (2) have a common solution if and 

only if  

 

,)( **** EEBBEEAA  0))(( ****   BBDDWMMWDD
,

,0)( **   NNCCAATTCC

)()(()()( ***** NNIYMMINFNFMMNNIABDDMMFF  
 

,0)( *   NCNCBAMMI Where; ,)( *** BBEEBAW  ,)( *** ABEEAAT 

,)( *** ABEEBAY 
 

),( AAIBM 
 

.)( ** ABBIN 

 Proof: 

 It first claim 
 

*********

0 )()()()()()()( BBIANBEEABDDMAAIBEEBAMAAIBEEAX  

 
******* )()()()()( BBINABDDMAAIBBINAEBEBAMAAI  

 
****** )()()()()( BBIFNFMAAIBBICNCBAMAAIBBICNCA  
 

be a common solution for system of adjointable operator equations(2),and we substitute in the left side of operator 

equations; 
**********

0 )()()()()( BBDDMAAIBBBEEBAMAAIBBBEEBABBX  
 
********* )()()()(             BBBINAEBEBAMAAIBBBBINABEEBA  

 
******** )()()()( BBBICNCBABBBINABDDMAAIB    

****** )()()()(             BBBIFNFMAAIBBBBICNCBAMAAIB    

******** )()()( BBBINABEEBABBDDMMWMMW  
********* )()()( BBBINABDDMMBBBINAEBEBAMM  

********* )()()( BBBIFNFMMBBBICNCBAMMBBBICNCBA     

By using the condition 0))(( ****   BBDDWMMWDD  we get; 

 DDBBX **

0 
 

And 
**********

0 )()()()()( ABDDMAAIAABEEBAMAAIAABEEAAAAX  
 

********* )()()()(             ABBINAEBEBAMAAIAABBINABEEAA  
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******** )()()()( ABBICNCAAABBINABDDMAAIA    

****** )()()()(             ABBIFNFMAAIAABBICNCBAMAAIA     

NTNABDDMAAIAABEEBAMAAIAT   ****** )()()()(
 

NNABDDMAAIANNAEBEBAMAAIA   ***** )()()(              

NFNFMAAIANCNCBAMAAIANCNCAA   *** )()(              

 

By using the condition 0)( **   NNCCAATTCC  we get; 

 CCAAX **

0 
 

Also  
**********

0 )()()()()( BBDDMAAIABBEEBAMAAIABBEEAABAX  

********* )()()()( BBBINAEBEBAMAAIABBBINABEEAA  
******** )()()()( BBBICNCAABBBINABDDMAAIA    

****** )()()()( BBBIFNFMAAIABBBICNCBAMAAIA     

And by the condition EEBBEEAA **** )( 
we get; 

 EEBAX **

0 
 

Finally  
**********

0 )()()()()( ABDDMAAIBABEEBAMAAIBABEEBAABX  
********* )()()()(             ABBINAEBEBAMAAIBABBINABEEBA  

******** )()()()(              ABBICNCBAABBINABDDMAAIB    

****** )()()()(             ABBIFNFMAAIBABBICNCBAMAAIB     

 
NNABDDMMNYNMMNYNABDDMMYMMY   ****** )()(

 

NFNFMMNCNCBAMMNCNCBA   ***            

And By using the condition; 

)()(()()( ***** NNIYMMINFNFMMNNIABDDMMFF  

,0)( *   NCNCBAMMI  Can have FFABX **

0   

Conversely; let 0X
 

is a common solution to the system of operator equation (2),let 
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
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**

*,, ,then the system of operator equations (2) have a common solution if and 

only if WWUXV **   has a solution , and by using thermo (2.1),we get the solution 0X
 

is in the form 

**

0 )(  VWWUX  with condition ,)( **** WWVVWWUU  and from[5]one can have 

 ,)()(   MAAIBAMAAIAU  

And     ******* )()()()( BBINBBINABBV    therefore get; 

EEBBEEAA **** )( 

,
0))(( ****   BBDDWMMWDD  0)( **   NNCCAATTCC

 

and  

0)(

)()(()()(

*

*****









NCNCBAMMI

NNIYMMINFNFMMNNIABDDMMFF

 

 

 Now we shows the general common solution of 

adjointable operator equations (2)with same condition 

above.  

  

Theorem (2.3): 

Let ),(,,,,, KHBFECDBA   where 

MNBA ,,, have g-inverse operators, then the system 

adjointable operator equations (2) have a common 

solution if and only if 

,)( **** EEBBEEAA 

0))(( ****   BBDDWMMWDD
,
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,0)( **   NNCCAATTCC

)()(()()( ***** NNIYMMINFNFMMNNIABDDMMFF  

 

,0)( *   NCNCBAMMI Where;

*** )( BBEEBAW 
,

*** )( ABEEAAT 
,

*** )( ABEEBAY 
,

)( AAIBM 
, 

,)( ** ABBIN 
 

),( HKBZ
 

is arbitrary 

operator. 

 Proof: 

 We clime 
*

0 ))(_())(( BBINNIZMMIAAIXX  

 
be a common solution for the system of adjointable 

operator equations(2), and we substitute in the left side of 

operator equations; 
**

0

* )))(())((( BBBINNIZMMIAAIXBBXB     

 
*** )( BBDDMMWMMW    and By using the condition 0))(( ****   BBDDWMMWDD  

we get DDBXB **   

Also 
**

0

* )))(_())((( ABBINNIZMMIAAIXAAXA     

NCNCAANTNT   *

 
By using the condition 0)( **   NNCCAATTCC

 
we get CCAXA **   

And  
***

0

* )))(_())((( BBBINNIZMMIAAIABAXAXB      

EEBBEEAA **** )( 

 
and by the condition get EEAXB **   

Finally  
**

0

* )))(_())((( ABBINNIZMMIAAIXBBXA      

 NNABDDMMNYNMMNYNABDDMMYMMY   ****** )()(  

NFNFMMNCNCBAMMNCNCBA   ***
  

And By using the condition 

 )()(()()( ***** NNIYMMINFNFMMNNIABDDMMFF    

0)*   NCNCBA  Can have FFBXA **   

Conversely; let X  is a common solution to the system of operator equation (2),let 





























FFDD

CCEE
WW

A

B
V

B

A
U

**

**

*,, ,then the system of operator equations (2) have a common solution if and 

only if WWUXV **   has a solution , and by using thermo (2.1),we get the solution X
 

is in the form 

*** )()()( VVIZUUIVWWUX    with condition WWVVWWUU **** )(   and from[5]one can 

have    MAAIBAMAAIAU )()(
,
 

And     ******* )()()()( BBINBBINABBV    therefore get; 

 
EEBBEEAA **** )( 

,
0))(( ****   BBDDWMMWDD  

0)( **   NNCCAATTCC
 
and  

.0))(

)()(()()(

*

*****









NCNCBAMMI

NNIYMMINFNFMMNNIABDDMMFF

 
Now, to illustrate the above theorem, consider the following example. 

Example (2.4): 

let 









02

01
A  , 










00

11
B  , 










00

02
*DD  , 










42

21
*CC , 











04

02
*EE 










00

21
, *FF 










00

02
,W 










42

21
,T 










00

35.1
,Y

 











00

48
,M

 











00

15.0
, N and .

30

410








Z   

thus from above theorem we get ; 
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Now, we must to show 









00

11
X  is satisfy the system 

of adjontable operator equations (2).  
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