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An Integral Equation Involving H- Function of Two
Variables as Its Kernel
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Abstract: The object of this paper is to solve an integral equation of convolution form having the H- function of two variables as its
kernel. It generalizes the result given by Buschman, Kurl and Gupta [8, pp. 226-228] .A few other special cases are also given.

1. Introduction

The H- function of two variables defined by Mittal and Gupta [5, p.117] is represented here in contracted form as

.g.h| X (ap’amAP):(Cp’Cp);(eU’EU) }

H[X,Y]_ HONmn o
TP avl yi(by, By Bg) 1 (dg, Dy)i (1, F,)

(2 2 —— [ [#.() My (s, t)x°y'dsdt

N
HF(l—a. +a;s+ Ajt)
Where y/(S,t) = (1.2)
HF(l b, + B, s+Bt) H F(a —ajs—Ajt)

ﬁlr(d _D, s)HF(l ¢, +C,s)
¢ (s) =— (1.3)
IT I'A-d; + D, s) H F(c —C;s)

j=m+1

r(f, —Ft)HF(l e, +E,t)
P, (t) = —- (1.4)
1 r@-f,+F1) I1 I'(e, ~ Ejt)

j=g+1

Where X, Y = O, an empty product is intyerpreted as unity.
N, P,Q,m,n, p,q, g, h, U,V areall non-negetive integers such that

0<N<P,Q200<m<g,0<n<p0<g<v0<h<uand a;,p,A;,B;,C; D;,E;,F areall

positive. The sequence of the parameters (ap ), (bq ), (Cp ), (dq ), (eu ), ( fv) are so resricted that none
of the poles of the integrand coincide.

The double integrand in (1.2.1) converges absolutely if

larg x| < %Aln, larg y| < %Azﬂ' (1.5)
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Where A, Z(a)— Z(a) Z(ﬂ)+Z(D) Z(D)+Z(C) Z(Cj)>0

j=N-+1 j=m+1 j=n+1 (1.6)

AFi(Aj) Z(A) Z(B)+Z(F) Z(F)+Z(E) Z(E,-)>0

j=N+1 j=g+1 j=h+1 (1.7)

2. Notations and Results Used

The Lplace transform

F(p) = Tept f(t)dt, Re(p)>0

is represented by F (p) - f(t) (2.1)

ERDELYI [2,p.129-131]

if f (t)%F(p), f(0)=f"(0)=.... f"(0)=0 and f "(t) is continuous , then

£"(t)=p"F(p)
. 2.2)

it L O=F(P)and T,O=F,(p).ren [ £,(u) f, (t —u)du=F,(p)F, (p) (3

SRIVASTAVA[S, P.19.]

Lp L-a;,A) (a,,A) o }Elll“(a +A;r)x"
Hp,q+1|: 01),(1- b J)} |:(b ) :| rZ_o: ﬁr(b B r)rl

= (2.4)

NAIR[7,p.10]

t [ D @+ ab)i-ot® =) p e @ ep ) s

7(2—b)

Provided Re(p) > 0,2 >b > 0,Re(l+a) > 0, ‘arg cp‘b‘ <=5

MUHAMMED [6,P.109]
Xm0 L@+ B)A— 1) v J(m, . M, )i, N, i@ b7 fax+ a7}

x Hz, (ax)™ fo(1— )} {(ax + b)(L— x)* |, 2, (ax)™ fo(L— x)** [{(ax +b)(L— x) 7 fJdx
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» IIT(m; + M d)z*
:a_ab_'gzjzi X
4=0 TII'(n; + N;d)d!

=1

H 0,N+2:(m,n);(g,h) Zl
p+Q,Q+L:(p,a);(u,v) 7
2

(1-a-dp,4,4,).(1-f-do;m, 1), (@, . A)((C,,.C )i (6, EL)) }
(b,,3,,8,),(1-a-p-dp—do; 4, + 4,4, + p1,) ((quq));((fv’ F,))
(2.6)

provided

d. d. f

j k i k
G=1,......, m)and (k=1,......,8)

S r
1+ZNj—ZMj>O|argzl|<%7rAl, |argzz|<%7rA2, A, A, >0
1 1

Ay, Ay s defined by (1.6) and (1.7) respectively.
H{X,y] defined by (1.1)and ax+b(1—X)isnotzerofor 0< x<1, a,b=0

Buschman, Kurl and Gupta [1]

: X—t
L{(X _1) o-1 H 0,00 1n, 1ng {

P1.Gy:P2 .02+ P3, O3+l

(@;,a;,A)(c;,C))i (e, E)) } }
x—t|(b;.5,.B,): (01).(d,,D,): (O, (f,.F))
=p"H,Ip", p T en
d, f

Provided Re(p) >0, Re(a+D—’j+F—t) >0,
Where = H,[p™, p']=

0L 1n, 1,n, |:p1 (1_0-’1’1)’(8‘]’aj’Aj);(Cj’Cj);(ej’EJ') }

PrebiPo G LiPe st g1 (b;,5;,B;):(0,),(d;,D,);(0.1),(f;,F;)

= Y Cyn P ™™ I (c+M +N)/MIN!

M,N=0 (2.8)
Where CM,N = ¢(N ) M )6’2/ (N)Hé (M) 2.9)
H,[p™, p*1=2 hp™
v=0 (2.10)
Where hv = (_l)vr(a +V)/V'i Y V—u,
u=0\H (2.11)

If k denotes the least value of v for which h, # O, then

H,lp™, p*1=p™* > h,p™"
n=0 (2.12)

So that if we let the coeffiecients H ; be determined by the relation
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[z hk+n p_n]_1 = Z Hﬂ p_/1
n=0 A=0

(2.13)

P S H T (p—k + A—a)=p ) {Z H, p-ﬂ}

A=0

The coeffiecient H , being defined by the recurrences

)7

hk H 0~ 1 and for HL > 0 by Z Hﬂhy+k—l =0 and the power series coeffiecients hv is given by
2=0

(2.11).

3. The Integral Equation.

Theorem.

f2>b>0, Re(l+a+a)>0,
ABI'(d)'(-d)=1, a+c+2=m+I, f9(0)=0, 0<q<m;

g°(0)=0, 0<s<h; m,l hareintegersand Re(h—I -k —a +cC+1) > 0, then the integral

equation:

9(x) = AZ1“(d+r)z j( t)a”‘*erOl N, Ang

p;+1,04+1p;y,0, +1; p3, 05 +1
X—t
Xx—t

Where the H- function of two variables involved in (3.1) satisfies all the conditions corresponding

Q-all),(a;,a;,A):(c;,C):(e;,E)) i
(b, 3,.B;).(-a—a—br11):(01),(d;,D,);(01),(f;,F,) }[D f(t)dt. 3.1

appropriately to the set oif convergence conditions (1.5) to (1.7) , the solution of the integral

equation is given by

f(t)=BS I(~d + r)ZT: [@—x)"rereroey (it — x)[D' g (x)]dx
r=0 o (3.2)

V=Y H, X"
—=STI'(br+c+A+h—-k—-a) (3.3)

The coefficients

H, being defined by the recurrences H k hO =1 and for M= 0 by
; H ﬂh#“‘—’l =0 and the power series coefficients hV given by (2.10).
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PROOF:
o FO=F(p) ., IO=G(P) ..

From (2.5), (2.7) and (2.11)

A D, (@ +1b); 21T () A-2p0)¢

tywl(=d.D), (c+1,b); Z'['D]%F(—d) pr@l—zp®) (3.5)

ta—l 0,0 n, Lng [t
P,0;:P2,02 41 p3,05+1

((aj’alej)):((Cjicj));((elej)) :|
0(®,. 5, B,)).: (01),((d,. D,)): (01). ((F,.F,))

? p—a—k Z hk+n p—n
n=0

Using (2.3) in (3.4)and (3.6)

(3.6)

Pd)p ™ @-2p®)* p [Xh.,p 1= [ iy d(d D), @+1,b); 2t (x — 1)

W HOO Lm lm oy (@, a5, A (€, )i (8, E))) d
P10y Py .8y +1; Py, Gg + {x_t((b,-,ﬂ,—’B,-)),: (01).((d;, D;)): (01, ((F;. F;) } t (37)

In (3.7) put t=ux and evaluate using (2.6) to get:

(d+r)z e x HOE Lo LN

rd)p ™ *@1-zp™)° [thmp*”] Z py+1,0,+1:py, 0y +1; p3, Q5 +1

K

From (2.14)

o0 . = H,t*
—(—k—a——1+h) H -1 — th—l—kfa A
P (2 H. P13 P

(1—61,1,1), ((aj ’aj 1 Aj )) : ((Cj ’Cj ))1((ej ) Ej )) :|
(0,.,,B,). (-a=a=brdD): O1.((d,,D, OV, F)) |

(3.9)

Now using (2.3) in (3.5) and (3.9), to get:
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I(=d)p™*@-zp™)" p*"[X H,p"]=
A=0

jf tc v [(_d 1) (C+1 b) th](x_t)h—lfk—afli Hl(x_t)l

171 ==/ ! ’
) Srh-1-k+i1-a) .
In (3.10) put t = ux and evaluate using (2.14), to get:
F(~d)p =" A-2p™) [>H,p~]=

21=0 °

0 _ r 0 H Xﬂ

Z 1—‘( d + r)z Xh—1+c+br—k—a [Z A ]

= r! =ITr+c+A+h-k—-a) (3.11)

Using (2.3) and (3.8), the integral equation (3.1) becomes

G(p) = AT(d) p™ = (L- 2p)*[> " H,,. p"TF (p)
n=0 (3.12)

Similarly using (2.3) and (3.10), the integral equation (3.2) becomes

F(p) = BI(~d) p" " - 2p) *[SH, p*1G(p)
4=0 (3.13)

The equations (3.12) and (3.13) can be obtained from each other when

ABT'(-d)'(d) =1 and m+1=a+c+2.

Hence by LERCH’S theorem [4,p.5], it follows that each of the integral equation (3.1) and (3.2) is the solution of the other.
4. Special Cases

In the theorem use [8,pp.88,89, eqn (6.4.3)] to get :

The integral equation

N " Py +1ps;p
g(X) = AZ[ r(d + r)r(a) Z_J(X_t)a+a+br X Fql i-]_:qz ’2q3 3
a’(apl) : (sz);(eps);

— L(@+a+br+l1) r!
X
x|{(@a+a+br+1):(01),(b, );(d,, );(f,)
<D™ (t) ot
Py P2 P3 (o} a, s
- jrzllr(a,-)J_zlgﬂr(c,.)j=1n1+1r(e,.)gr(l—bj)jrzllr(l—dj)gr(l_ f)

()P (x =), ()P (- }

Where
2>b>0, Re(l+a+a)>0, Re(a;)>0,(j=1...,p,)

, Re(c;)>0,(j=1.....,p,)

. Re(e;)>0,(j =L Ps), Rel—b;)>0,(j=L.....q,), Rel—d;)>0,(j=L1....,q)
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, Re(l-1f;,)>0,(j=1...,q;) ABI'(d)I'(-d)=La+c+2=m+1 f90)=0,0<g<m

gs(0)=00<s<h m, I,h are integers and Re(h—1-k-a+c+1)>0 has for its solution.

f (t) _ Bi[ 1—1(_d + :?r(a)z J'(t . X) h-Leer+ir—k-a\ps (t . X)[Dh g(X)]dX

Where

e H,x*
W(x)=>[ -

o I'c+A+br+h+1-1-k-a)
Where

A being determined by (3.4) and hV being given by (2.11) and the coefficients in (2.9) reducing to the form
/ /
CV—,u,/J = 02 (V - ﬂ)e?, (lu) .

m=Il=0,A=B=lLa=c=

In(3.1) and (3.2) put 2 = La=oh=p, get the result given by Buschman, Kurl

and Gupta[8,pp.226-228]

In(3_14)|wtz:mzl =0,A=B=la=c=-lLa=0h=p

P, =0, :0’(Cj):(Dj):(Ej) :(Fj) =1n, =N; =P, =P; =0, =0 =1
¢, =1-a,d, =1-b,e =1-a,,f,=1-b
Kurl and Gupta[8,p.230].

2 and use the result [8,p.161] to get another result given by Buschman,
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