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Abstract: Our aim in this paper is to find the convolution of Al-Tememe transformation for a function and use it to solve PDEs.

Keywords: PDE, Transformation, ODE
1. Introduction

The Al-Tememe transformation plays an important role to
solve ODE and PDE with variable coefficients and this
transformation appears for the first time at 2008.We will use
the new idea in [4] to find the convolution of Al-Tememe
transformation which we will defined it in a new method and
so it will give us the ability to find { 7 ~*Jby new method for

some functions more easily without using the partition
method.

2. Preliminaries
Definition 1: [1]

Let f is defind function at period (a bjthen the integral
transformation forf whose it's symbol F () is defined as :

Flp) = f k(o) f () dx

Where & is a fixed function of two variables, called the kernel
of the transformation, and . & are real numbers or F== , such
that the integral above converges.

Definition 2:[2]

The Al-Tememe transformation for the function f{xJwhere
{x = 1) is defined by the following integral :

TIf(x)] = J‘ x~% flxldx = F(s)

1

Such that this integral is convergent ,= is positive constant.
From the above definition we can write

Tlu(x.t)] = f t~fulx, t)dt = v(x, 5)

i
Such that u(x, £} is a function of xand £.

Property 1:[2]

This transformation is characterized by the linear property
that is

TlAu, (x, £) + Buo(x, )] = AT [uy (x, 6] + BT [u,(x, ]
Where 4 .E are constants ,the
functionsu, (x, £}, u;(x. £) are defined when ¢ = 1.

The Al-Tememe transform of some fundamental functions
are given in table(1)[2]

Table 1

ID Function ,f(x) Fip)= L “fflxidx = T[f(x)] Region of convergence
%

1 kik = constant — g=1

1
n

2 " mER s—m+ D) sxn+1
1

3 Inx CEERL s=1
1

mr

4 x lnx.neER E—(m+ 1L s=n+1

@
. -
5 zin (ainx) G-17+a s=1
. p—1

6 cos (alnx) LT s=1
i

7 sink (& in ) o1 =& |s—1| = &

. p—1

8 cosh (alnx) o0& ls—1| > a
!

9 flnx)® me N, m s=1
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2 (In )", ! )
b’ .
10 neN..me( [s — (m + 1)1 Exm+

Definition 3: [2] _ J‘I J‘r 3 _ au
Let wu(x.t)be a function where (t =1) and ~ J, [/, flxu): 3
Tlu(x )] = vlx,s), u(x. £) is said to be an inverse for the

Al-Tememe transformation and written as t du
T *wlx,s)l =u(x,£) , where T *returns  the f[x u) g dt

i
transformation to the original function.

Definition 4:[3] (f *g)(x.t)
A function f(x) is piecewise continuous on an interval [a,b] = T(f =g)Cr.t)]m
if the interval can be partitioned by a finite number of Note: If TLf(x.£)] = F(x.s)and Tg(x. £)] = G(x. s)then:
pointsa = xp < x, <---<x, = b such that: THFx, )] - [60x, 5] = (f = g)(x, t)
1. fix) is continuous on each subinterval (x; x;.;), for  Other basic properties of the convolution are as follows:
i=012,..n-1 1)=g = g = f , the convolution is commutative
2. The function £ has jump discontinuity at x; , thus 2)elf =glx) =cf =g =f=eg, c constant;
3) f = (g = ) = (f = g} = h(associative property):

|-. .l:-: l:l_.l..z_...._. _1: |-. | - - .

L f <= " r—lg:‘f{x] 4) f=(g +h) =(f = g) + (f = h) (distributive property)

=w,i=012..n
Note: A function is piecewise continuous on [0,=) if it is  Prove (1):

r
piecewise continuous in [0, 4] forall A = 0 (f = g)(x.t) = J‘ £l ) 'g(xijl . d_” cuz 0
1 u iU
Definition 5 :Al-TememeConvolution: : f andg are piecewise continuous on [1,) .
Al-Tememe convolution of two functions,f (x. tlandg(x. t], Now, let
is defined fort = 1by: v = £ = y= £
* ty du u ¥
o= faw g(r) Sruzo du  dv
1 u u 'uv=t=€~ud1:‘+1rdu=[|=:~—=—“
: f andg are piecewise continuous on [1.22] . - i
fu=1=v=tandifu=¢t =2r=1
1 J.
Theorem 1:Let f(x.t) and g(x t) be two functions of xand 2 (frg)x ) = J‘ f (.r, EJ g (x.v) Cdr
t. The Al-Tememe convolution of f{x. ) and g(x, £)is also a t v v

function of x, denoted by T{f = g)(x.£) and is given by the  _ [rg{x} ) -f(x,EJ ﬂ = (g * f)(x.t)
relation: 1 weov
T+ g)x. O] = Tlf(x. )] - Tlg(x )] = (f+g)lx.t) =(g= fH(x.©)

Proof: So, this convolution is commutative.
TIfet)] -Tlglx )= (J

=

= J‘Lx(J‘lx{uv]--?f{x,u] 'E&JUJdv]du ) Cet) = E(er{xmj . (xi] d_u)

u
Let ur = £ and noting that uis fixed in the interior i u #0,cconstant

integral.= dt = udv du

- =chf{xdﬂ-g(x,£]-?=cf*5

=Ir= t dt
2T (] Tlglxt) =f U () g (g _]d"
Feal Tltel 1 Uu flew) g (x ~¢] u) By the same method we can prove c(f = g}(x.t) = f=cg

Ifglx.t) =0fort =1 = g (xijl = Oforx < u Prove (3):
= T[f(x.t)] Tlg(x.t)] = [f=(g = W)]=(x.t) =
j f t5f(x.1) - g :r,—] dt- E d J‘lf(x,u] (g *h.]( ,—]- i—u;u.z' 0 by dif. (3)
t u
- J‘L L A H(I’E”'dt'? = J‘:f(xdﬂ (J‘ glx, L]h(tfu]ib) iu: uz0,vr=0

_'L[
t t
- [ ([ e (m)n ()5 )5
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j([ foag(x2) ) (e )T

= [(f = g) » W]=x.1)

So,thisconvolution is associative.
Prove (4):
t t du
cgem =] few @em (o) Zruzo
1 u u

- [ ren-[ofeg) +r(e )] 5
du

[f{.ruj o(x5) —+[f{.ruj p(xo) =
=(f=g)+(f*h)
Example 1:To find
r1[(s—5](s+?]]

Firstly, we use the usual method:

x? A E
= +
p—2)p+2) p-35 p+2
2
- sr—L - | =
[{s —5Ms + 2]]
Now, we will use the convolution method and we get :
2
|

=2 A=xY7 . B=—x%/7
(D)D)
5—23 - s+ 2
=x3/7ed — x2f7 70
{5—5]{s+7]] (s —5) {s+7]

—_ xatq' > t_:i

FE8) 96t

[ rna(o) -

1

r "t_u (f_ 1)
= y*t | — ==
. 77

= (x2/7)t* — (x3/7)t?

t

ey (iJ_ (du
U u

Example 2 :To find

. 2zinx ]
(s 4+ 2)(s —4)*
We note that
2zinx A B C
- = + + -
(s+2(s—-4¥ (54+2) (-4} (s—4)¢
A sinx B —sinx c sinx
= = = =
) 18’ 8 3
sinx ;-3 sinx 2 sinx ET
gl Tttt

Now, we will use the convolution method and we get :

_ 2sinx [ 2sinx 1
el = e 53

= 2(sinx)t3In b5 73

(v +] ! Fam 7
(x,£) ¥ gixt)

= J‘:E{s:'nx:]ug Inu- (i] e =

U

‘ ] 7% 1
J‘ 2(sinx ) Inu - —-—-du
1 u

T

= 2(sinx)t 2 j u®-Inu- du

1
3 J-rus
— | —du
i ﬁ

[ &
1

U
= 2sinx)t* E{‘J‘I‘H
[ 46 u®
= 2(sinx)t 3| —=Int -0 — (—]
_ﬁ 1

36

, ] 'tﬁlr £t 1

= 2(si t l=nt——+—

(stnx)e™ | Gint =20+ 3¢
sinx sinx _  siny

= £ — = + 3 t*int

Example 3:To solve the following PDE
tup + Uy = xt; ulx,1) =0
By using T-transformation.
We take T to both sides and we will get
"l;‘ X
—ulx, 1) + (s — 1Tl to5= c-2
dlv x 1 x

dx"Hs_U""_{s—zj S Vi1 G-2)
1 x
¥ =
P 1 1 .
Ee-ne-2 T ”
X
"TE-DG-2
By taking 7 ~1to both sides we get
X
u=7T 1[{5—1]'{5—2]

Now, we will use the convolution method and we get:
X

u=7Trt [{5_1:] {5—7]

f'rL = gr.:lzr
w=[ 0w
w= ()

:xzf (x)~2du = xt [{u:l
1

du
u

:du
u

t
_1]
1

= xt[-t7t +1]
AU = —x+xt
Now, we will use the usual method:
x A E

GC-DG6-2 -1 G-2
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A=—xand E =x.
So,

m] =7 [{s_—xu G i 2]]

U =-—x +xt

-1
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