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Abstract: In this paper we obtain the size of the disc in which the zeros of polar derivatives of polynomial of degree n, with real

coefficients, with respect to a real a lie.
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1. Introduction

To estimate the zeros of a polynomial is a long standing
problem. It is an interesting area of research for many
engineers as well as mathematicians and many results on the
topic are available in the literature.

LetP(z)=X"_, aiz' be a polynomial of degree n. Then Polar
Derivative of the polynomial P(z) with respect to a, where a
can be real or complex number, is defined as

D.P(z)=n P(z2)+(a-2)P'(2).

It is a polynomial of degree at most n-1.The polynomial
D,P(z) generalizes the ordinary derivative, in the sense that
lim,_,.D,P(z)/a=P'(2).

In this paper we prove the following results.

Theorem (1):Let P(2)=Y1-, aiz' be a polynomial of degree
n with real coefficients such that for some k > 1
ka<an<..... <ag<0

andiai< (i-1)ajq i=0,1,2,...n-1.

Then the polar derivative of P(z) with respect to o has at
most (n-1) zeros and they lie in

|z+k-1] <k.

Theorem (2): Let P(z)=Y1, aiz' be a polynomial of degree
n with real coefficients such that for some k > 1
kanf ap<..... <ap
andiai< (i-1)ajq i=0,1,2,...n-1.
Then the polar derivative of P(z) with respect to a has at
most (n-1) zeros and they lie in

|z+k-1| < |any + anay[*{-k(a,1 + ana,) + nag + aa; + |
Nap + aa; |}

Corollary (1) :Let P(2)=X7-, aiz' be a polynomial of degree
n with real coefficients such that
a<a1<..... <ag
andiai< (i-1)aj.q i=0,1,2,...n-1.
Then the polar derivative of P(z) with respect to a has at
most (n-1) zeros and they lie in

|z| < |an.1 + oman|*{-(an.1 + ona,) + nay + aa; + | nag +
oay [}

Corollary (2) :Let P(z2)=X7, aiz' be a polynomial of degree
n with real coefficients such that for some k > 1
kanf ap1<..... <ap

and iai< (i-1)aj; i=0,1,2,...n-1.
Then the polar derivative of P(z) with respect to a # -a,.1/
na,

has exactly (n-1) zeros and they lie in
|z+k-1| < |any + onay|*{-k(an.1 + ana,) + nap + ana; + | nag +
anay [}

Remark :(1) By taking k=1 in Theorem (2), it reduces to
corollary (1) .

(2) Asa# -apa/ na,, D,P(z) is surely of (n-
1)th degree so it has exactly (n-1) zeros.

Theorem (3): Let P(z)=X", aiz' be a polynomial of degree
n with real coefficients such that for some k > 1
kan<ama<..... <ap where m=0,1,2...... n

andiai< (i-1)a; i=0,1,2,...m-1.

Then the polar derivative of P(z) with respect to o such that
0= -ah1/ na, = -2a,./(N-1)ay.1=.....=-(N-m-1)am/(M+2)an.

has exactly m roots and they lie in
[z+k-1| < [(n-m)ay, + a(M+1)amn. [ {-k(n-m)ay, -k a(M+1)an.;
+ nagtana; + | nag + anay |}

Corollary (3): Let P(2)=X7, aiz' be a polynomial of degree
n with real coefficients such that

a<an1<..... <ay where m=0,1,2...... n

andiai< (i-1)aj 1 i=0,1,2,...m-1.

Then the polar derivative of P(z) with respect to a such that
o= -1/ Na, = -2ap,/(n-1)ay 1=.....=-(n-M-1)an./(M+2)amn:2

has exactly m roots and they lie in

[z+k-1| < [(n-m)ay, + o(m+1)am| {-(n-M)ay, - a(m+1)an., +
nag+ana;+|nag+anas [}

Remark (2): By taking k=1 in Theorem (3), it reduces to
corollary (3).

2. Proof of Theorem 1

Let P(2) = ap+ a1z + &2° + ...... + a,z" be a polynomial of
degree n.

Then the polar derivative of P(z) is given by D,P(z) =n P(2)
+ (0-z) P'(z). Then

D.P(2) = [nao + aay] + [(n-1)a; + 20a,] z + [(n-2)a, + 3aas]z’
+ ...

Volume 4 Issue 5, May 2015
WWWw.ijsr.net

Paper ID: SUB154583

Licensed Under Creative Commons Attribution CC BY

1921




International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438

+ [(n-m+1)an, + amap ]Zm_l + [(n-m)ay, +a(m+1ag. J2" +
[(n-m-1)am+y +a(m+2)am+2]zm+1 + + [2a,2 +a(n-1)a,
l]Zn-2 + [, + (xnan]Zn_l

Now consider the polynomial Q(z) = (1-z) D,P(z) so that
Q@) =-an+ anan]zn + [ay1 + ana, - 28, - 0‘(n':]-)an-l]zn_1
+...

+ [(n'm'l)am+1
a(m+1)ap]z™

+ [(n-m)an, + a(m+1)any - (\-M+1)an., - amap, J2"

+ [(n-m+1)ayn + amay, — (N-M+2)an., — o(m-1)ag,.
1]Zm-:L + ...

+ a(mt+2)am. - (n-may -

+ [(n-2)a, + 30a; — ( n-1)a; - 20a,]z> + [(n-1)a; +
208, — N3g - 0 ]2
+ [nag + aay].
= -[an4 + anay][z+k-1]z"* + [K(an1 + ana, ) - 2a,, - a(n-
:I-)an-l]zn_l +

+ [(-m-1)am +  a(mt2)am. - (n-may -

a(m+1)am]2"™

+ [(n-m)ay, + a(m+1)ag.y - (N-M+1)ay; - amay, J2"

+ [(n-m+1)ay; + amay, — (N-M+2)an, — o(m-1)an,.
Jz2™+

+ [(n-2)a, + 3aaz — ( n-1)a; -
20a, — Nag - 0a; ]z
+ [nag + aay].

208,]2 + [(n-1)a; +

Now if [z]>1 then |z|"< 1 fori=1,2,3,....n-1
Further
IQ(2)| = [an1 + onapljz + Kk '1”Z|n-l - {Ik(@n1 + onay ) - 28,5 -
a(n-1)an.q| [z

+ ... +|(n-m-1ape + a(m+2)amse - (N-m)ay, -
a(mrt1)agmd| 2™
+|(n-m)ay, + a(m+1)ams; - (-M+1)an.; - amay, || z|™
+/(N-m+1)ams + amag, — (N-M+2)an2 — o(m-1)an.| [z|™*
+|(n-2)a, + 3aaz — (n-1)a; - 20ay| [z[* +|(n-1)a; + 20, — Nag -
oay| [z]
+|nay + aay}.

> lapg + Omanl |Z|n_l[|z +k 'll - | any t+ ananl_l{lk(an-l + ana, ) -
Zan 2
-o(n-1)an| + [2an2 + a(n-1)an.; -3an.3-a(n-2)an| [z + S
+/(N-m-1)am.1 + a(m+2)ams; - (\-M)ay - a(m+1)ama| 2] m2)
(1) +(n-m)an, + a(m+1)amy - (N-M+1)an - aman || z[f
n-m-1
+(n-m+1)an, + omay, — (N-M+2)am., — a(m-1)an.q|
2™+
+|(n-2)a, + 30a; — (n-1)a; - 20| 2™ + |(n-1)a; +
204,
— nag - oay| [z "2 +|nag + aay 2| ™Y 3.
>Jany + omag| ]|z + k -1] - | an.1 + anay{|K(@n1 +
ana, ) - 2an.
-o(n-1)an.a| + [2an2 + a(n-1)an -3an.3 -a(n-2)an| +

+(n-M-1)am+ + o(m+2)amez - (N-M)am, - a(m+1)am.|
+|/(n-m)am + o(m+1)ag - (N-M+1)an.; - amap, |
+|(n-m+21)an, ; + amay, — (N-M+2)ay, — a(m-1)an 4| +

+|(n'2)a2 + 3(133 - ( n'l)al - 2aa2| + |(n-l)a1 + 2(132 -
Nap - aag| +[nag + aaq| }].
>[ans + anag] [2["jz + K -1] - | @ + anag*{-k(@n1 +
ana, ) + 2a,.2

+a(n-1)ans - 28,2 - a(n-1)ay; +3a,3 +o(n-2)a,, +

-(n-m-1)am.1 - a(m+2)amsz + (N-M)ay, + a(m+1)ans
-(n-m)ay, - a(m+1)am.; + (N-m+1)an; + amap,

-(n-m+1)ay.1 - amay, + (N-M+2)ay, + a(m-1)an + ...
-(n-2)a, - 3aaz + (n-1l)a; + 2aa, - (n-1)ag - 20a; + N3y + 0ay
+nap -+ oayf}].

>[an.1 + anag| [2["[|z + k -1] -K].

>0 iflz+k-1]>k
This shows that if
|z+k-1| > kthen Q(z) > 0.
Hence all the zeros of Q(z) with |z]>1 lie in
lz+k-1]<k
But those zeros of Q(z) whose modulus is less than or
equal to 1, already satisfy the above inequality since all
the zeros of D,P(z) are also the zeros of Q(z) as they lie
in the circle defined by the above inequality and this
completes the proof.

3. Proof of Theorem 2

Let P(z) = ap+ a1z + @z’ + ...... + a,z" be a polynomial of
degree n.
Then the polar derivative of P(z) is given by
P(z) + (0-2) P'(z). Then
D.P(2) = [nay + aay] + [(n-1)a; + 2aa,]z + [(n-2)a, + 3aas]z
+ ...
+ [(n-m+1)an. + amay, ]2™ o+ + [(N-m)an, +a(m+1)am., 12" +
[(n- m- Dama +a(m+2)ame]z™t + ... + [2an, +a(n-1)a,.
1]2 +[ap, + (lnan]z
Now consider the polynomial Q(2) = (1-z) D,P(2) so that
Q@) =-[an + Oman]Zn + [an + ona, - 28,2 - a(n-1)an4]z
+ ...

+ [(n'm'l)am+1
a(mrt1ag 2™

+ [(n-m)ay, + a(m+1)agy - (N-M+1)ay; - amay, 12"

+ [(n-m+1)ay; + oamay, — (N-M+2)an, — oa(m-1)an,.
J2™+

+ [(n-2)a, + 3aaz — ( n-1)a; -
208, — Nag - 0a; ]z
+ [nag + aay].

D,P(2) =n

n-1

+  a(mt+2)am. - (n-mlay -

208,] + [(n-1)a; +

= -[ay.1 + ona,][z+k-1]2""
J2M +
+[(N-M-1)aps1 + o(m+2)ans, - (N-M)ay, - a(m+1)ag.]z™*
+ [(n-m)ay, + a(m+1)agy - (N-M+1)ay; - amay, 12"
+ [(n-m+1)ay; + omay, — (N-M+2)an, — o(m-1)an,.
Jz2™+
+ [(n-2)a, + 30a; — ( n-1)a; - 20a,]7°
208, — N3g - 0a; |2
+ [nao + aal]. .
Now if [z]>1 then |z|"< 1 fori=1,2,3,....n-1
Further
Q(2)| = [an.1 + anayflz + k -1]jz["* -
a(n-1)agq| 2"
+ ... +|(n-m-1)aps; + a(m+2)ape - (N-M)ay, -
o(m+ Dag 2™
+(n-m)ay + a(mt1)ag - (-M+1)an, - amay, ||

+ [k(an.1 + onay) - 2a,, - a(n-1)a,

+ [(n-1)a; +

{|k(an.1 + ana, ) - 2a,, -

"
+/(n-m+1)am + omay — (N-M+2)an, — o(m-1)am |
|Z|m-1
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+(n-2)a; + 3aa; — ( n-1)a; - 20ay| [z]° +|(n-1)a; +
208, — Nag - 0y |2
+|nag + aay[}.

> [apy + onay| |Z|n_1[|2 +K-1f - | apg + ananl_l{lk(an-l +onay ) -
2an-2

~a(n-1)an ] + [23n2 + a(n-1)an.; -3an.3-a(n-2)ano| [2[* + . . .
+/(n-m-1)am. + a(m+2)amsz - (N-M)am - a(m+1)am.| |Zl_(n_m_2)
+(n-m)am + a(m+1)am. - (N-M+1)an - amap || Zl_(n_m_l
+/(N-m+1)an + aman — (N-M+2)ay.2 — o(m-1)anm.| |Z|-(n-m) +

+|(n-2)a, + 30as — (N-1)a; - 2aay| |z ™2 + |(n-1)a; + 202,
—nag - aag| |2 +|nay + aay| |z V.

>ap.g + anay| |Z|n-l[|z + k-1 -] ang + ananl-l{lk(an—l +onay ) -
2an-2
-a(n-1)an| + 2802 + a(n-1)an -3ay.3-0(n-2)an2| + . . .
+|(N-M-1)ams1 + o(m+2)amsz - (N-M)ay, - o(m+1)am.|
+(n-m)an, + a(m+1)am - (N-M+1)an - ama |
+|(n-m+1)ay, ; + amay, — (N-M+2)ay.2 — o(m-1)am| + ...
+|(n-2)a, + 3aaz — ( n-1)a; - 2aa,| + |(n-1)a; + 20a, — Nag -
aag| +jnay + aay| }.

>lany + anag| |2z + K -1] - | a1 + anan|*{-k(an., +
ana, ) + 2a,.

+o(n-1)ay1 - 28,2 - a(n-1)a,; +3a,3 +o(n-2)a,, +

-(n-m-1)am+1 - a(m+2)apme, + (N-M)ay, + a(m+1)am.
-(n-m)ay, - a(m+1)ape; + (N-M+1)an, + amap,

-(n-m+1)ay.1 - amay, + (N-M+2)ay, + a(m-1)ang + ...
-(n-2)a, - 3aaz + (n-1)a; + 2aa, - (n-1)a; - 20a, + Nag + oay
+[nag+ aay[}].

>lap.1 + onag| 2| |z + K -1| - | @ny + onag {-k(an1 + ana, ) +
nay + aa; +nag + aay|}].
>0 if |z + k -1 > | ayy + ana,[ " {-k(a.1 + ana, ) + na + aa,
+na, + oayl}
This shows that if
|z + k -1| > | @py + omay {-k(an, + ana, ) + na, + oay
+nay + aaqf}then Q(z) > 0.
Hence all the zeros of Q(z) with |z|>1 lie in
|z + Kk -1 < | any + omag|'{-K(an.1 + ana, ) + nag + aa;
+nay + oayf}.
But those zeros of Q(z) whose modulus is less than or
equal to 1, already satisfy the above inequality since all
the zeros of D,P(z) are also the zeros of Q(z) as they lie
in the circle defined by the above inequality and this
completes the proof.

4. Proof of Theorem 3

Let P(z) = ap+ a1z + @z’ + ...... +a,2" be a polynomial of
degree n.Then the polar derivative of P(z) is given by D,P(2)
=nP(z) + (a-z) P'(z). Then

D,P(2) = [nag + oa;] + [(n-1)ay + 2aa,] z + [(n-2)a, + 30as]z’
+...

+ [(n-m+1)an, + amap ]Zm_l + [(n-m)an, +a(m+1am. ]2 +
[(n-m-1)ams +a(m+2)am]z™t + ... + [2an, +o(n-1)a,.
1]Zn-2 + [ag1 + Oman]zn-l-

As o = -ah4/ na, =
1)am«/(M+2)an.

DaP(Z) = [(n'm)am to(m+1)amy ]Zm + [(n'm'l)am+1
+o(m+2)amo]z™ + .

+ [2an2 +a(n-1)an1]2" + [an.y + omag]z"™.

-2a,.0/(n-1)ap4=.....=-(n-m-

Now consider the polynomial Q(z) = (1-z) D,P(z) so that
Q@) = -[(-man + a(m+Damnq]z™ + [(n-m)an +
o(m+1)ams - (N-M+1)ap
- omay, ]2" + [(n-m+1)an, + amay, — (N-M+2)am., —
a(m-1)an]z™ + ...
+ [(n-2)a, + 30a3 — ( n-1)ay - 20a,]z + [(n-1)ay +
208, — N3g - 0a; ]2
+ [nao + aal].
=[(n-m)ay, + a(m+l)an.] [z+k-1] z"
a(m+1)am+l }
- (n-m+1)ap. - amay, ]2™+ [(n-m+1)ag.. + amapn,
- (n'm+2)am—2
-o(m-1)am4]z™* + ...
+ [(n-2)a, + 30a; — ( n-1)a; - 20a,] 22 + [(n-1)a, +
208, — N3g - 0a; |2
+ [nao + aal]. )
Now if |z|>1 then |z|™< 1 for i =n-1,n-2,....n-m
Further,
Q(2)| = [(n-m)ay + a(m+1Dam| [z+k-1] 2| - {Ik [(n-m)ay, +
a(mt1)am.]
- (n-m+1)an, - omay | 2™+ |[(n-m+1)an; + ama, — (n-
m+2)am—2
~a(m-1)am| 2™+ ...
+|(n-2)a, + 30a; — ( n-1)a; - 2aa,| |z|*+ |(n-1)ay, + 20a; -nag
-oay | [z |
+|nay + aay [}

+ [k {(n-m)an +

>|(n-m)ay, + a(m+1)am.|z|™ [|z+k-1|
(n-m)ay + a(mtDama™ {k [(n-m)ay +
a(m+1)am. ]
- (n-m+)ay; - omay, [+...+|(n-2)a; + 3aaz — ( n-1)a; -
2aa,| [2[™?
+|(n-1)a; + 2aa, -Nag - oay ||z [™P+nag + oayjz] ™.

> |(n-m)agp + o(m+1amllz[™ [lz+k-1|
(n-man + a(mtDapa* {k [(N-man +
a(m+1)ams |
- (n-m+1)a,; - amay, [+... +{(n-2)a, + 3aaz — ( n-1)a; -
20|
+|(n-1)ay + 20, -nay - aa; [+Nag + oay[}].

> |(n-m)ap + a(m+Damallz[™ [lz+k-1|

|(n-m)an + a(m+Dapal® {-k [(n-m)a, +
a(m+1)am. ]
+(n-m+1)an.; + omay -... -(nN-2)a, - 3aaz + (n-1)a; + 20a;
'(n'l)al - 2(132 +Nnay + 0a; +|na0 + aa1|}].

> |(n-m)ay + a(m+1)am|z|™ [|lz+K-1]
-(n-m)a, + a(m+Dap|* {-k [(n-m)a, +
a(m+1)am+1 ]+Nag + aag
+[nao + oai[}].
>0 if |z + k -1] > |(n-m)ay, + a(m+1apn|® {-k (n-m)a, -k
o(m+1)an; +nag +
aa; +|nag + oy}
This shows that if
Iz + k -1] >|(n-m)am, + a(m+Dapna® {-k (n-m)ay, -k
a(m+1)am:; +Nag
+ oa; +|nag + aay|}.
then Q(z) > 0.
Hence all the zeros of Q(z) with |z|>1 lie in
Iz + k -1] <(n-m)ay, + a(mtDama® {-k (n-m)a, -k
a(m+1)am+ +Nag
+ aay +|nag + aal}.
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But those zeros of Q(z) whose modulus is less than or equal
to 1, already satisfy the above inequality since all the zeros
of D,P(z) are also the zeros of Q(z) as they lie in the circle
defined by the above inequality and this completes the
proof.
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